Google 



This is a digital copy of a book that was preserved for generations on library shelves before it was carefully scanned by Google as part of a project 

to make the world's books discoverable online. 

It has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one that was never subject 

to copyright or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 

are our gateways to the past, representing a wealth of history, culture and knowledge that's often difficult to discover. 

Marks, notations and other maiginalia present in the original volume will appear in this file - a reminder of this book's long journey from the 

publisher to a library and finally to you. 

Usage guidelines 

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing tliis resource, we liave taken steps to 
prevent abuse by commercial parties, including placing technical restrictions on automated querying. 
We also ask that you: 

+ Make non-commercial use of the files We designed Google Book Search for use by individuals, and we request that you use these files for 
personal, non-commercial purposes. 

+ Refrain fivm automated querying Do not send automated queries of any sort to Google's system: If you are conducting research on machine 
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encourage the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attributionTht GoogXt "watermark" you see on each file is essential for in forming people about this project and helping them find 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users in other 
countries. Whether a book is still in copyright varies from country to country, and we can't offer guidance on whether any specific use of 
any specific book is allowed. Please do not assume that a book's appearance in Google Book Search means it can be used in any manner 
anywhere in the world. Copyright infringement liabili^ can be quite severe. 

About Google Book Search 

Google's mission is to organize the world's information and to make it universally accessible and useful. Google Book Search helps readers 
discover the world's books while helping authors and publishers reach new audiences. You can search through the full text of this book on the web 

at |http: //books .google .com/I 



14.'8.^(.^'3'S 



Harvard College 
Library 



BOUGHT 
FROM THE GIFT OF D 

CHARLES HERBERT THURBER | 



™™J 





3 2044 097 009 997 






r. " 






/ 



» /.' 



H *< 







.:■* 



•>« 






A 



o A 



TREATISE 



ON TJU 



ELEMENTS OF ALGEBRA. 



B¥ THX 



REV. B. BRIDGE, B.D. F.R.S. 

vaum or st.veter's collegi. cAiisRiDG£t hid L4TB fBonmm or iCAiniMaEiai 

IN THE Eiar omu colleos, hevi& 



SECONO AMEBIC AS f 

REVISED AND CORRECTED FROM THE 8EVENTB 

LONDON EDITION, 



PHILADELPHU : 
THOMAS, COWPERTHWAIT, & CO. 

1841. 






flARVARD COLLCSC LfBRAlY 

FROM THE GIFT Of 
CHARLES HERBtRT THURBEff 

HAR 5 192b 



Entered, acoording to act of Congress, in the year 1835, by Ket & Bshoui, 
in the clerk's office of the district court of the eastern district of Pennsjl 
vaaiai. 



adterhsement 



TO THE SIXTH LONDON EDITION. 



Tas favourable reception which this Treatise has met 
with firom the public has induced the author, in this sixth 
edition, ix) make some considerable additions and alterations. 
By contracting the letter-press, more particularly in the 
early part of the work, these improvements have been efTect- 
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on whose judgment and accuracy the author has the great- 
est reliance: it is hoped, therefore, that it may still retain its 
character, as a useful elementary work on this branch of 
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ELEMENTS 

OF 

ALGEBRA 



INTRODUCTION. 

Alobbba is that brabch of Mathematical science in which 
number or quantity in general, and its several relations, are made 
the subject of calculation, by means of certain signs and symbols, 
ihe nature and meaning of which may be explained as follows* 

I. 

Explanation of ike Algebraic Method ifNoiaiion. 

1. Quantities whose values are known or determined^ are gene- 
rally expressed by the jlrst letters of the Alphabet, a, by c, <l, &c ; 
and unknown or undetermined quantities are commonly represent- 
ed by theicM^ letters of the Alphabet, «, y, 2, &C 

2* The multiples of' th^ quantities, such as, twice a, three 
times by Jive times Xy &c. are expressed by placing numbers before 
them, thus, 2a, 3&, 6xy &c. ; and the numbers 2, 3, 6, dec. tbiis 
prefixed, are called the coefidents of a, by Xy dsc. in the several 
quantities 2a, 36, 5Xy &c. 

3. The sign + {plvs) placed betwe^ two or more quantifies, 
means that those quantiti^ should be added together ; thus, a+b 
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+ap+dEc. means the atm of the quantities a, 6, «, 6tc^ ; and the 
sign — (ndtnu) placed before any quantity, means that such quan- 
tity should be tubtracted from tiie quantity or quantities with 
which it is combined ; thus, a — 6, means the difference between 
a and b ; and a+b — c, the difference between a+h and c. 

4. In the general expression a+2b — ^+3y — 5«, &c. such 
quantities as have the sign + ptefixed to them, are called positive 
or affirmative quantities * and such as have the sign — prefixed 
to them, are called negdtive quantities. If nb sign be prefixed to 
a quantity, then the sign + is understood ; thus, in the foregoing 
expression the positive quantities are a,+2&,4-d5f, and the nega' 
^ve ones, — 4a?^ — 5«« 

5. The general sign for the muUiplieation of quantities is X ^ 
but the manner of expressing the product of two or more quanti- 
ties is varied, according to circumstances. The product of quan- 
ties consisting of single letters, is expressed by placing those letters 
one afler another, and generally according to the order in which 
they stand in the Alphabet; thus, the product of a and B is ex- 
pressed by ab ; of a, t, and x^ by abx ; of da, d?, and ^, by 
2axy; &c. &c. The product of a+^ and c+^^i is eicpressed 

hy a+b><ic+dj or a+6 . c+d^ or(a+6) (e+d); in the two 
former cases, the line drawn over a+b and c+d, to mark them 
as distinct quabtities^ is called a vitkiulvm. 

6. The sign + placed between twb quantities, means that the 
formeir of those quantities id t6 be ditided by the latter; thus, 

a+b means thiat a is to be divided by h ; a+b+e+dy that a+h 
is to be divided by e+d. iBut sinoe every fraction repiesehts the 
quotient of the numerator divided by the denominator, this divi- 
sion is more simply expressed by making the former quantity the 
numerator, and the latter the denofhinator of a fraction ; thus, 

j- e5Kpf^sseS the quotient of a dii^ded by b ; and -^-j-fy the quo- 
tient o( a+bhy c+d. 

7. Ute pdwirh bf alj^braie quantities are )Bx)[)res8ed by placing 
a iMtt figure (tei^idvalent to the number of ftctors, and called 



"V 
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the inde^ txt ea^ion^ of Ae pomr) at tbe right^iuuid of the 
letter; thnsi 

aXa • « osihBBqmreofa • . is expressed Ivy a*, 

bxhxh ortheofkofd ^h't 

^xzxxxx* • • or the fmaeA power oix bya^, 

(a+h) (a+h) (a+k) or the cube ofa+fr by a+*|', 

and so on. 

8. The roots of quantides are expressed by the sign V, with 
the proper index annexed ; thus, 

Va, or Vo, expresses the sguar^ rooi of a, 
y/b cube rod of 6, 

i/a+x fourthfOrbiquadraierooto£a+Xf 

and so on. The roots of quantities may also be expressed by 
fracttonal indices; but this method of notation requiies an ex- 
planation, which will be given in Chap. III. 

9. lAke (^andties are such as consist of the same letter^ or the 
same conMnafion qf letters; thus, j5a <md 7a; 4ab and 9db; 
2bx^ and 6bx^ ; &c. are called like quaf)tities ; a|id unlike (juan« 
titles are such as consist of different tetters^ or of different com^ 
binaHons of letters; thus, 4a, 85, Tax, 5te', &c. are unlike 
quantities. 

10. Algebraic quantitaes ha?e also di^rent denominations, ac- 
cording to the number of terms (connected by the signs + or — ) 
of which tiiey consist; dius, 

a, 25, Sax, ^. quantiti^ opnsisting of one term, are called stm- 
ple quantities. 

a+x, a quantity consisting of two terms, is called a binomial. 

b — <;, (that particular species of binomial which expresses the 
difference between two qjOAUtitieis) is called a residual. 

bx-^-y-^ss^ a quantity consisting of three terms, is caliei a tri' 
nonddl. 

a^x+by — 8^+il, a quantity Qpi^asting o£fourtemm9 '^ called 
a quadrinomiaL 

a-^b — e+x — 5f, &C. a quantity consisting of an indefinite num- 
ber of terms, a mti&ifiomjal. 



12 iJXT&ODvanoix* 

11. The sign := placed between twt) or more quantities, et 
presses the equality of such quantities; thus, *^a+6=c+(2,' 
means that a+& is equal to e+d ; and '* aX'\-hy=iex+dy^eX'{' 
/3f>" mean that the quantities ox-ffty^cx+dsf, and ex+fy, are 
all equal to each other. When quantities are thus connected 
together by this sign of equality, the expression is called an eqya- 
Hon* 

12. In algebnucal operations, the word therefore^ or conse" 
quently^ often occurs. To express this word, tJ^ symbol ••. is 
generally made use of; thus, the sentence ** therefore a+h is 
equal to c+rf," is expressed by " .•. «4.&=c+d." 



n. 

Exemplification of the Algebraic Signs and Symbob. 

13. The use of these several mgns^ symbols^ and abbrevia* 
tionSi may be exemplified in the following manner : 

Ex. 1. In the algebraic expression a+b — c, let a=9, 6=7, 
andcs=d; then 

a+ft— c=9+7 — 3 

=16—3=13. 

Ex. 2. In the expression ax+ay-^xy^ let o=5, a:=2, 3f=7, 
then, to find its value, we have 

ax+ay~^y=6x2+5x7—2x7 
=10+35—14 
=46—14=31. 

aX'^by 
Ex. 3. What is the value of , ; ^ , where a=5, (=3, «=7 

tf-f-X 

andjf=5? 

Here aa?+6y=6x 7+8x5=36+15=60, 

and6-faj=3+7=10; 

aa?+fty 60 

b+x 10 



.' 
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Ex. 4. In the expression t s-^' ^^ aad, 6=s5, c=s3, 



:6 ; What is its numerical value? 

Here aa!«+ft»=8x ex 6+5X 5=108+25=138, 
and fcp-^«— c=5x 6— 8x 3—2=80—9—2=19; 



aa^-^V 133 ^ # 

=7. 



bx — a' — c 19 

Ex. 5. There is a certain algebraic expression, consisting of six 
femw connected together by the sign plus; the firtt term of it 
arises from multiplying three times the square of a by the quan- 
tity h ; the second term is the sum of the squares of a and b di' 
v^d by the quantity c ; the third is the product of a, &, and d ; 
the /ourfA is lwo4Ain2« of the product of a and 6; the fftk 
arises from dividing the square ofahj the ciife ^^9 and the 
Zo^ term is a fradiony whose binomial numerator is the diferenee 
between a and 6, and whose trinomial denominator is the sum of 
the cubes of a and b and the fourth power of c. 

All this is expressed, in one Une ofalgebraie voriting^ thus ; 
8a'ft+ — i |-aftc+--- + r5+ 



jj^ i;(-.4 ^ then the value of this quantity is, 

c=2;> ^ ^^ ^27^64+27+16 

or 

176+|+i5+jL=i89^^ 

B 



CHAPTER I. 

0;f THE ADDITION, SUBTlACrioN, MULTIPLICATION, AHD 

DIVISION OF ALGEBRAIC QUAIfnTIES. 

14. PSBVioinn.T to the sppHcatton of Die fimduDeBtal ndes nl 
Arithmetic to Algebiwc quand^es, it may be proper to obomt, 
that, although the esplumlioii of the siga ntinui in Art. 8. doe* 
not, in stricloei quantity 

from a greater uantities 

abstractedly, w ley may 

be supposed U say that 

2 — 6 is equal be addi- 

tion of 3, and id to As 

Bubtradion of een per- 

formed upon it, the qiiantity of J?"— ^&>J^|sHii;ie9 the' definite vqlue 

of— 3. ■• ' , ^.. ■*% ■■■*;■:''."■' 

It must be &r1Iier obverfcd, gat fbq woVd Addition is, in Alge- 
bra, taken in a much inore cpnitwebeDsive sense than in common 
Arithmetic ; and as denoting ttiQIunian i^f two or iriore quantities, 
ponttee or negative. Thus, the^union ^2 tyith — Sj in the fore- 
going example, is called the aifdition of those quantities. The 
same remark is to be extended t^ Subtraction; which is, properly, 
the finding such a quaniity, as, being algehraieaUy added to the 
subtrahend, will gire the quantity from which the Babtraction it 
made. 



From the division of algebraic quantities into pouHve and m^ 
Htt, likt and uaJikt, there arise three casoa of Addition. 



Aimmoii. lb 



Case I« 



' To add Wee quantities mth like aigns* 

15. In thid case, the rule ib, " To add the coefficients of tlw 
■geveral quantities together, and to the result annex the common 
s%n, and the common letter or letters ;" for it is evident, from the 
common principles of arithmetic, if +2a, + 3a, and +5ahe added 
together, their sum must be -f 10a ; and if — 36*, — 4^*, and — 8V 
!» tiddod together, their sum must be — ^156*. 

Ex. 1. Ex. 2. Ex. 8. 

2x+ 3a— 45 7ar*+ Szg— 5bc 4a»— 8a«+ 1 

Ux+ 2a— 65 *9aj"4- 2iry— 7hc 3a»— o«+17 

4ir4- Sa_ 75 lla*+ 5xjf— Abe 5«t- 2<^+ 4 



5x4, 7a— 9ft • '4*a*4^ 9ay— 25c a^— O'+IO 



% 



S3«-f.24a-^3l5 29a:»+23ij— 195© 15<^— 14a*+35 

niiiiiri ■hum: ill 1,1 ,A T. II * tiiiU 1 1 mil ■ ■ ■ I II . I ■■ . 1^1^— 

Ex.4. ' ^^ / 'E^5.V .. '- Ex. 6. 

$ac»-|.4a:»— a? |, 7<^— S4»%!^^ / 2a^— 3aj+ 2 

2a:»-f. a:«— 3ar wijfa^-^ J^^^^^ 5» , 4a!y— 2«+ 1 

7a:342a^_2ar ; '* ft'^^c^Sfc^yfir^^ 3x«y— 6a:+10 



4«»+ a^— X ^ ^ ::^r^(i%:mff^2hi s^y— «+16 



^i^i-JiO.- .^1^.,-..^ piLl. 



To ocicf ZtXce duajfiities wiih wilihe signs^ 

16. Since the compound' quaiifity b4-'5-— c+rf — e &c. is posi- 
tive or negative, acccading ^. -the sum of the positive terms is 
greater or^ss than the^sam of t^ negafive ones, the aggregate 
or sum of the quantities !Wr-4a4-7a-^3a will be -f 2a, and that 
of the quantities 75*— 552+25*— 85» will be —45* ; for in the for- 



(■) In these Examples, it may be observed that some of the qoaatitiea bate 
no coefficient. In this case, unity or 1 ts alvxiyo understood. Thus, in add- 
ing up ftis colmnn, we say, 1+1 +11+9 -f-7= 29; inthe<ftiVd,2+l + 
4+7+i=19; and so of the rest 



mer oase, the excess of the sum of the positive tenns above the 
negative ones is 2a; and in the latter, that of the negative abov6 
the positive is 4^. Hence this general rule for the. addition of like 
quantities with unlike signs : "Collect the coefficients of die |nmi- 
tive terms into one sum, and also those of the negative; subtract 
the hater of these ^ms from the greater; to this difference^ an- 
nex the sign of the greater together with the common letter or 
letters, and the result will be the sum required.'* 

If the aggregate of the positive terms be eqwH to that of the ne- 
gative ones, then this difference is equal to ; and consequently 
the sum of the quantities will be equal to 0, as in the second column 
of Ex. 2. following. 



4jB«_8«-f 4 

~2aj»+ X— 6 

8a»— 5x+ 1 

'rg^^2x— 4 

Ua^—9x+ 9 



Ex. 2. 

— 7ah+2be — xy 
— ab-\-2bc+Axy ^ 

3ab — be -{'2xff 
— 2ab+Abc'^Sxy 

6ab — 86c + xy 

— 2ab * + Sxy 



Ex.8. 

— 5«»+18a« 

— 2«»— 4a^ 

9«*— 14«^ 
—Ida*— 2a* 



I 



Ex. 4. 

4aj»— 2ar+3y 
- «•+ 4ar — y 
7a*_ x+9y 
9a'+21ar— 2y 



Ex. 5. 

5a'— 2a>+ ¥ 
- a'+ ab+21^ 
4a'_3a6+ ¥ 
2a»+4a6^-46» 



rlx. 6. 

iai^—2xy—9 
— «y — xy — ^1 

3ajy4-4«y— 6 
— ga»f^—2xy+9 



Case III. 

• 

17. There now only remains the case where unlike quantities 
are to be added together, which must be done by collecting them 
together into one Ime, and annexing their proper signs ; thus, the 
sum of 3x, — ^2a, +56, — 4y, is 3a? — ^2a+5&^ — iy; except when 
like and wdike quantities are mixed together, as in the following ' 
examples, where the expressions may be simplified, by collecting 
together such quantities as will coalesce into one sum. 



SVBTBAOriOir. 



It 



Ex. 1. 
Sa5+ X — y 
Ac -^2y+ X 

4y + 7^—2y 



Collecting togeliier Kite quantities, 
and beginning with da&, we have dab 
+6ab=Sah^ +x-\-x=z+2x; — y — 
2y+4y — 2yz= — y; 4c-^3c=+c; be- 
sides which, there are the two quanti- 
ties +d and +a^, which do not coa- 
lesce with any of the others ; the ^m required, therefore, is 8a& 
-f 2a:— y + c + rf -f a^. 



8ab'{-2x — y-\'C-\'d+a^ 



Ex.2, 
4ka^—2xy + 1 — 3y + 4a:' 

4y +Sa^ — 3^+^y — ^ 
5a:*— 2a; +y— 15+ y" 

^a^—xy — 14-f 2y+12a:*— 2a: 



Heie 42>— 0^=80* 
— ^2a:y+«ys=-^-^ 
+ 1—15=— 14 
— 3y+4y+y=+2jf 

+ 4a:"+ 3a'+6a:»= +ia«» 

— 22;=-^2a^ 



* 



IV. 

SUBTRACTION. 

18. If it were required to subtract 6—2 (i. ^. 3) from 9, it is 
wident tfiat the remainder would be greater by 2, than if 6 were 
sabtracted. For the same reason, if fr— c were subtracted from 
a, the remainder would be greater by <s ^^^^ ^ ^ ^^^^^ subtracted. 
Kow, if b is subtracted from a, the remainder is o — b; and con- 
aequently, if ^-^-o. be subtract^ fronii a, the remainder will be 
a-— 6+ c. Etence this general Rule for the subtraction of algebraic 
quantities^ ^* Change the signs of the quanti^ to be subtract^, 
•and then place them one after another, as in Addition.'' 

Ex. 1. From 5a+3x — 2b, take 2c— 43f. The quantity to be 
subtracted, with its sigiis changed, is — ^2c+4y ; therefore the le- 
inainder is 5a+ 3a; — ^26-^6+ 43(* 

B2 
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Ex. 2. From 7aj»— 2a?+5, take 3a:"+6a?— 1. 
The remainder ia TaJ* — 2x+5 — ^8«*---6x+l, 

or Ta*— ar*— 2ar— 5ar+5+ 1=4«"— 7«+6* 

But when like quantities are to be subtracted from each other* 
as in Ex. 2, the better way is to set one row under the other, and 
apply the following Rule : " Conceive the signs of the pianiitieM 
to be subtracted to be changed^ and then proceed as in Addition." 



Ex. 3. 
From 7a^—2x+5 
Subtract 3a:" -f 5ar—l 



Ex.4. 

12a*— 3a+ *— 1 
6a' + a— 2b +3 



Ex. 5. , 
5y* — iy^Sa 
Oy"—- 4y — a 



Remainder 4a;'— 7a:+ 6 6a' — 4a +36 — 4 — y" * -f 4a 



Ex. 6. 
From 7xy+2x — 3y 
Subtract 2a:y — x+ y 

Remainder 



Ex.7. 
14ar+y— 2 — 5 
a?+jf+« — 11 



■ ■ > 



Ex.8. 



MULTIPLICATION. 

19. In the multiplication of algebraic quantities^ the four follow* 
ing Rules must be obserred. 

I. When quantities having Wte signs are multiplied tc^ther, 
the sign of the product will be + ; and if their signs are unlike^ 
the sign of the product will be — »* 



* ThiB Rule for the multiplication of the Signs may be thos explamed : 
To multiply a — h by c — d, is to add a — h to itself as oflen as there are 

units in c—d; now this is done by adding it e fimet, and tuUraeting it d 

tme$; 

But a — 6, added c times . . =ad->-6(;, 



MuiiTinioAnoir. If 

B« The coefficients of the faetorB mmt be multiplied together, 
to form the coefficient of the product. 

IIL The letters of which they are composed must be set down, 
one afler another ; and generally according to thdr order in tfte 
Alphabet* 

ly. If the 9ame letter is found in both ftctors^ the indices of it 
must be added tc^ther, to form the index of it in tho product* 
This follows immediately from Art. 7, as will appear by the fol* 
lowing example ; a' X a*=^aaa x aa=.aaaaa-=ia^* 

Thus, 4- a multiplied by +6 is equal to +a&, and -—a multi« 
plied by -^ is also equal to +a& ; +3a:x — 6y= — 15ay ; —3 
a»X+4cd=— 12o6cci; — 4a'5»x — SaWrs + ISaViP ; &c 
^. 

From the division of algebraic quantities into rimpU and com* 
pounds there arise three cases of Multiplication. In performing 
the operation, the Rule is, *' To determine firtt the sign) then the 
coefficient, and afterwards the letters." 

Case I. 

20. When both factors are ntnple quantities; for which the 
Rule has been already given. 



and a — 6, suhtraded d time$ =-^<2 -|. hd, 

,;a^Xc — ^ ^^^^ — hc-^ad-{-hd4 

Le. ^ax4-c=rf-A0 
— .^X 4-c= — he 

-f-aX— <'=—*' 
— 5x— d=4-W. 
Or thus : 

I. If 4-0 is to be multiplied by^-f-&« it means,, that -(.« Is to be mdded ia 
Itself as often as there are miits in h ; and consequently the product will ho 
^ab, 

II. If — a is to he multiplied hy 4.&, it means, that —a is to be added to 
itself as often as there are units in h ; and therefore the product is — «&. 

lit, If -f. a is to he multiplied hy — i, it means, that 4.0 is to he gubiraeted 
as often as there are units in 6, as appears from the fore^^ing explanation ; 
and consequently the product is —^6. 

IV. If — ^ is to he multiplied by — 6, it means, that —a is to he tubtracUd 
as often as there are units in h ; and^ since to subtract a negative quantity is 
the same as to eM a potftivtjme^ the product will be 4.«6. * 



M 





MriiTtmciATnMik 




Ex. 1. 


Ex.2. 


Ex«S. 


Bk«4. 


Aab 


2axy 


-— Sabe 


— 5ifhc 


3a" 


^^ 


5d'ft 


— 2ft»a:« 


12d*A 


Ex. 6» 


— 15a'ft\: 


+ lOaVca^ 1 


Ex. 5. 


Ex.7. 


Ex. 8. 


4a&c 


9a:»y« 


— 4ccdx 


— Toar'jF 


^dc 


-2y 


— 2c 


— 2ac'a: 











. Case II. 

21. When one factor is compound and the other simple} 
** Then eat^k term of the compound factor must be multiplied by 
the simple ftctor, as in the last Case ; and the result will be the 
product required*" 



Ex. 1. 

Multiply Zab-^2ac+d 
by 4a 



Ex. 2. 

8j:3_2a:8^4 

d4aar 



Product 12a*6— 8a*c+4arf 



Ex. 3. 

Multiply 7a^ —2a; +4a 
by — 3a 



•— 42a«*+ 28ttx*— 66a« 

Ex.4. 

12a^— 2a"+4a— 1 
Sx 



Product — 21aa:^+6aa:— 12a* 



Multiply 
by 

Product 



Ex.5. 
9a*ap+3a 



*— ar+1 



Ex. 6. 
4j:'y+3aN— 2y 



Case III. 

22. When both factors are compound quantities, each term of 
the multiplicand must be multiplied by each term of the multiptier • 



MULUnilOAXEOIf* 



and then placing like fuantUkM under each eAer^ the 
the tenns will be the product required. 



ai 



Ex. 1. 

Multij^y a + h 
by a + h 

Ist, by a • • a'+ ah 
2d, by ft.. a6+6^ 

Product a^-\'2ah-\-V 



Ex. 4. 

4* + 7 

i2a?+"i?" 

+21a»+14x 

12a»+29a:'+14x 



Ex.2. 

a + h 
a — h 



Ex.8. 

af+ ot+V 
a — h 

tf+a*b+aJ^ 



■• • 



— 6« 



>• • 



Ex.5. 
8jj"— 2x+5 
6a:— 7 

lSa^—12a^+S0x 
— 21aj"+14af— 35 

18a»_33x*+44»— 86 



Ex. 6. 14a c— 8a6 + 2 
ac — ab 4- 1 

14aV— Sa^bc+ 2ac 

— 14a'6c +30^6*— 2a& 

+ 14IMJ _3aft+2 



14aV— 17a*6c+ 16ac -f 8aW--5a6+2 



. 1 2 
Ex.7. «^— 2*+3 

-a: + 2 
8 



8 6 ^9 

4 
+ 2a:»— a?+g 

3 6 9 ^3 



Ex. 9. . . « . . 4«*y+3ary— 1 by 2«*— « 

Answ. 8a^y+2a^y — ^2a^^— 3aj"y+a?. 

Ex. 10 ar»— ^+a:— 5 ..... by 2a:«4-x4-l* 

Answ. 2a?* — a?* + 2aj*— lOar*— 4aJ — 5. 

Ex. 11 8o'+2a6— 6» by 8««— 2aft+6«. 

Answ. 9a*— 4aV+4aft»— ^. 

» 

Ex. 12 af'+a^y+^j^+J^' ... by x — y. 

Answ. a?* — y*. 

3 1 
Ex. 13 4* — -ar+l by «"— -x. 

4 2. 

Answ. «*— i-«*+-—a:' — jra?. 



4 ' 8 2 



VI. 

DIVISION. 

23. In tbe division of algebraic quantities, the four following 
Rules (which arise immediately out of the consideration that the 
quotient multiplied by the divisor gives the dividend) are to be ob- 
. served. 

I. That if the signs of the dividend and divisor be Hkej then the 
sign of the quotient will be +» ifunlikey then the sign of the quo- 
tient will be — .^*^ 

II. That the coefficient of the dividend is to be divided by the 
coefficient of the divisor^ to obtcdn the coefficient of the quotient. 



(*) The Rule for the tigns follows immediately fi-om that in Moltiplii 
tion; thus, 

Since +aX +6=+a6, . . — r— =+ft,and-T-5-=+a ,., . 

+« -po 1. e. itxe signs 

, ^ , , — ah - , — ah , I prodnoe +, 



X-b=+ub, . . ±±=-i,^±* 



r and unUi 



in. That all the letters common to both the dividend and the 
divisor must be reeded in the quotieot.^*^ 

IV. That if the same lett^ be found in both the dlvidwd and 
divisor with diJ)Bren$ iadicea, then the index of that letter in the 
divisor iBust be suUracted from its index in the dividend, to. obtain 
its index in the quotient. Thus, 

I. +a6c divided by -fac .... or — =-f^. 

II. +6dbc —2a. ... or — zr- - =— 8&?. 

—2a 

III. -^-lOfViK .... -fjSy. ... or =-^ =— 2a?». 

IV. — 20o«ay . . . — 4a«y . . or I^^^=s+6aay.« 

Of Division, also, tl^re are three Cases ; the same as in Mut^ 
tiplication. 

Cask I. 
' 24. When the dividend and divisor are both nmple terms. 

Ex. 1. Ex. 2. 

Divide ISa;^ by Sax. Divide 16a»y by —6a. 

18aa^ a +15a»6' ^ „ 



Sax 

Ex. 3. Ex. 4. 

,Divi(fe — 28«y by — 4a:y. Divide 25oV by — 6a«c. 

-28^3^ ^ I 7x11', +26aV^ 

— ixy ^^* — 5a*c 

£h[. 5. Ex. 6. 

Divide —UqL^l^c by 7ac. Divide — 20aY** *>y — 4y«* 
— 14a'yg —20a^fi^ _ 

lac —~4:y% "~ 

(*) If vkj letter or letter^ ue fbimd in the diviior, which are not in the 
dividend, they mo^t remain in the denominator of the.firacUon by which the 
division b expressed. See Art 35, with which this case coincides, and the 
examples there. 

C) If the index of any letter in the divisor shoold be gteater than that of 
the same letter in the dividend, the index in the quotient wUl, by the role, bs 
negative. The signification of this negative mdexwOl be exphuned in Art 66. 
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CasbII. 



25. Wh^n the dividend is a compound quantity/and the divisor 
a HmpU oBe, then each term of the dividend must he divided 
separately, and the resulting quantities wiU he the quotient reqoixed. 

Ex. 1 . Divide 42a + Sah + 12a' hy So. 

oa 

Ex. 2. Divfde 90oV— 18aa"+ 4a»ar— 2aar hy 2aa?. 

90aV^18aa^+4a'^2a.^^^_^^^^_^^ 
2aj; 

Ex. 3. Divide 4x»— 23:* + 2x by 2x. 

V— 2a'+2g _ 
2a: "" 

Ex.4. Divide— 24aVy—3airy+ Ca^'y' by— ary.' 

— 24aVy— Saary -f 6a'y' _ 
— 3ary """ 

Ex. 5. Divide 14aft»+ Ta'ft*— 21a«ft»+ 35a«ft by 7ah. 

14ay +7a«y— 21a'6»4- 35a«ft _ 
lab ~ 



CasbIII. 

26. When the dividend and divisor are both compound quanti- 
ties. In this case, the Rule is, '< to arrange both dividend and 
divisor according to the powers of the same letter, beginning with 
the highett; then find how oflen the first term of tlie divisor 
is contained in the first term of the dividend, and place the result 
in the quotient ; multiply each term of the divisor by this quantity, 
and subtract the product from the dividend ; to the remaindbr bring 
down as many terms of the dividend, as will make its number of 
terms equal to the number of those in the divisor ; and then pro- 
ceed as before, till all the terms of the dividend are brought down, 
as in oonunon arithmetic'* 



DITIUOK. 

Ex. 1. 
Divide a^—Sa^h+SaV—i^ by a— ft. 

a— *)a'— 3a«ft + 3a6«— 6'(a'— 2a» + V 
a?— d'b 

*_2a*ft+3a6» 
— 2a*6-|-2aft« 

* a^— ft* 
flft»— ft» 



In this Example, the dividend is arranged aooording to the 
powers of Oj the first term of the divisor. Having done this, we 
proceed by the following steps : 

I. a is contaiDed in a', a' times ; put this in the quotient. 

n. Multiply a — ft by a*, and it gives c^^^h. 

III. Subtract a' — a% from a? — Sa'ft, and the remainder la 
— 2a*ft. 

IV. Bring down the next term -|-3aft*. 

V. a is contain^ in — 2a*ft, — 2aft times ; put this in the quo- 
tient. 

VI. Multiply and subtract as before, and the remainder is o^. 

VII. Bring down the last term — ft". 

VHI. a is contained in aft*, + ft^ times ; put this in the quotient. 
IX. Multiply and subtract as before, and nothing remains ; Ae 
quotient therefore is o' — 2aft+ft*. 

Ex. 2. 

a*+2a*ar+ aV 

* 3a*ar+9aV+ lOoV 
3a*a:+6aV+ 8aV 

3aV+ 6aV+3a«* 

""^^ I^i?+2a^+a» 

oV+2aa?*+«* 
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Ex.3. 
Asf^lxy^a^—l 3a^— 34a:» + 40«»(3a:»+ 2a»— 5a: + ^ ■ 

+ 8a?*— 340:* 
+ 8a^— 14a;* 

* _20aj»+40a:* 
— 20a:^+35a;' 

* + 5a:» 

Ex.4. 
3a?— 6) 6«*— 96 (2aj"+4a:'+8a:+16 
6«*— 12a:» 



II 



* +12ar»— 96 
+ 12jr»— 24a:* 



* 4.24a:*— 96 
+24a^— 48ar 
* 4.48a:— 96 
4.48a:— 96 



Ex. 5, 

y2ar 
-,a:*+a:*— a:"- l(a:*— a^'+a:'— a:+l— -T]-— r: 

^^^-.^ . ^+'^"' 

' [ " ' ' •♦ 

—a:* 4" a:* — sr- > 

_aJJ_.a^4-aJ» 

■ I I I I ■■■Ml I H I ■ I 

a^— a:*— 1 
a:*4-a:'— a* 

—a?— I 

a^—z —1 
a^+x — 1 

—2a: 



(") When there is a remainder^ it must be made the numerator of a Frac- 
tion whose denominator is the divisor; this Fraction must then fie placed in 
the fuatUnt (with its proper ngn), the same as in common Arithmetic 



DIVISION. S7 

Esc. 6. 



l+a:)l (l— «+«»— aj»+— 
1+x "*" 



OP 



-a? 
'X — a:' 






I 
I 



»— «* 
"^ 



••• 






In tbis last Example, the division may be ccmtinaed to any 
number of terms at pleasure, observing only to place the whole 
^visor under the last remainder. • 



• 



Ex, 7. Divide a*+4a»ft+6a«6*+4a6»-|-&* by a+h. 

Answeb, a'+3a"ft+3aft*+ft^. 

Ex. 8. .... a«— 5o*ar+10aV— 10aV+6aa?*— «» 

by a' — 2a*x-{-Saaf — x\ 

Answ. a' — 2ax+a^» 

Ex. 9 25a?'— X*— 2a:'— 8a:« by 5a^— 4ar». 

Answ. 5x^+4^+2x+2. 

Ex.10 o*+8a»#H-24aV+32aa:»+16ar*byo+2ar. 

Xnsw. a*+ 6a'ar + 1 2aa:»+ 8ar*. 

Ex. 11 a* — «* by a — ^ar. 

Answ. a*-{-a^x-i-a^Q!^+aa^+ttl*m 

Ex. 12 6a?*+9a:*— 20ar by a**— 3ar. 

5ar 
Answ. 2a:* + 2a: +5 — —■= — —- 

3ar — 3a:. 

Ex. 13 9a:'— 47aJ'+95a:'+150a:by a:«— 4a?— 5. 

Answ. 9a:*— 10a:*+6a:*— 30a:. 

Ex. 14 a" by 1— a;*. 

Answ. a'+aV+oV+ 
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vn. 

On the Application of the foregoing Rules to Quantities with 

literal Coefficients* 

27* In applying the foregoing Rules to quantities with Uteral 
coefficients, such as, mx, ny, qa^, &;c., (where m, n, ^, &c. may he 
considered as the coefficients of x, y, a^y 6zc.) a compound quan- 
tity may be expressed by placing the coefficients of like quantities 
one after another (with their proper signs) in a parenthesis, and 
then annexing the common letter or letters. Thus, the sum ofmx 
and nXy which is mar+nx, may be expressed by (in+n)x; their 
difference^ which is mx — nx, by (m — n)x; the multinomial »mc'+ 
nrc* — pa?-^qx^y by (tn+n — p-\-q)3i^; and the mixed multinomial 
paiy+q^'^rxy+my^ — wary? by (p — r — n)xy-{-(q+m)y^; &c. 
&c. Accordiog to this method of notation the operations aris per- 
formed in the following Examples. 

Ex. 1. 

my^-^ ny+ z 

Add ^ -?<-'"»+'" 
qy +my — vz 

+ ry — qz 
{m—p + q)y^ + (n + m)y + (1 + n v q)z 

Ex. 2. 

From jpaf'+^aj* — rx+ s 

Subtract map — ?p:'+ tx — o 

Remainder (p — m)3iP + (^ + »)^ — (r +t)x+s+ »^*^ 

: ' ■ ■ '» I I ■■ .,11 ■ ■' r 



(*) As the sign prefixed to quantities in a parenthesis affects them all, 
when this sign is negaUve, the signs of all those quantities must be changed 
in putting them into the parenthesis. Thus, when -\-tx is subtracted from 
— ^x, the result is — rx — tx ; and, as this means that the sum o£rx and tx is 
to be whtractedy that negati'o* sum is expressed by — (ra?-f-te)= — (r+<)*« 
For the same reason, ai^ muUinomiat quantity, —moi^ — tue^ — qx^-\-r3^^ when 
put into a parenthesis with a negative sign prefixed, becomes — (fn+n + ^f— T)aE' 



t-^m 
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Ex. 3, 

Multiply p3^+ qx — r 
by mx — n 

mpac* 4- mga^ — mrx 

— npa^ — nqx-\-nr 



Product mps? + {mq — np)a^ — {mr + nq^ + wr 



Ex.4. 

Multiply ax' — hx •{■ c 
by «■ — c jr + 1 

CM?* — 6jr*-t- ca:* 
— ncai? + ftcaj* — c* J? 

4- aa^ — 6ar+c 



Product aar*— (ft+ac)a:'4-(c4-ftc+o)a:*— (c»+6)«+« 



B^Bae 



Ex. 5. (Division.) 

aa?* — aca:* +ax' 

— ha^Jf (<?-f ftc)a^— (c«+ 6)a? 

— fta:* +6ca:* — hx 

+ car* — c*a:+c 

+ C3? 4^X'\'C 

* * • 



Ex. 6. Multiply ma^-^nx^^ .... by nar- 

Answer, mna^— (fi'+mr)aj*+r* 
Ex. 7. Multiply «■— |ia!"+^ar— r . . by x— a. 

Answ. ar* — (a+p)a:'+(^4-ap)a:* — {r+aq)x+ar. 
Ex. 8. Multiply 2w'—rar+^ .... by a:*— rx— g. 

Answ. p«*— (1 4-l>)rx'+ (^ + r*— P5)x*— ^ . 
Ex.9. Divide a«»—(o«+ft)a:»+&» . by oar— 6. 

Answ. 

C2 



vni. 

Some general Theorenu, deduced by mtaru ef tke Jbr^oing 
RuU». 
From the clear and distinct manner in which quantity and its 
severtd relations are represented throughout every part of an alge- 
braic , operation, the exemplification of its most ordinary rules 
affords the means of investigating certain general Theorems relat- 
ing to the gum, difference, product, Sia. &c. of numbers, of which 
the following are examples. 

88. Let a and h be any two numbers, of which a is the greater 
and h the lesser, and let their sum be represented by « and their 
difference by d. 

Then a+l=a 
and a~h=d 



.: by Addition, 3a =s +d J 



by Subtractioni 26= ■ — d ) 
and 6=^-^ ^ 

From which we deduce thia general Theorem, that " if the turn 
and difference of any two numbers be given, the greater of them 
may be found by adding half the given sum to half the giv^n dif- 
ference ; and the legter, by subtracting half the given difference 
from half the given sum." 

S9. Let a, h, a, d have the same relation "as before, then 
t=a +b 
d=a~b 



8 X d=a"— ft" (See Ex. 2. Case III. p. 21.) 



Prom which it appears, that " if the sum and difference of any 
two numbers be multiplied together, the product of that sum and 



di^renoe gives the difference rfthe squares of the two numhera ;** 
and that *' if the diflerence of the squares of the two numhera be 
divided by their difference, it gives their sum ; and if by their 
sum, it gives their difference.^'* 

80. Let the number c be divided into any two parts, a and h ; 
Then c =a-|-6 
c=a-f ^ 



••• 



by Multiplication, c2=a*+2a6-|-6^ (See Ex. 1. Case HI. p. 21.) 

From which we infer, that " if a number be divided into two parts, 
the square of the number is equal to the sum of the squares of the 
two parts, together with Ucice the product of those parts.** 

81. Let a and h be any two numbers ; then 

Their difrerence=a — h 
The difference of their cubes = a' — 6* 
By actual division, a — }i)a? — V^ (a* +06+6" (quotient) 



-fa*^— aft* 






Hence it appears, that " if the difference cf the cubes of any 
two numbers be divided by their difference, the qudient arising 
will be equal to the sum cf the squares of the two numbera 
together with their product,^* 
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CHAPTER II. 

ON ALGEBRAIC FRACTIONS. 

The Rules for the management of Algebraic Fractions are the 
same with those in Common Arithmetic. 



IX. 

ON THE REDUCTION OF FRACTIONS. 

82. To reduce a Mixed Quantity to a Fraction* 

Rule. " Multiply the integral part by the denominator of the 
fractional^ and to the product annex the numerator with its pro- 
per sign ; under this sum place the former denominator, and the 
result is the fraction required." 

%x 

Ex. 1. Reduce 3a -f --r to a fraction. 

oar •# 

The integral part* X the 4enominator of the fraction, + the 
numerator rizSaX 6a^+2x^lSa^-\-2x ; 

Hence, — ^ ■>■ is the fraction required. 

Ex. 2. y. 

Reduce 5x — --5 to » fraction. 
Here 5a: X 6a*=30a*ar ; to this add the numerator with its pro- 
per sign, viz. — 4ft ; then . ^^ w is the fraction required. 

» 
Ex. 3. 

„ ^ ^ 2a;— 3 ^ . 

Reduce ox — to a fraction. 

7 

Here 5a; X 7== 35a;. In adding the numerator 2a; — 3 tDithits 

proper sign^ it /is to be recollected, that the sign — affixed to the 

2*p— 3 

fraction — - — means that the whole of that fraction is to be sub* 



mm 
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tractedy and consequently the signs of each tenn of the noine- 
Tator roust he changed when it is comhined with Z6x ; henoe, the 

fraction required is — —= 1— , 

7 7 

2tf 
Ex. 4. Reduce 4ab-{-rr- to a fraction. 

. 12a^b+2e 

AirswEB, — 



da 



4a 

fix. 6 3ft* — z- to a fraction. 

ox 



I5¥x—4a 

Answ. . 

ox 

Ex. 6. .... a — g+ '*~^*^ to a fraction. 



a' — ax 



a« 



X 



Answ. 

Ex. 7 Sic* — - to a fraction. 

SOa^ — te+9 
Answ. —- — —- . 

83. To reduce a Fractionjo # Mixed Quantity* 

Rui*E. ^' Observe which terms of 'the numerator are dhrisihle 
hy the denominator without a remaipder; the quotient will give 
the integral part ; to this annex (with their proper signs, and 
observing the caution given in Ex. 3. of the last Article,} the 
remaining terms of the numerator jivith the denominator under 
them, and the result i^ll be the miied quantity required." 

E^ljUfPLE-l. * ( 

Kedace ' — to a mixed quantity. 

Here =a+ft is the integral part, 

.ft*. 

and — is the fractional part ; 
a 

.*• a+b4 — is thd mixed quantity required. 
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Ex.2. 

Reduce to a mixed quantity. 

oa 

15a' 
Here -— -=8a is the integral partj 
oa 

and — is the fractional part ; 

oa 

.•• 3a -< — is the mixed quantity required. 

oa 

Ex. 8. Reduce — to a mixed quantity. 

5a 
Answer, 2x — --• 

2x 

„ ^ 12a*+4a— 3c . ^ 

Ex. 4. . . • ; to a mixed quantity. 

8c 
Answ. 3a + 1 — 7-. 

4a 

_. ^ 25a;^— 3a+2c . , 

lix; 5. . • . . to a mixed quantity. 

Ox . . • 

„ 3a — 2c 

Answ. 6a:* ---—• 

ox 

84. To reduce Fractions to a common Denominator* 

Rule. " Multiply each numerator into every denominator hut 
lis own for the new numerators, and all the denondnator^ together 
for the common denominators." 

Example 1. 

2j7 5a; 4a 

Reduce -^-j -ir» ^^^ "n to a common denominator. 
o o o 

2a;xftX5=106x^ f Hence tlie fractions 

5a: X 3 X 5=75a: > new numerators ; required are 

4ax3xft=12aftS 1 jofta: 75a: 12a5 



3 x6x5=15& common denominator ; 

Ex. 2. 



156 ' 156' 156 • 



Reduce — = — , and ^-r-) to a common denominator. 
a 4 



la'B^mK^t 
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Hence the fne* 
Sxx6=15x j new numerators; 



5 X 4=20 common denominator ; 



Ex.8. 



tions required 
are 
8a;+4 J.5x 



Reduce , , and jr-, to a common denominator. 



Here5xX 3x2a?=30x* 
(o-^)X(a+x) X 2aj=2a'aj— 20:* 
1 X(a+a?) X3 —Sa +3a? 



••• the new fractioDS are 

ZOa* 2a»aj— 2«» , 

y and 



3a+3x 



^ 6ax+6a^ 



(a+x)x S X2x =z6ax +63^ 

Ex.4. 

Reduce — , -^r—, and — , to a common denominator. 
5 3a a 

9a'a? 20abx 75a«* 

Answer, j^„ ~j^, and -j^-^ . 

Ex. 5. 

Reduce ?^^ and -^i-, to a common denominator. 
X 3 

6ar+9 , 6x^+x 

Ex. 6. 

Reduce *^±£f , ^, and |^, to a common denominator. 

4Qah3^+24aJfx AJbha^ 4(kMr 

^^''^- 60a^ ' 60"aT' "'^ 60^ 

Ex. 7. 

Reduce — -• and =-— , to a common denommator. 

2x 2a* 

14aV— 2a» , 8a:»— 2««+4a? 
^^- 4a^;c ' ^""^ 4^i 

35. To reduce a Fraction to its lowest terms. 
Rule.. "Observe what quantity will divide all the terms both 
of the numerator and denominator tnthout a remainder; divide 
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tbem by this quantity, and the fraction is reduced to its lowest 
terms*" A more general Rule will be given at the end Of tUui 
Chapter* 

EZAKFLB 1* 

14a^-f7aa?+21a:* 
Reduce ^^r-o to its lowest terms* 

The coefficient of every term of the numerator and denominator 
of this fraction is divisible by 7, and the letter x also liters into 
every term ; therefore 7x will divide both numerator and denomi- 
nator without a remainder. 

Now ^- — ■ =a»»+o+3ar, 

7a? 

and -= — =ox; 

7x 

hence, the fraction in its lowest terms is = . 

ox 

Ex. 2. 
20aftc — 5a»- f-10ac 

Here the quantity which divides both numerator and denomi- 
nator without a remainder is 5a ; the fraction therefore in its lowest 

. Abe — a+2c \ 

terms is • 

ac 

Ex* 3. Reduce -3 — r. to its lowest terms. 

or — Ir 

Here a — b will divide both l^uknerator and denominatoi; for by 

Ex* 2* Case III* page M, a«— ^=(a+&) (a— 6) ; hence j- is 

the fraction in its lowest terms. 

Ex 4. Reduce -r-; to its lowest terms* Answbr, ---. 

16ar ' 3 

Ex 6 ^toitslowesttenn,. Ax«w. ^. 

^dx 2 

Ex* 6 =^7-= ^ to its lowest terms* 

7ar3f 

AlfSW* — — . 



Reduce ^-^ to itg lowest terms. 



I 
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Ez* 7. Reduce r=-7-^- to it» lowest tenns* 

17ar 

Airawa 



ft h 

Ex. 8. ... • ;xr:M to its lowest terms. (See Ait. 81.) 



X. 

ON THE ADDITION, SUBTRACTION, MULTIPUCATION, AND 

DIVISION OF FRACTIONa 

S6* To add Fractions together. 

Rhus. *< Reduce the fractions to a common denominator, and 
then add their numerators together ; bnng the resulting fraction 
to its lowest terms, and it will be the sum required.** 

Example 1. 
Add -~, -—, and -', together. 



6' 7 

8«x7x3=63ar ^ 
2xx5XS=:S0x 
«X5x7=35a: 



5X7X3=105 



63a?+30ar+35ar 128x . ,, - ^. _ 

•s ^^^ =-T7^ *s the fraction re- 

J- 105 ^ 105 

quired. 



a 2a . 5b . 

Ex. 2. Add T, gT» and —, together. 

ox 85x 4a=12a«6 "J 12a'b^Sa^b+ 15y __ 20o'fr + ^^^ J(^ 
•JoX hx4a= 8o«6 T** 12a6« 12ab^ ^ 



5ft X ftx35=15y 
ftx3ftx4a=12aJ» 



20a«+166«. 



viding by b) — t^^ — is the sum required 



2«+3 3a? — 1 , 4x 



Ex. 3. Add =-j^, -gj-, and y, together 

D 
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70« 



(2af+3)x2aJX7 =B28a^+42a? 

(3a?— 1)X6 X7 =105a:— 35 

4«X5 X2«=4Qa:^ 



^*, . . ... ■ . t . 1^ 



5x2a;X7 =70ar 



, 68a:2+147ar— 35 . . 

= —-r r- IS the sum 

70a: 

required. 



Ex. 4. Add -zr, -:r> and — r, together. 

7 9 11 ° 

934a? 

AlfSWEK, -g^. 

_ . 3a» 2a . 36 ^ ^^ 

• * * 26 • y ^" tS' together. 

105a»+28a»6+30ft^ 



Answ. 
Ex. 6. ... — ^ — 9 — R— > and -j together. 



70a6 



169ar+77 
Aifsw. ■ 



105 



Ebc. 7. ... - , and — -T — , together. 



37o«+ll* 
Answ. - 



156 



_ ^ 2a? — 5 , St — 1 ^ - 

m. 8. ... — - — , and -- — , together. 



4a:»— 7ar— 3 

Answ. — 



6a; 



OS- X 

Ex. 9. ... r, and =, together. 

a:— o x-^o 



• ••.•.> 2a* 

AnSW;.- 



a:«— 9* 

■« •-TV a4-6 - O'— 6 

Ex. 10. . . . j ^ , and — tj together^; 

2a«+2y 

37. To subtract Fractional Qua/mtiUes* 
Ri7LE. " Reduce the fractions to a common denominator ; and 
then suht^ract the numerators from each other, and vakder the dif- 
ference write the common denominator." 



£XA]«.B 1. 

Subtract -^ from —^ 
5 15 



Zxx 15=45a? 



5X16=76 



75 75 8 

Ex.2. 

2x4-1 6a?+2 

Subtract — = — from — - — . 



(2a;+l)x7=14a?-|-7^ 15g-(-6— 14g— 7 a?— 1 , ^ 

- (5a;-f2)x8=15a;+6 \ '' 2I '^"ST "* 

3 x7=21 1 tioJ^ required. 

Ex. a. 

^ 10a?— 9 ^ 3ar— 5 

From — s — subtract — - — • 
8 7 

(lOar— 9)X.7=70x— 63^ 70ar_68— 24ar+ 40 46a?— 28 . 
^« ar— 5)x8=24a:— 40\ •* 66 - 56 ^ 

& x7:i=56 J *^ fraction required. 

Ex.4. 

From 7 subtract =. 

a — b a+o 



a«— ^ 



(a;j. ^)(a+6)=a«+2a64-^ 

. a— 6)(a+6)=a«— 6« J ^^^ is the fraction required. 

Ex. 5. Subtract -^ from —-....'.. Aitswbr, -r^. 

CiX* O. . . • • • — ^ — rrjcruui ; -• AW8W. rtQ 

7 • 4 28 

„ ^ 3a?+i; 4a? . 4aJ»— lla?— 5 

Epl.7 ^ —from -r-. Awsw. — = — -= — . 

a?+l 5 6a?+6 

2a?— 3^ 4a?+2 . 4aJ»4-3 

1 1 ^ 2ft 
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Ex. 10. Subtract — I^ from '^» Awsw. — -i — . 

38* To multiply Fractional QuantiHes* ^ 

RuLB. <^ Multiply their numerators together for a new nume- 
rator, and their denominators together for a new denominator^ and 
reduoe the resulting fraction to its lowest terms." 

Example 1. 

Multiply— by — 



2a:x4a?=8a;») , . . . , . Sa" 

7X9 



—i{^ \ '*' fraction required is — . 



Ex.2. Multiply ^^by^. 



3 -^ 7 

Here 
(4a? + 1 ) X 6a?= Sia?" + 6a? 



and 

8X 7=21 



24a;«+6a? ,,. ... . 

-= (dividing me nu« 



21 

merator and denominator by 3) 

— - — is the fraction required. 



Ij8 J2 g^a 

Ex.3. Multiply -gg- by^^. 
By Ex. 2. Case III. page 21. (a«— 6*) X 3a* = (a+6) 

(a — b) X 3a'; heQce the product is ^.^ ; — '-\t - = 

^ ' ^ 5b X(a-\' b) 

(dividing numerator and denominator by d-^b) -^ 

3a>_3a*5 

=—65 — 

T^ M «f 1 . 1 3af* — 5ar , 7a 
Ex.4. Multiply ^^ by gjf-g^. 

21aa;' — 35aa? 



Here 
(3a:» — 5a:) x 7a==21aa:» — 36aa? 

and 
(2ar»— 3a?)x 14=28ar»— 42a: 



" " 28a--42ar ==(*^^^^g ^ 
numerator and denominator by 

7a?)-7-= — s- is t&e fraction re- 
4ar — 6 

^quired. 
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Ex. 5. -Multiply by 77-. AinwsB, =. 

'^ ^ X — 1 ^ 7 7x — 7 

^ 3a^— a: 10 8aN— 1 



Ex. 7. . . . • • jr by — s— . Airaw. — ~— 

^ ^ 8a^ ^ 16ar— 30 ^ 0« 

^^•^ to=ro^y-2F- Anaw.^- 

39. On <Ae Divinan of Fractions* 
Kvus. '* Invert the divisor, and proceed as io MultiplkatioD.'* 

Ex. 1. Divide ^hy% 

Livert the divisor and it becomes r^ ; hence — :r— X :r-=--;r- 

2x 9 2x 18jr 

7a: 
> -^ (dividing the numerator and denominator by 6x) is the £rao- 

iion required. 

Ex. 2. Divide — - — by — ;r= — . 

O 2o 

14a?— 3 25 _ (1 4g— 3) X 5 _ 70a?--15 

6 10a: — 4~ 10a?-^5 10a>— 4 * 

Ex. 3. Divide — - — by — ^ — . 

-2^"^ 2I ^1 ^ 4x(o+ft) 

4a+4b 4(a+*) S 225^^=1^2^:15*' is the frac 

V tion required. 

Ex. 4. Divide -=- by-^. Answer, t^^;. 

7 "^ 5 63 

Ex. 5 — 5 — by — r — . Aiww. -^. 

3 "^ 5x .3 

CI « a^— 9, a:+3 ^ 4a?— 12 

Ex. 6 — r— by-4— • Awsw — . 

5 -^ 4 6 

- ^ 9a^ — 3a: _ a^ . 9a: — 3. 

ax. 7 — = — byr-« Aiww. . 

5 ^^ 5 X 

D2 
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XI. 

On the Method (yf finding the Greatest Common Measure of two 

or more Quantities* 

40. One quantity is said to measure another, when it is con- 
tained in that other a certain number of times, without a remainder* 

41. A tjuantity is said to be a multiple of another, when it 
contains that other quantity a certain number of times, without a 
remainder. 

42. A common measure of two or more quantities is any quan- 
tity which measures them all ; and the greatest common measure 
is the greatest quantity which will so measure them. Thus, 2a 
is a commoB measure of the quantities 24a&', 16a'&c, and 12a6c*, 
and their greatest common measure is 4a&. 

43. If one quantity measures another, it will also measure any 
multiple of that quantity. Thus, let h measure a by the units in 
^, then a=^mh\ and let na be a multiple (denoted by the units in 
n) of a, then na^^nmh ; consequently h measures na by the unitB 
in nm. 

44. If one quantity measures two others, it will also measure 
their sum and difierenoe. For let c measure a by the units in 
sit, and h by the units in n, then a^s^me^ and hz=nc\ therefore, 
adb5^'^=»w;±nc,=:(mzbn)c ; consequently c measures a-\-h (their 
sum) by the units in m+n, and a — h (their difference) by the units 
in m— n. 

45. The Rule for finding the greatest common measure of two 
numbers may be thus investigated. Let a and h be any two num- 
bers, whereof a is the greater ; and let the following operation be 
performed upon tham : viz. 

'^^ Where a divided by h gives the quotient p, and rc- 

mainder c ; h divided by c, the quotient j, and remain- 
^ der df ; c divided by rf, the quotient r, and remainder 
0. Then, since in each case the dividend is equal to 
the divisor multiplied by the quotient plus the re* 
mainderj we have, 



. * 



Pi 

c)Kq 

?L 

d)c(r 
rd 



(*) The quantity azt.h means a fiu$ or nttntM & 



««aac«& 
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b=qc+d= {8iticeqc=qrd)frd+d=i(qr'{-l)d 

p, q^ r are tohoU numbers^ d is contained inb aa many times as 
there are units in ^1*+ !> and in a as ipany times as there are units 
in pqr+p+r ; consequently the Itut divisor diaa. oomnoon mea* 
sure of a and b ; and this is evidently the case, whatever he the 
length of the operation, provided that it he carried on till the 
remainder is nothing. 

This last divisor d is also the greatest common measure of a 
and b. For let x he any common measure of a and &, such that 
a=mxj and b=nXf then 
^=z=a — pb-=^mx-'^ptix^=^{m — pn)^ 

il=ft — qc=:znx^^qm — pqn)x^=^{n — qm+pqn)x\ .% x measures d* 
Dy the units in n — qm-^-pqn^ that is eoery common measure of a 
and b measures d. Now it has been shown liuit disa common 
measure of a and b ; and the greatest measure of d is evidently 
itself; consequently d is the greatest common measure of a and 
b» Hence this Rule for finding the greatest common measure of 
two numbers : " Divide the greater by the lesser, and the preced- 
ing divisor by the last remainder, till nothing remains ; the last 
divisor is the greatest common measure." 

To find the greatest common measure of three numbers, a, b 
c; let c? be the greatest common measure of a and 6, and x the 
greatest common measure o^d and. c ; then x is the greatest com- 
mon measure of a, 6, and c* For, let a==97uf, b—nd^ d=ipx; 
then a=^mpx, and b=npx, therefore ar is a common measure of a 
and b ; and, since it also measures c, it <will be a common measure 
of a, 6, and c. But, as above, every common measure of a and 
b measures d ; therefore every common measure of a, &, and c^ 
measures d and c ; and consequently the greatest common mea- 
sure of d and c, or £, will also be the greatest common measure 
of a, b, and c. 

In general, let there be any set of numbers, a, b, c, cf, e, dsc. ; 
and let x be the greatest common measure of a and b ; y the 
greatest .common measure of x and c; js the greatest common 
measure of y *aiid d ; d^c. dec* ; then will y be the greatest com* 
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mem measure oT a^b^c; % the gteatest common measure of a, b^ 
Cy c2;.&c« dec. 

46. To find the grelttest simple common measure oTAIgebraie 

quantities) the Rule is, ^' to find the greatest common measure of 
their coefficients, and then annex to it the letters common to all 
the quantities ;" thus the greatest common measure of 24a3i^j^j 
16bxy, and Qax]^^ is 2xy. 

To find the greatest compound common measure of two alge- 
braic quantities, " first divide each of them by their greatest simple 
common measure (if they have one) ; arrange their terms accord- 
ing to the dimensions of the same letter, and divide either, or both 
of them, by the greatest simple factor which it may contain ; then 
perform on them the same operation as that for finding the greatest' 
common measure of two numbers, observing only, that the re- 
mainders which arise are to be divided by their greatest simple 
fiictors, and that the dividends may, if requisite, be multiplied by 
any simple quantity which will make the first term of the dividend 
a multiple of the first term of the divisor. Lastly, multiply the 
compound common measure thus obtained by the simple one 
originally taken out, and the product will be the greatest common 
measure required."^*^ 

Example 1. 

Find the greatest common measure of 6a^-\-llax+Sa^ and 
6a«+7aar— 3a^. 

These quantities having no simple divisors, we immediately pro- 
ceed as follows : 

6a' + 7ax—Sa^ 
• -f- 4a«+6a^ 



(*) The rejection of these simple ractors from the original quantities, and 
from the remainders which arise in the process, or. the mnltipticatioa of the 
dividends pointed out in the Rule, will not affect the compound common mea* 
sure sought ; which can have no simple factor, because the original quanti- 
ties have (by the Role) their simple feetors taken out, previously to this paft 
of the proeess. 
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Dividing Aax+6si^ by its greatest simple divisor, 2Xf we have 

2a + 3ar)6a"+ Tax — 3«^8a— « 
6a'+9ax 

^^2ax — 3a* 
— 2«x— 3j5* 



Henoe 2a+Sx is the greatest common measure. 

Ex. 2. 

Find the greatest common measure of Qa*l^ — lOaV+fib^ and 
ga*6^9aV+ 3aW— 3aM. 

The greatest simple common measure of these quantities is b ; 
which being taken out from both, they become Qa*h — ^100^-^26^ 
and 9d^ — 9a^b+9a*l^ — 3a^; the former of these is divisible by 
26, and the latter by Sa ; which divisions being made, the givea 
quantities are reduced to 4a* — 5a5+6*, and 3a" — 3a*&+ay— ft*. 
Multiply this last by 4, to make the operation succeed, and we 
have 

4a«_5aft+^)l2a'— 12a«ft+4a6»— 4M(8a 

12a"— 16a'6+3a6» 

3a«6-f a6»— 44^ 
Dividing the remainder by by and multiplying the new dividend 
by 3, we have 

3a«+afr— 46»)l2a»— 15a6+ 36»(4 

12a"-h 4aft— 166» 

— 19a5+196» 
Lastly, divide the remainder by — 19&, and proceed thus : 

a—b)Sa* + ah — 46«(3a + 45 

^fr— 4J* 
4afr— 46' 



which gives a— 5 for the eomfound common measure ; and this 
being multiplied into the nmple odg 5, we have ofr— i* for the 
greatest conmion measure sought* 



» 
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CHAPTER ni. 

ON THS mVOLCTION AND E^kOLUTION OF NUMBERS AND 

OF ALGSBRAIC QUANTITIES. 



XIL 

On the InvoltUion of Numbers and Simple Algehrtdc QtfaRft<ie«. 

47. hteolttfion, or '' the raising of a quantity to a given power," 
is performed by the continued multiplication of that quantity into 
itself, till the number of lactors amounts to the number of imits 
in the index of that given power. Thus, the square of a or a'=s 
•ttXtt; the ctibe of b orl^^bxbxb ; the fourth power of 2=2 
X 2X 2x 2s=16 ; the^A power of 3=3X 3x 3x3X 3=248,- 
&c. &c. This rule as applied to numbers will be readily under 
stood by the mere inspection of the following Table. 

ROOTS AND POWERS OF 3SUMBER& 



Root 


— 


2 

4 

8 

16 


3 

d 

27 

81 


4 

16 

64 


5 

25 

125 


~6~ 

36 

216 


7 


8 


9 


10 




Square 


49 


64 


81 


100 . 




Cube 




343 


512 


729 


1000 




4th power 


256 


625 


1296 


2401 


4096 


6561 


10000 


5th power 




32 


243 


1024 


3125 


7776 


16807 


32768 


59049 


100000 


, 



48. The operation is performed in the same manner for simple 
algebraic quantities, except that in. ibis case it must be observed, 
that the powers of n^^a^ve quantities are alternately + and — ; 
the even powers being positive, and the odd powers negative^ 
Thus the square of +2a is -|-2ax +2a or 4o*; the square of 
— 2a is — 2ax — 2a or +4o'; but the cube of — ^2a= — ^2aX — 
9a X — 2a=: +^X —2a =— 8ri». 



UWOtOTIOH* 



4tt 



The several powers of ?- are, 

o 

a a a a* 

^ « a a a a^ 
. • a a d a a^ 



And the several powers of — — , 

2i; 2c 2c dc*^ 

. ft ft ft ft 

. 4fft potrer=— s- x — 5- x — - x — ~= + 



ft* 



2c '^ 2c ' 2c ' 2c . ' 16c** 

Upon this principle the powers of the several roots in the fol- 
lowing table are ccdculated. 



ROOTS AND POWERS OF SIMPLE ALGEBRAIC QUAMTITIEa 



Root 


a 
a« 


—6 

+ 6« 


26* 
46* 


a 

26 

a« 
46" 


3ar> 

y 


2a 
36 


a«6 

• 


a* 
■"6> 


3a; 
^5 


4i 


Square 




4«» 
96« 


a^b* 


'6« 


9.. 
'25 


1^ 


Cube 


a> 


— 6» 


86« 


86* 


S7^ 


8ii« 
276» 


a'b* 


a* 

-6» 


27*» 
-^125 


64y» 


4th 
Power 


a* 


+ 6*166» 


166« 


, 81«» 


16a^ 
8li^ 


a'b* 
o»«6» 


4^ 

—615 


81«* 


X* 


' y* 


'625 


256y« 


5th 
Power 


a* 


M onlia 


a* 
326» 


243««» 


32a» 
2436S 


243i;> 


** 


^-0 

1 


Oi6U- 


~ y* 


3125 


1024y' 
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xin. 

^On the hitdltiHon of Compound AlgthrcAc QuanJMei 
49* The powers of compound algebraic quantities are 
by the mere application of the Rule for Compound Multiptication 
(Art. 22.) Thus, \^ , . 

Ex. 1. What is the square of Ex. 2. What isihe cube of 
a+26? o«— a:? 



a +26 ^ ^ a' — X 



a 4-2& ^ 



a» 



o*+2a5 a*— a»x 

-f2a5+4y — o'g+a^ 

Squaie=a'+4a6-J-46* * Square=a* — ^2a'a:4-a" 

— ^ ' ' ' - a« 



— o^-{-2a*g' — as* 
Cube=o«— 3a*ar+ 3aV— «■ 



Ex. 3. What is the 5th power of a+^? 
a +h 
a -f ft 

a*+ aft J^ * *'' * ' 
4- aft+» i;v. 

^+2aft+^«1Square 
g -h ft 

a«+2a'ft-f aft«, 

+ a'ft+ 2flft«-fft ^ . 

a»rf3a'ft+ Saft'+ft'rsCubQ 
g-f ft :^ 

gH^'ft+ 3g«ft^+ aJ? * 

4- g'ft4- 3a'ft^4. Sgft'^ft* 
g*-f4a»ft+ 6c*ft*+ 4ttft» 4-ft*= 4th Power 

g+ ft 

a»+4g*ft+ ea'^ft*-!- 4a»ft»+ aft* 

4. a4&.(, 4a^y.f ea'ft'-f 4aftHft^ 

g«+6a*ft+10a«ft»H.10g*ft»4-6gft*+ft*=6th Poww. 



BINOKIAX. TBSOBXK. M 

Ex. 4. The 4th power of a + 8& is <t'+ 12a'6+ 64<^5^+ lOSo^ 
-1-816*. 

Ex. 5. The aqmre of 8ar"+3x+6is 9«*+12a»4.84j^+a0» 
+ 25. 

. Ex. 6. The ett&e of 3ar— 5 is 27«»—.135a*+ 226a?— 125. 

Ex. 7. T}i^:^i^of «•— 2ar+l is««— a«^+16«*— 20^+lW 
— 6ar+l. 

60. In the involution of a binomial qua]^|jty of the fonn a+6, 
the several terms in each successive pOTvpr are found to bear a 
certain relation to each other, and observe a certain law, which 
the following Table is intended to explain. 

TABLE OF THE POWERS OF a -4- 6. 



Powers. 



Square 



Cabe 



4th Power 



5th Power 



Mode of 

expressing 

tliem. 



{a+hy 



Powen expanded. 



o'-f-2aA + i*. 



{fl±hy 



(a + 6)* 



{a + by 



6th Power («H-6)" 



o»-f-3««64-3«fc»-f-A*. 



a* H- 4a'6 + 6a»6» + 4i6» -f &♦. 



a* + 5fl*t H- 10a'6» + 10a*ft» + 5aM -f 6». 



a« + 6a*6 -f 15tf^6« -|- 20«*6» + 15a»6« + 6«6»+ M. 



The successive powers of a — ^ are pif^piAy the same as those 
of a +6, except that the signs of the termi^vdll he alternately + 
and -r. Thus, the 4th. power of a-r-i^ is a^-<^4a'64.0a'^-- 4a^ 
+ ^ ; and so of the rest. 

In reviewing that column of the foregdng Table which oontaini 
the powers of a + 5 expanded^ we may. observe, 

» 

I. That in each case, the.^r^ term is a raised to the given, 
power, and the last, term is i raised to the same power ; thus, in 
the square J the first term is a\ and the last i'; in the eube^ the 
first term is a^, and the lo^ J^ ; and so of the rest. 

II. That, with respect to the intermediate terms, the powers of 
a decrease, and the powers of h increase, by unity in each sue* 
oessive term. Thus, in the fifth power, we bars 

E 
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« 



b the ueottd term • • a^& ; 

«A»rrf ..... a«6»; 

fburih • • • • a'ft^; 

^A aft*; 

and so in the of to* ftowersu 

lU. That in each case, the coefident of the second term fa the 
9ame with the index of the given power* Thus, in the square it 
ia 2 ; in the cube it is 3 ; in the fourth power it is 4 ; and so of 
the rest. 

IV. That if the coe^icieiU of a in any term he maltipiied by its 
indexj and the product divided by the number of terms to thai 
jicLce^ the quotient will give the coefident of the next term. Thus, 

- T At- ^ „^. <5oeff- of a in the 2d term X its index 4X 3 

In the fourth power, ;; r i = ^. 

"^ " number of terms to that place 2 

12 

=£-^=:6=coefficient of third term. 

. . . ^^ coeff. of a in the 4th term X its index 20 X 3 

In the sixth power, r ;; -—^ j = — - — 

'^ number of terms to that place 4 

sst-js=15scoej9icieBt of fifth term. 

We are thus ibmished with a general Rule for raising the bino- 
mial a+ft to any poweip, without the process of actual multiplica- 
tion. For instance^ let it be required to raise a-f 6 to the eighth 
power f then, according to the Rule just laid down, 

the first term is .... o^. 

The second 8a^&. ^ 



The ihird i5^aW=28a"V. 

^ Th& fourth ??^a»5»=56aV. 

^^ Tho fifth !^tf«&4=70a***. 

and so on. 
And thus we have 
,^ (a+ft)" = rf-h8a76+28a?y+56a»V-h70a*6*+66aW+28aW+ 



i 
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la the same noanuer it will be foanjy 
Ex. 2. That (a— &)'=a'— 7a«6+2la»6^— 35a*y+85a»ft^-«lrfy 

Ex.8. Tl»t(ar— yy=a!»— 9j^-|-86ary— 84ay+126«y— 

1 26a?y + 84ay— 8ea!^'+0»8f«— j^ 
Ex. 4. TTiat (x+tt)~=aj»+10a:»a+45a!»a«4-120»V+210i*a*+ 

252a?*a*+ 210jcVi«+ 120«\i^+ 46irti»+ 10«o»+o*. 
In reviewing these several examples, it may be observed^ that, 
when the number of terms in the resulting quantity la even, the 
coefficients of the two middle terms are the «fi«e / and that in 
all cases the coefficients increa^ as far as the ndddle terms, and 
then decrease precisely in the same manner until we come to the 
last term. By attending to this law of the eoefidenUf it will only 
be necessary to calculate them as far as the ndddle term^ and then 
set down the rest in an inverted order* Hius, in Ex. 8. (a^^Yt 

The^^ five coefficients are 1, 9, 36, 84, 126. 
The Z(Mf five / 126, 84, 86, 9, 1. 

51. Bc^ we have not yet arrived at the most general form in 
which this Rule may be exhibited. Suppose it was required to 
raise the binomial a -{-6 to any power denoted by the number n. 
Proceeding with n as we have done with the several indices in the 
preceding examples, it appears that 

The first term would be a*. * 

The second na*^^b. 

The third 2(^Zl}a"-*6». 

2 

Tb.fourth »('^l)(«-^)^^y 

Tbejifik n(n-l)(n^2^^n-S) ^^^^ 

X ne last ...• ...o. 
Or, (a+»)'=tt»+na'>-'ft+ "^"~^W y+ *^'*~^^"~'^ a-*y 

+ '^ oa^ ^"^ft*+&C +5". 

'6.tt.4 

By the same process, (a — 5)"=a" — rue^^h+-^ — a*^li^ — 



891 BZNOBUAL THBOHSM. 

^^^^n i"~— Q'^^^ &c> ; the signs of the terms heing alter- 

nately 4- and — • 

This general and compendious method of raisiDg a binomial 
quantity to any given power, is called, from the name of its cele- 
prated inventor, Sir L Newton's '' Binomial Theorem." Its use 
wxU appear from the following Examples. 

Example I,. 
Raise a:'-|-3y' lo the fifth power. 
In comparing (a^+3^Y wiUi (a+6)*, we have, a=:a", ft=8y*. 

Substituting these quantities for a, 6, n, in the foregoing goieral 
formula, it appears, that 

^tem**! ..(«•) *. i- («")• . . . . =*». 

9<i (fk»->ft) is 5x («*)* X V =15«¥- 

3rf (^^T^^"*^^*) • • " ^ ><§^ (*•)• X (3srt*=90*y. 

^ ^ , ^ n(fi^l)(n-2) ^^^,^ is 5 ^ ^ X |x (*»)• X (3y»)»=270*V. 

^ "^-^^;;;^^^<-^> a^5-)is5 X |x|x|xx.X(V)-405xy 

Xort.. . . (&•) is (%«y=243y»\ 

So that (x» + 3y*)»=»"'+15xy + 90»y + 270a;*y4-405ary + 24%'«. 

In the application of this formula, it may be observed, that the 
mmber €f terms of which the binomial consists, is always one 
mare than the index of the given power ; after having calculated 
therefore as many terms as there are units in the index of the 
given power, we may immediately proceed to the hut term. 

, Ex. 2. • . 

Raise 3^+23^ to the 6th power. 

Here 3^= a a 

2 _, f and (3a: + 2yy=729ai' + 2dl6j^y + 4860a?y-f 

^~ / 4320a:»y»4- 2160a^y* + 576ay + 64y». 

Ex.3. 
Raise x — 23^* to the 7th power. 
Here af=a ^ and comparing (ar — 2f^y with (a — b)% we have «* 
2y»= ft > — 14a^3^+ 84ar»/ — 280a?*y»+ 560«»y»— 672*^** 
n:=z7y%+A4i8xy^ — 128]^^^ for the quantity required. 



BVOLUTXOZV. 58 

52. By means of this Theorem, we are enahled to mm a M* 
numiai or quadrinomial quantity to any power, witfaont the proosM 
of actual multiplication. Thus, suppose it was required to tqutum 
a-\-b-\'c; inclosing a-f ft in a parenthesis (a+b), and consider ing 
it as me quantity, we should have (a4-6+cy=(a4-6)+of=s 

In the same manner we have, 

Ex. 1, (a-f-6-|-c+cr)^=(a+6) + (c+cl)l*=(a+6y+2(a+*) 
(c+d) 4- (c -f dy=:a*+2ab+¥'\'2ae + 2ad + 2be^2bd+4^+ 

Ex.2, (a+K cy= («+ b) + cY={arh *)'+ 8(a-f fr)»4H-8(a4-^K 

Ex, 3, (aT4-y+3«)»=(a:+y)+3» \^=(x+yy+2(x+f)x 8»+ 
{3j8)»=««-f2a!y-f/+6ar«+6y«4-92^ • 

XIV. 

On the Evolution of Algebraic Quoftftfie*. 

53. Evolution, "or the Rule for extracting the root of any 
tiuantity," is just the reverse of Involution ; and to perform the 
operation, we must inquire what quantity multiplied iato itself, till 
the numher of factors amount to the number of units in the index 
of the given root, will generate the quantity whose root is to be 
extracted. 

54. This Rule, as applied to small numbers and simple alge* 
hraic quantities, may be easily explained by reference to the 
Tables in Art. 47, 48. Thus, 

49=7 X 7 ; .•. the square root of 49, or ^49=7. 

— 5*=:— -6 X — b X — b ; .-. the cube r^et of —5*, or V— 6*a=- 
16a^ 2a 2a 2a 2a ).*. the4/ikor6t-(10a* 



S""aA^qJ.^Q^^o^' 



' ^ n^a^ 2a 
'^'V8lF=35- 



eib* Bb Sb Sb 9b ')^ quadrate root or 1 8lM' 
82=2x2x2x2x2; .•. theJf/%A root of 32, or ^32=2. 

&C. dtc. 

55. If the quantity under the radical sign does not admit of 

resolution into the number of factors indicated by that sign, or in 

other words, if it be not a complete powety then. its exact root 

cannot be extracted, and the quantity its^, with the! rtuiibd^«%fli 

E2 
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annexed, is call^ a mtrd. Thus, V97, i/a\ ^^, {^47, &c. 
&c are surd quantities. The application of the fundamental 
rules of arithmetic to quantities of this kind will form the subject 
of Chap. VIII. 

56. In the involution of negative quantities, it was observed 
that the even powers were all -{- , and the odd powers — ; there 
is consequently no quantity which, multiplied into itself in such 
manner that the number of factors shall be even, can generate a 

negative quantity. Hence quantities of the form V — a', V — 10, 

V — a', V — 5, y/ — a\ &c. &c. have no real root, and are there- 
fore called imposMle. 

57. In extracting the roots of compound quantities, we must 
observe in what manner the terms of the root may be derived 
from those of the power. For instance, (by Art. 50.) the square 
of a+fr is a*+2a6+ft^ where the terms are arranged according 
to the powers of «. On comparing a+6 with a'4-2aft-f-6*, we 
observe that the first term of the power (a*) is the square of the 
first term of the root (a). Put a. therefore g^^ 2ah + l^a + b 
for the first term of the root, square it, and a' 

subtract that square from the first term of 2a 4-b 

the power. Bring down the other two 

tenn0,.2a5-|-6', and double the first term 

of the root; set down 2a, and having di- '^ 

▼ided the first term of the remainder (2ab) 

by it, it gives 5, the other term of the root; and since 2ab+¥K= 

(2a 4-^)^, if to 2a the term b is added, and this sum multiplied by 

by the result is 2a5-f-^; which being subtracted from the two 

terms brought ddwn, nothing remains. 

68. Again, the square a'+2aft4-ft'+2ac+26c+c«(a+ft+c 
ofa+6+c(Art.52.)is 
a"+2a6 + 6«-f 2ac + 
2frc-fc'; in this case 
the root may be derived 
from the power, by con- 
tinuing the process in 
the last Article. Thus, ==3 

having found the two fiiat terms (a+b) of the root as before, we 



2a6+ft» 
2a64.6» 



a' 



2a+b 



2ab+l^ 
2ab+l^ 



2a+25-fc 



2ac+26c+c« 
2ac+2ftc+c» 
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bring down the reinaining thi^e tenns 2ae-\-2he+if of the fower^ 
and dividing 2ac by 2a, it gives c, the third term of the root* 
Next, let th^ last term (b) of the preceding divisor be doubled, and 
add c to the divisor thus increased, and it becomes 2a+2b+e; 
multiply this new divisor by c, and it gives 2ac+26c+e^, which 
being subtracted from the three terms last brought down, leaves 
no remainder. Hence the following Rule to extract the 9qmre 
root of a compound quantity. 

Arrange the terms according to the powers of some letter, be- 
ginning, with the highest, and set the square root of the first term 
in the quotient. 

Subtract the square of the root thus found from the first term, 
and bring down the two next terms for a dividend. 

Divide the dividend by double the root already found, and set 
the result both in the root and divisor. 

Multiply the divisor thus completed by the term of the root last 
found, and subtract the product from the dividend, and so on. 

In this manner the following Examples are solved. 

89 / 3 

Ex. 1. 4a:*+6a?»+-7-a:*+15a:+26{2«»+-ar+5 

4 \ 3 

4iF* 



4 

4««+3a:+5) 20x*+I5a?+26 

20a:»-f- 15^+25 



Ex.2. aj«+4a:*+2a:*+9a:«— 4a:+4(a^+2a:«— ar+2 

^ 

2a^+2a:»)4a:*-4-2a?* 
4a^+4a:* 



2«*+ 4a?— «>— 2a^ + 9« 

— ag*— 4j^-{- g' 

2x« -f 40^— 2a: + 2 ) + ^a:* + 8a:»— 4aT + 4 

+ 4g^+8a:»— 4ar-{-4 
"* * * ** 
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E^ 3, Find the square root of a!»4.4te*+10aJ*+20aj'+25a^+ 

Ex. 4. Find the square root of 4a*— 4iF*+12a^+a:«— 6a:— 9, 

Answ. Sa:*— x-|-3» 

59. The process for extracting the Cube Root of a compound 
quantity may be explained in the following manner. By Art 50, 
the cube of a + ft is a' 

+ 3a»6+3aft*+6', the a^+Za^b+ZaV^+Wa+b 

terms being arranged ^s 

according to the pow- Sa^^Sab+b" 






ers of a. The first 

term of the root is a* 

##41'^ 

which being cubed, and - 

this cube subtracted 

from the first term in the power (a*), bring down the remaining 
three terms 8a'6-i-3a5*4-ft^. Next square the first term (a) of 
the root,' and having multiplied it by 3, place 3a' in the divisor, 
divide 3a*6 by 3a', and it gives b the second term of the root ; to 
3a' add 3a6+6'»and it forms the divisor 3a' -h 3a ft + ft*, which 
being multiplied by b gives Sa't-fSaft'+fc®; subtract, and nothing 
remains* 

60. The cube root of a compound quantity, if that root consists 
of three terms, is found by continuing the process in a similar 
manner. 

(a -h fe)» + 3(a + 6)'c + 3(a -f feK + c?'(a -f ft + c 
(a-hby 

3(a -h bfc + 3(a + ft)c« + c» 
3(a + bfc + 3(a + ft)c' -j- c» 



3(a -h ft)' + 3(a + b)c + c' 



* # 

S. I ■' . 



Thus (by Art. 52) the cube of o+ft+c is 
(a + ft)' 4- 3(a + ft)'c + 3(a + ft)c' + c* ; supposing the first two terms 
of the root to have been found as in the preceding article, cube 
a+ft and subtract (a+ft)' frem the first term of the power; and 
then bring down the next three terms 3(a+ft)'c+3(a+ft)c'+c*. 
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Square the two terms already found; which square heiDg multi- 
plied by 3, gives 3(a + ft)«; divide 3(a+&)"c by 3(a+6)«, and we 
have c, the third term of the root. To 3(a+6)" add S (a+b) 
e-^-i?, and it forms the divisor 8(a+&)'-f3(a+6)c+c», which 
being multiplied by c, gives 3(a+6)'c-f 3(a+6)c*+c*; subtract, 
and nothing remains. 

The ibllowing is a rule to find any root of a compound quanHiy. 

Rule. Arrange the terms as before : take the root of the firet 
term and place it in the quotient : subtract its corresponding power 
from the first term, and bring down the second term for a dividend. 

Divide this term, by twice the root already found for the square 
root ; three times the square of it for the cube root ; fbur times 
the cube of it for the fourth root, dz;c. ; and the quotient will be 
the next term of the root. 

Involve the whole of the root -thus found to the given power, 
and subtract it from the given quantity ; divide the first term of 
the remainder by the same divisor as before ; and pfticeed m this 
manner, till the whole is finished. 

Ex. 1. What is the cube root of ic"+6a:«— 40a^+96ar+64? 
ar«+ 6a:*— 40jr»+ 96ar+ 64(a:*+ 2ar — 4. 



3a?*) 6a:* 



x*+6a;*+12ar*-h8ar» 



3a:*) —12a:* 



afi ^ 6ar^— 40ar* -f 96a: +64 



Ex. 2. Required the cube root of a:*— 6a:*+15a:*— 20j:»+15a:" 
— 6a:+l. 

Ex. 3. Required the fiflh root of 32a:»— 80a:*4-80a:»— 40a:"+ 
10a:— 1. 

Ex. 4. Required the fourth root of 16a*— 96a'a:4-216aV— 
216aa:'+81a:*. 

If the quantity whose root is required be not an exact power, 
the operation will not terminate, as in the above instances ; but it 
may be continued to any number of terms at pleasure. 






. a»+^(a+~-_3 + 



3a 8a' ' IW 



&c 



a« 






^ + 



a^ 



4a* 






8ttV 4a* 



«*«"«» 



+ 



4a* 8a* ' 64o*» 



x* ar* \ a:* «* . 

^^+T-4^» ) 8^*-64^«' ^ 



In these cases, however, the root is in general much more easily 
found by help of the Binomial Theorem, as will be explained 
hei^fler. 

XV. 

On the Investigation, of the Rules for the Extraction of ike 
Square and Cube Roots of Numbers* 

Before we proceed to the investigation of these Rules, it will 
be necessary to explain the nature of the common arithmetical 
notation. 

61. It is very well known that the value of the figures in the 
commoi:! arithmetical scale increases in a tenfold proportion from 
the right to the left ; a number, therefore, • may be expressed by 
Ae addition of the units^ tens^ hundreds f &c. of which it consists* 
Thus the number 4371 may be expressed in the following man- 
ner, viz. 4000+300+70 + 1, or by 4X1000+3X100+7X10 
+ 1 ; hence, if the digits^'^ of a number be represented by a, hj e^ 
df e, &c. beginning from the left hand, then, 

(■) By the digits of a number are meant the figures which compose it, 
<^iisidered independently of the value which they possess in the arithmetical 
scale. Thus the digits of the number 537 are simply the numbers 5, 3, and 
T; whereas the 5, considered 'with respect to ita phuse in. the ansieratiaii 
x»)e, means 500, and the 3 means 30; 



i 



A ntittib^ of 3 figures may be expressed by lOa+6* 

3 figures by lOOa+106+ir. 

• • 4 figures . « « by lOOOa-f-lOO^f 10<H>^ 

62. Let a number of three figures (m* lOOa+lOfr+c) bt 
squared^ and its root extracted according to the Rule ia Ait. 58., 
and the operation will stand thus : 

10000a' 

200a+10^)3000a5+100d^ . 
2000aft4-100y 

200a + 20*4- c)200ac + 206c+ c* 

200ag-h206g+<!* 

# # • 

'- ■ * ' — 



- r o f ^°^ t^^ Operation is transformed into the tcXkm* 

i ingone; 

40000+12000+900 + 400+60+1(200+30+1 
40000 



400+80) 12000+900+400 
12000 + 900 

400+60 + 1)400+60+1 
400+60+1 



in. But it is evident that this operation would not be afleeled 

by collecting the several numbers which 

stand in the same line into one sum« and 

• • • 

leaving out the ciphers which are to be 53361 ( 281 

guhtraeted in the several parts of the 4 

operation. Let this be done; and let 43183 

two figures be brought down at a ttm^ 

after tl^ square of the first figure in the 461 

root has been subtracted ; then the ope* 

ration may be exhibited in the manner 

tmneiced' ; from which it appears^ that the 

square root of 53361 is 231. 



129 



461 

461 
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63. To explain the division of the given number into periods 
consisting of two figures each,' by placing a dot over every second 
figure beginning with the units (as exhibited in the foregoing ope- 
ration), it must be observed, that, since the square root of 100 is 
10 ; of 10000 is 100 ; of 1000000 is 1000 ; &;c. &c. it follows, 
that the square root of a number ^m than 100 must consist of one 
figure ; of a number between 100 and 10000, of two figures ; of 
a number between 10000 and 1000000, of three figures ; &c. &c« 
and consequently the number of these dots will show the number 
of figures contained in the square root of the given number. From 
hence it also follows, that the first figure of the root will be the 
square root of the greatest square number contained in the first 
of those periods, reckoning from the left. Thus, in the case of 
53361 (whose square root is a number consisting of three 
figures) ; since the square of the figure standing in the hundreds 
place cannot be found either in the laM period (61), or in the la^ 
hut one (33), it must be found in the first period (5) ; consequent- 
ly the fijTst figure of the root will be the square root of the great' 
est square number contained in 5 ; and as this number is 4, the 
first figure of the root will be 2. The remainder of the^ operation 
will be readily understood by comparing the steps of it with 
the several steps of the process for finding the square root of 
{a-\'h+cf in Art. 68 ; for having subtracted 4 for the first period 
(5), there remains 1 ; bring down the next two figures (33), and the 
dividend is 133 ; double the first figure of the root (2), and place 
the result 4 in the divisor ; 4 is contained in 13 three times, 3 is 
therefore the second figure of the root ; place this both in the 
divisor and quotient, and the former is 43; multiply by 3, and 
subtract 129, the remainder is 4 ; to which bring down the next 
two figures (61) which gives 461 for the next dividend. Lastly, 
double the last figure of the former divisor, and it becomes 46 ; 
place this in the next divisor, and since 4 is contained in 4 once^ 
1 is the third figure of the root ; place 1 therefore both in the 
divisor and quotient ; multiply and subtract as before, and nothing 
remains. 

64. .The rule for extracting the cube root of numbers may be 
understood by comparing the process for extracting the cube root 
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of (a+h+ey in Arf. 59 and 60, with the fdUowing opemtkns, 
in whkh is deduced the cube root of the number 18997521. 

1899752i(200+40+l 
a'= (200)'= 8000000 

3a'= 120000) 1st Remainder 6997521 

Sa'6=3x (200)'X 40=4800000 

daft^=3x200x(40)'= 960000 

fc»=40 X 40 X 40= 64000 

5824000 



8(a+ hy= 172800) 2d Remainder 173521 

3(o-fft)"c=3(200-|-40)«X 1= 172800 

3(o + by= 3(200 4- 40) X 1 = 720 

c»= 1x1x1= 1 

173521 



3d Remainder 000000 

Omitting the superfluous ciphers, and bringing down thxet 
figures at a time, the operation would stand thus : 

139'9752i(241 
2»= 8 



3X2'= 12) 

300X2'X4= 
30X2X4'= 

4«= 


5997 

4800 

960 

64 

5824 


3X24':;= 1728) 

300X(24)'X1= 

30X24X1'= 

1»= 


173521 

172800 

720 

1 




173521 



000000 
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Tkem opeia£€SDa may be explained m the fbUoving vaoBsr. 

L StDce the cube root of 1000 is 10, of 1000000 is 100, ^eo., 
it follows, that the cube root of a number less than 1000 will con- 
sist of one figure ; of a number between 1000 and 1000000, of 
two figures, 6uu ^sc { if, therefore, the given number be divided 
into periods, each consisting of three figures, by placing a dot 
over every third figure, beginning with the units, the number of 
those dots will show the number of figures of which the cube root 
consists; and, for the reason assigned in the preceding article, 
(respecting the first figure of the square root,) the firtA figwre of 
Uie root will be the cube root of the greatest cube number con- 
tained in the first period. 

n. Having pwiiteA the number, we find that its cube root con- 
sists of three figures. The first figure is the cube root of the 
greatest cut^e number contained in 13 ; this bdng 2, the value of 
this figure is 200, or a=200; consequently a'= 8000000; sub- 
tract this number from 18997521, and the remainder is 5997521. 
Find the value of Sa', and divide this latter number by it, and it 
gives 40 for the value of ft, the second member of the root ; put 
this in the quotient, and then calculate the value of Sa'fr+^ft'+ft' 
and subtract it, and there remains 173521. Find now the vahie 
of 3(a+5)S and divide 173521 by it, and it gives 1 for the value 
of c, the third member of the root ; put this in the quotient, and 
then calculate the amount of 8(a+ ft)'c+3(a-f ft)*:*^-!^, which 
subtract, and nothing remains. 

in. In reviewing the first of these two operations, it is evident 
that six ciphers might have been rejected in the value of a', and 
three in the value of da'ft+Saft'+ft^, without afi^ting the sub- 
stanqs of the operation ; having, therefore, simplified the process 
as in the. second operation, we are fiimished with the following 
Rule for extracting the cube root of numbers. 

IV. '^ Point off every third figure, beginning with the units ; 
find the greatest cube number contained in the first period, and 
place the_ cube root of it in the^quotient ; cube it and subtract it 
from the first period, and then bring down the next three figures ; 
divide the number thus brought down by 300 times the square of 
the first figure of the root, and it will give the second figure ; then 



.vt 
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caloakte the yalue of 300x square of first figofe X second figim 
+30X first figure X square of second + cube of second, subCiact 
it, and then bring down the next period, and so proceed till all the 
]«riods are brought down." The Rides for extracting the higher 
powers of numbers and of compound algebraic quantities are very 
tedious, and of no 'great practical utility. 

XVI. 

On the General Mode of expresring the Powers and Rode of 

Q^antitieM by Meane of. Indices* 

65. The management of surd quantities, and the method of ex- 
tracting the roots of compound algebraic quantities by means of 
the Binomial Theorem, will be treated of hereafter ; but before we 
conclude this chapter, it may be proper to make a few observa- 
tions on the method of expressing the powers and roots of quanti» 
ties by means o^indiees^ 

I. Since oXa"=a'=o'^; a^ X a*=af^aF** ; or, in general, 
d^Xa^^^^a'^^f it follows, that the difierent powers of any quantity 
are muUipUed together by adding the indices* 

n. Again, --=:a=a*-* ; -j=a*=a*^; or, in general,— =a"'~*; 

firom which it appears, that one power of a is divided by another, 
by subtracting the index of the divisor from that of the dividend* 

ni. The Square of a=a x a=za^ **=a' ; 

Cube of a*=:a*Xa«X a»=a"»=a*; 
or, in general, mth power of a!*=za^X a*X o* to m factors=ii**; 
from this it follows, that the powers of a are raised to other powers 
by muliiplying the index of the original power by diat of the power 
to which it is to be raised* 

rV. Square root of «^s=a'=a*; 

Square root of a*=o"=a» ; 

Cube root of a^=o'=o*, dec. &c., i. e. the roots of 
powers of a are fbund by dividing the index of the power by the 
number expressing the d^pree of the toot to be taken. 

66. From this method of considering the formation of the poweis 
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and roots of quantities, a new species of algebraic notation arises, 
of which the following are examples. 

I. The roots of quantities may be expressed hj fractional «»• 
dice». Thus, 

The Square root of a =o*'+*=o" ; 

Cube root of a =a'+*=oi ; 

I 
or, In general, mth root of o =o*'*^=<ii». 

Again, Cube root of a*=:a*^=at • 
Square root of a*=a'"**=al ; 

6th root of a'=a*+''=of ; 

•t 
or, in general, mth root of a"=a*'**'=a«. 

II. The signification of the negative indices arising from Rule 
4 of Division (Art. 23) will easily appear by an example. By 

a* a' 1 

that Rule, -j = a^^=a-*. But -j = -j ; consequently, or* and 

-y f and, in general, o~** and —1 are equivalent expressions. 

Hence it follows that a° will always represent unity, whatever be 

a"* 

the value of a; for, by the Rule, —=0""^, or l=a°. 

a 

A comparison of the following series, in the first of which every 
succeeding term is the quotient of the preceding divided by a, and, 
in the second, the index of a is continually diminished by 1, will 
show that the above conclusions naturally follow from the notation 
adopted in Art. 7. 

1 1 1 
aaa aa a 1 - — 

a aa aaa 
a' a' a* a° a"^ a"* a"* 

in. From this it follows, that any &ctor may be removed from 

the numerator of a fraction into the denominaior^ or from the 

denominator into the nttmeraiorj by changingjhe sign of its index. 

1 a" 

Ex. 1. Thus (since ^=ft"®) n- may be expressed by a'^"^; and 
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Ex.2. The quantity ^^y^^^p^^^^^iy^l^f.^^^ 

or by " ' ■ •' — •—* 



■■■ 



CHAPTER IV. 

ON SIMPLE EQUATIONS. 



Wben two algebraic quantities are connected togetber by the 
sign of equality, the whole expression thus formed is called (Art* 
11.) an EqticOion. Equations, as applied to the solution of ques* 
tiotis or problems, consist of quantities, some of which are ImowHf 
and others unknown / and by the soltOion of an equation is meant, 
the operation by which the values of the unknown quantities are 
Ibund in terms of the known ones. If an equation contains no 
power of the unknown quantities, but those quantities merely in 
fheir simplest form, it is called a Simple Equation ; if it contains 
the square of the unknown quantity, it is called a Quadratie 
Equation ; if the cube of the unknown quantity, a Cubic Equa- 
tion, &C. to. The present chapter will be occupied entirely widi 
the solution of Single Equations, and questions depending upon 
them. 

XVII. 

On the Solution of Simple EqwUions^ containing only one 

unknown quantity. 

67. The Rules absolutely necessary for the solution of single 
equations containing only one unknown quantity may be reduced 
to four, and may be arranged in the following order. 

Rijtxi I. 

The fkst Rule is, that '< any quantity may be transferred fiom 

one side of the equation to the other, by changing its sign ;*' and 

F2 
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it is founded upon the axiom, *' if equals be added to ot tuhtraded 
from equals, the minu or remainders will be equal." 

Ex. 1. Let a; -f 6=15 ; subtract 8 from each side of the equa 
tion, and it becomes a:-f8 — 82=16 — 8; but 8 — 8=^0; ••. »=s 
15—8=7. 

Ex. 2. Let X — 7=20 ; add 7 to each side of the equation, then 
»— .7+7=20+7; but— 7+7=0; .% a:=20+7=27. 

Ex. 3. Let Sx — 5=2a;+9 ; add 5 to each side of the equation, 
and it becomes 2x — 5+6=2x+9+5, or 3ar=2x+9+5. Sub- 
tract 2x from each side of this latter equation, then Sx — 2x= 
2x — 2a:+9+5; but 2x — 2a:=0 ; .-. 3a: — 2a:=9+6. Now 
8aj^2aj=a:, and 9+6=14; hence x=14. 

On reviewing the steps of these examples, it appears 
L That ar+8=16 is equivalent to ar=15 — 8. 

II. . . . X— 7=20 to ar=20+7. 

IIL . . 3a:— 6=2ar.+ 9 to . . . 3a:— 2a:= 9+5. 

Or, that " the equality of the quantities on each side of the equa- 
tion is not aflected by removing a quantity from one side of the 
equation to the other and changing its sign. 

From this Rule also it appears, that if the same quantity, with 
the same sign, be found on both sides of an equation, it may be 
lefl out of the equation ; thus, if a:+a=c+o, then x=:C'\'a^-^; 
but a — a=0 ; .% x=c. 

It further appears, that the signs of aZZ the terms of an equation 
may be changed from + to — , or from — ^ to +, without altering 
the value of the unknown quantity. For let x — fr=c — a, then, 
by the Rule, x=ic — a+&; change the signs of aZZ the terms, then 
b — x^=a — c, in which case b — a+c=ra:, or xz=zc — a +6, as before. 

/ Rule II. 

*' If the unknown quantity has a coefficient, then its value may 
be found by dividing each side of the equation by that coefficient ;" 
and the foundation of the Rule is, that '' if equals be divided by the 
same, the quotients arising will be equal." 

Ex. 1. Let 2a:=14; theuy dividing both sides of the equaticm 

2x 14 2a: 14 

by 2, we have ■o"="o"» ^"* "o""^* ^^^ "o"^*^' •*' a?=7. 
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Ex. 2* Let 6a?+10=8a:-f22; then, by Rule I, 6«— 3ap=a 

3a: 12 

S2 — 10, or 3x=12 ; divide each side by 3, then -^=-o-» ^' *=*• 

o o 

T^ « T « ^ ax h'\'C ^ ^ax h-^-e 

Ex,3. Letaar=s6+c$ then — =-^^i but — =0?; .% «= 

a a a a 

Rule IIL 

" An equation may be cleared of fractions, by multiplying each 
8i.de of the equation by the denominators of the fractions, in suc- 
cession, or by their product." This Rule goes upon the principle,' 
that " if equals be multiplied by the same, the products arising will 
be equal." 

X 

Ex. 1. Let "^=6 ; multiply each side of the equation by 3, then 
o 

(since, from what has been already shown, the multiplication of 

X 

the fraction - by 3, just takes away its denominator, and gives x) 
we have ar=6x 3=18. 

X X 

Ex. 2. Let + 5'='^ ' multiply each side of the equation by 2, 

2x 
and we have ar+--.=14; now multiply each side by 6, and it be- 

o 

• 70 

comes 5a:-|-2ar=70; hence, by Rule II, x=-s-=10. 

•, ^ X X X 

Ex.3. Let -+-=13—-. 
^3 .4 

2.K Qx 

Multiply each side of the equation by 2, then a? + --■ = 26 -* 

3 4 

6x 

by 3, and 3ar+2a:= 78 -. 

>4 

by 4, . . 12^+8x=312-^6a7. 

By Rule I, 12a?+8a?+6a?=312 

or 26a?=312 

'812 

.•.byRuleII,aT=^=12. 

This Example might have been solved more simply, by mul- 
tiplying each side of the equation by the product of the numberf 
2, 8, 4, which is 24. 
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Thus, -+-=13—-. 

Multiply each side by 24, then -^ — h -—=312 —^ 

or 12x+dx=319 — 6xj as before. 

ROLB IV. 

*< If the equation contains the square root of the unknown 
quantity, or the square root of the unknown quantity combined 
with some known quantity ; then, let this surd quantity be brought 
by itself to one side of the equation, and let both sides of the 
equation be squared ; the value of the unknown quantity may 
then be found by the preceding Rules." This Rule goes upon 
the supposition, that *< if the square root of a quantity be equal to 
any given quantity, then the quanJtity itself will be equal to the 
square of that given quantity." 

Ex. 1. Let Va?-^=3; then by Rule I, v'«=5+S=8^ 
square both sides of the equation, then jp=6x 8=64. 

Ex. 2. Let v'2x+T-f 2=5; then^ by Rule I, V'2a:+1=5 — 

2is=3 ; sqmre both sides of the equation, and we have 2^-{-lt£:9, 

g 
.s 2a?=9— 1=8, and ar=-=4. 

68. The following Examples will serve to exercise the learner 
in these several Rules. 

In RuLB I. 
Ex. 1. 2a?+3 = x+17 .... Answhb, aj=14. 

Ex. 2. 6a? — 4 =4a:+25 , • • • • «=29* 

Ex. 3. 7a?— 9 =6a?— 3 ' . . . . ar= 6. 

Ex. 4. 4ar4-2a=3a?+9fr • a?=96— 2a« 

In Rules 1, 11. ^ 

Ex. 1. 10a^=^150 • • • AirawsB, a;=15. 

Ex. 2. 15a?+4=34 «= 2. 

Ex. 8. 8a:+7=6a?-|-27 ar=10. 

Ex. 4. 905^— 8=4a?+22 a?= 6. 

Ex.6. 170?— 4c+9=3a?+39 ...... a?= 3. 

Ex. 6. ti;t^c:=l+2e ...... xi^-^ — . 

a 





In RuLBs I, n, in. 

Ex. 1. -^+ 7=22 Aifswn 0^=24. 

o 4 

_ _ 7a: 5a: 55 ,^ 

Ex. 2. — — — = — «=3lO« 

4 6 « 

Ex, 8. 1+ f =31— f «=30. 

Ex- 4. y— 1+1=44 a:=60. 

In Rule IV. 

Ex. 1. >/x — 1=4 ANBWBBy a:=25. 

Ex. 2. Vix+i-f 5=10 x=S. 

Ex. 3. 15-j-Va:+7=19 a?=9. 

69. In the application of these Rules to the solution of simple 
equations in general containing only one unknown quantity, it will 
be proper to observe the following method. 

L To clear the equation of fractions by Rule III. 

n. To collect the unknown quantities on one side of the equa* 
tion, and the known on the other, by Rulb I. 

III. To find the value of the unknown quantity by dividing eack 
ffide of the equation by its coefficient, as in Rule II. 

IV. If the equation contains a turd quantity, then Rule IY 
must be immediately applied. 

Example 1. 
Find the value of x in the equation -=-+ 1=- + ~. 



7x 91 
Multiply by 7, then 3x+ 7=~ + ~- ; 

. by5, . . 15a;+35=7a:+91. 



• • 



Cbllect the unknown quantities ) , . „ /!•« oe 

., 1 .1 1 r lwa^— 7x=yi— oo, 

on one side, and the known > o na 

^, -, V or oa:=ot). 

CD the other ; ) 

Divide by the coefficient of x, »=~s=:7. 
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Ex.3. 

Find the value of « in the equation -4---—' 1=^2— =• 

O 7 

Multiply by 5, then a?+8' — 6==10— — ; 
.... by 7, . . 7a:+21 — 85=70-^0?. 
CoUect the ttjOwoten quantities^ 7«+5ar=70.^1+85 
on one side, and the known > mc% om 
on the other ; ) 

...ar=-=7. 

Ex. 3. 
PW th. ™l». of . to Ih. «,«*» 4,— 5-=.+-j- +S4. 

By transposition, 40x — 5x — lOx'—iarss 240-^-4— 5, 

or 40ar— 19ar=231, 

281 
i. e. 21xss2dl ; .*. «sc<.^--r^ll. 

Ex. 4. 
Find the value 6f « in the equation 2a?-- - +lsr:5ci^-4)» 

2 
Multiply by 2, then 4ar—ar+2=10aj — 4. 

By transposition, 4 + 2 = 10a^— 4d? + ^t 

or 6= 7«; .%«=-. 

7 

Ex.5. 

What is the value of x in the equation Sax+2hx=:3c+al 

Here 3aa;+ 2ftx=3(3a +2h)xx; 
Divide each side of the equation by 3a+2&, which is the 

8c4-a 

coefficient of x ; then x=^- — -rrr. 

8«+2o 
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(*) As this step mvolves the case ** Where the sign — sturft beftce « FVso- 
tian,** when the nnnerator of that fraction is teonirht down into the same 
line, with 4Qj, the sifBi of both its terms most be chmggi, for the reasons 
assi|;ned in Ex. 9, page 82; and we thexelbre make it— 5*4.5, and not 



anonji sqxj ahoj^l 
Ex. e. 

Find the Ttdue of a; in the equation Shx+a=z2ax+4e. 
the unknown quantities to one side of the equation, and the ImoiDfi 
to the other ; then, 

dhx — 2ax=: ic — a 
hut Zhx — 2ax=(Zh — 2a) X x ; 
.*. (35 — 2a)x=zic — a. 



CSvide hy Bh — ^2a, and «=^r — r;-. 

oo-^2a 

Ex.7. 

Find the value of a; in the equation hX'\'X=2x+3a» 
Transpose Sjr, then hx+x-^2x=Saf 

or hx — dpsrSa; 
but Aaj— «=r(i — l)x ; 

... (ft — l)a:=3a, or 0?=- — -. 
Ex.8. 

9x X '2a 

Find the value of a; in the equation c+rr=i4x+—» 

do d 

Mul^jhy abdj tbeaSbdx^^hod-^adxz^Aahdx+tabx* 

By transposition, Sbdx+adx-^Aabdx — 2ahxz=iahcd^ 

or <3W+ai^— 4aW— 2a5>r=o*orf. 

ahcd 

Ex. G. 

-; ^ -gg 

Let ^x-\- 5/a+x=-7==, to find the value of «• 

^a-^-x 

Multiply by -s/a+ar, then Varx Va+^+a-Hi?==9a. 

By transposition, ^/a;x </a+2s2a — a— <p=hi— «• 
Square both sides, orx (a+x)=a' — 2ax+a^^ 

or a J? + a^=a*— 2tta?+ «* j 
.*• 3aa?=:a' 

J u^ a 

and d^=: — ?=:-• 
da 8 

Ex.10. 

liBt a+9«3^/^>+«y^+?, to find the vdue of «. 



Square both sidei, and we have a'4.2aa:+a'=a"+«v^i»+a*, 

Divide by or, 2a + ar= V^T^- 
Square again, 4aH4aa:+aj«=ft2+aJ». . 

.*. 4a*4-4aa:=6*, 

or 4aa;r=6'— 4a". ' 

6»— 4a« 6« 

xience, a:=- = q, 

4a 4a 
Ex. 11. «+-+-=il . . , . Answer, ar=6. 

•m^ X Z X X 

Ex. 12. -+j+-=-+i7 ...... a,=eo. 

&. 18. 4»-20=y+H^ ...... ;c=io. 

Ex. 14. f +f-^=i . . ^_« 

Ex. 15. 3«+l=^±5 . --I. 

Ex. 16. .^^ — 5=29— %r. ...... «=:14, 

Ex. 17. 6a: — -_ 9=5a? a?=86. 

Ex.l8.2:.-^+15=l?^« ... ,=12. 

Ex. 19. ^+1=20-^ a:=18. 

Ex.20. 6a:-?^ + l=x3;c4-^+7 . . «=8. 

Ex. 21. 2aar+5=3ca?+4a ^^ 4a— & 

2a — Zc 

Ex. 22. 5tta:— 2ft4-4ftj?=2a?+5c .... ar=-5i±^ 

4a +46^2 

Ex. 28. hx+2x--a—Zx+2c ..... ar=?^i^ 

Ex.24. 8;,^+c;r=,f±f-J=f. . . . ^- ^'^^^ 

8 a 8a+3aip— 8 



xvm. 

On the ScltOian cf Simple E^[uati<m8 eontaimng two cr wuire 

unknown Quantities. 

For the solution of equations containing two or move unknown 
quantities, as many independent equations are lequiied as Uiere 
are unknown quantities. The two equations neoessary for the 
solution of the case when tu>o unknown quantities axe conoemedy 
may he expressed in the following manner : 

aar-ffey =c 

a'x+b'tfz=e' 
where a, b^ Cy a\ h\ c' represent Icnovm quantities, and :r, 9 the 
vnhnown quantities, whose values are to be found in tenns of these 
known quantities. 

70. There are three dii^rent Rules by which the value of one 
of these unknown quantities may he determined. 

Rule I. 

Let aa?-|- fttf= c(il) J 
. and a'x-^Vy^c\B) J^ ^^ *^^ equations to be solved. 

\ Mulliply equation {A) by a', then aa'x+a'hy^za'e^C) 

. • {B) by a, . . • aa'x+ab'y=iac\D) 

Subtract equation (2>) from (C), then (a'6 — db')yz=za* 

_t^ 

From which we deduce the following Rule. '' Multiply the first 
equation by the coefficient of x in the second equation, and tbi 
second equation by the coefficient of x in the first equation ; sub- 
tract the hut of these resulting equations from the firsts and there 
will arise an equation which contains only y and known quantities, 
from which the value of y is determined." 

RULB II. 

From equation (J.), aa;=e — fty, .-. «= —• 

........ (J5), a'ar«=c'— 6V, .-. a?= r-^ 

Or 



k 
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Patting these two values of 4r equal to } c' — h'y ^ c — hy ^ 
each other, we have ^ a' "^ a ^ 

and ••• (ic[ — ab'y=za'c — a'by j 
By transposition, (a'b — ab')y=a'c — €l& ; 

- a'c — ac' 

From which it appears, that •* if the value of a? in ihejirsi equa- 
tion be put equal to its value in the second^ there will arise a new 
equation involving only y^ from wMch the same value of j^ is found 
as before." 

Rule III. 

Fjcom equation (A), x= ^; substitute this valtce g£ z m 

equation (5), then a'X- ^+b'y=c\ 

or a'c — a'by-\-ab'y=zac' ; 

.•. a'c — ac'=^{a'b — a6')y, 

a'c — ac^ 

^^y^TT r,- 

ab — ab 

From which we infer, that " if the value of or, found from the 

first equation, be substituted for it in the second^ there will arise 

an equation which gives the same value (^ 3^ as in the two former 

instances." 

71. Having determined the value of y, the value of x may be 
$>und in each case, by substituting this value for y either in the 
first or second equation. The value of x in the first equation is 
c^-^y ' ^ a'c — ac' c b(a'c — ac'\ ,. . . 

]fc' b'c 

these fractions to a comnion denominator) ,^ ^j^, . The value 

a 0"*""Ctc/ 

- . ^, , ^. . c'—b'y c' Jka'o-^ac') 

of X m the second equation is r^=—, h-m rf:= (by 

a a a\ab — ab) ^ 

reducing tfcese fractions to a comnion denominator) ,, ,, , as 

before. 

72. Hence it appears, that in finding the value of y, either of 
the three Rules may be applied ; and that in finding the value of 



Xj die value of py so found, may be substituted either in the firH 
or second equation. In the dioioe of the Rule which may be most 
adapted to practical application, experience only can be our guide. 
It may Airther be observed, that there are cases in which Rttls I 
may be somewhat varied ; for instance, if the given equations be 

ax+by =ze(A) 

a'x—h'y=c'{B) 

Multiply equation (A) by h\ then ah'x+bh'y=^b'e(C) 
(jB) by ft, . . . a'bx—bb'yz:^be' (D) 

Add equation (Z>) to (C), then (ab'+a'b)x=zb'c+be ; 

. b'c+be' 

Having the value of x, the value x>£ y may be found by one of the 
preceding methods. 

73. The following examples are intended to illustrate each Rule 
separately. 

Example 1. 

Let5af+4y=55(A)) . , . , ^ . 

3|r+2:y=31 (B\\ ^^ ^' 

By4RuLE I, 
Multiply \a) by 3, then 15ar-)- 12^=165 
(B) by 6,. . . 1507+109=155 



• a « 



.•• by subtraction, we have 2y=10, or 3f=---=5 

65 4tf 
Now from equation {A) we have a?= — r— ^= (since y=6, and 



5 

5 5 



43r=20) -— -=-=7. 



Ex.2; 

Letar+4jr=16(A)> 
4ar+ |r=34(B)5 
Prom equation {A) we have a?=16— 4y : 

• • (B) • . . • a;= — - — • 

4 

Hence, by Rule II, \^ = 16— 4y, 
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or, 34— y=64— lOjr; 

80 
.-. 15y=30, or y=— =2. 

It has already been shown that :r=16— 4|f= (since 3f=2, ana 
.-. 4y=8) 16—8=8. 

Ex.3. 
Let^+ ey=31 (A) 

aeareq".(il) effractions, a:+ 2 +24y= 93,ora:+24jr= W(C) 
(B) y+5+40a:=768,ory+40arfc763(Z>) 

From equation (C), x=91 — ^242^; by Rule m, substitute this 

value of a; in equation (Z>) ; then we have 

y+ 40(91— 24y)= 763 

ory+3640— 960y= 763 

.-. 959y= 3640—763=2877 

2877 „ 

and t/= =3. ^. 

^ 959 >< 

By referring to equation (C), we have a:=91— ftjfs (since 

y=3, and .-. 24y=72) 91—72=19. ♦ 

Ex. 4. 
*Let3ar+4y=29(il)) 

nx—sy=selB)s 

In this example, the Rule mentioned in Art. 72 may be applied* 
Multiply equation (A) by 3, then 9a:+12y= 87 (C) 
(5) by 4, . . 68a:— 12y=144(Z>) 

Add equation (Z>) to (C), then 77^ =231, 

231 „ 
or a:=-==-=3. 

77 

From equation (A) we have 4^^=29 — 3«= (since a?=3, and 

20 
... 3aj=9) 29—9=20; hence y=-j-=6. 

Ex. 5. 4x+3y=3n A«aw^ 5^=4 

8«+2y=22S ANSWBK, ^^^^ 

Ex. 6. 3a?+2y=^40^ Car=10 

2a?+3y=35^ ty=^ 
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Ex.7. 6»-4y=I0) . C«=7 

4*+2y=865 -^""^'{,=4 

Bt. 8. 3x+7y=T9S Cx=lO 

2»— la;= 95 • • • Jy=7 

Ex.9. ^+1=6| • ,,^H 

^+3=4) ^»=* 

Ex. 10. ^ -2y= 2"^ ,^^lj 

^^-^y , „_23 ( ^y=i 

5 '*'^~ 5 ) 
Ex. 11. ?^+j,= 7| . ^3 . 

74. ^Then ^Aree unknown quantities are concerned, the most 
general form under which simple equations can he expressed, is 

ax + hy -\- c% =zd (E) 

a'x + h'y + c'z =d' (F) 

a"x+b"y+c"z=d" (G) 

and the mode of solution may he conducted in the following manner. 

L Multiply eq". (E) by a', ihea iia'x-\- a' by + a' cz=z a' d(H) 

(F)hya, . . aa'x-{-ah'y+ac'z=ad'{K) 

Subtr, (K) from (H) then (a'b'-iib')y+{a'c"^c')z=:a'd-^dXL) 
By multipl3ring (F) by a", and (G) by a', and subtracting the 
latter result from the former, we obtain in the same manner 
(a"&'— a'&")y+(a'V-^'c")2=a"cJ'— a'if"(Jlf) 

II. Nett, let the coefficients of y and z, and the other known 
quantities in equation (L) be represented by a, j3, y respectively ; 
and those in equation (JIf) by aM3', /, respectively 5 then those 
equations may be reduced to the following form ; viz. 

G2 ' 




m 
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Prom which, hy maldng the proper substitutions in Ritli I, and 
in Art. 71, we have 

^a'y — fv/ 

III. From equation (E), we have x= ^^if?. ^ which 

a a 

substituting the values of y and z just now found, we obtain :p= 

a a(a'/3— aj3') 

This mode of operation might be easily extended to equations 
containing any number of unknown quantities. 

Example 1. 

Let 2x+By+4z=29 (E) ^ 

3a:+2y+52=32 (F) [ to find the values 
4x+8y+22=25(G)) 
I. Multiply (E) by 3, then 6a?+9y+12«=87( 
(JP)by2,. . .6a?+4y-f 102=64 ( 



• • • • 




Subtract (X") from (Jff), 5y+ 2«=23(L) 



Multiply {P) by 4, then 12ar+8y-f 20z=128 
(G) by 3, . . . 12ar+9y+ 6«= 75 



• • . 



Subtract (6?) from (F), — y+ 142= 53 (ilf ) 

II. Hence the given equations ate reduced to < ^ "^ «= 23 (Z) 

<— y+14a;=53(jtf) 

Again, 5y-f 2«= 23 
Multiply (M) by 5, then — 6y-f 70«;=265 

< 2ftft 

By addition, 72«=288, or «=— -=4. 

• «© 

From equation (IT), y=;14« — 53=56 — 53=8.^ 

m T? r /m 29— 3y— 4« 29—25 ^ 
HI. From equation (JE), ar= ^ = — - — =2. 
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Ex. 2. X+y+Z:s:^90 \ 

2x + 40 =3^^+20 V Answax, 

2x4-40=4«+10) 
Ex. S. x+ y+ %=z 53 
« + 2y +82=105 
« + 3y-f4»=134 




7%e Solution of Q^estion8 producing Simple JBquaHoM* 
In the reduction and management of equations, we have pro- 
ceeded by fixed and stated rules ; but in the solution of quetHonB 
vre have no such rules to guide us. Every particular question 
requires a distinct process of reasoning, to bring it into an alge- 
braic form ; and nothing but practice and experience can produce 
expertness and facility in conducting this process. All that can 
be done for the learner in this case, is, to explain the manner in 
which the principles of this science may be made to bear upon 
questions in general ; for as soon as they can be brought into the 
shape of^quaiionSy we have only to apply the foregoing Rules for 
finding the value of the unknown quantity or quantities. Before 
we proceed," therefore, to any actual examples, it may be proper 
to show the relation which arithmetical and algebraic operations 
stand in to each other. 

75. Suppose the following arithmetical question was proposed 
for solution ; viz. " To divide the number 35 into two such parts, 
that one part may exceed the other part by 9." A person unac- 
quainted with algebra might with no great difficulty solve this 
question in the following manner. 

L It appears, in the first place, that there must he a greater and 
a lesser part. 

n. The greater part must exceed the lesser by 9. 

HI. But it is evident that the greater and lesser parts, added 
tc^ther, ipust be equal to the whole number, 35. . 

IV. If then we substitute for the greater part its equivaleni^ 
viz. " the lesser part increased by 9," it follows, that the lesser 
part increased by 9, with the addition of the said lesser part, is 
equal to 85. 



V. Or,, in other words, that ttoice the lesifer part, with the addi 
tton of 9, is equal to 35. 

-VI. Therefore, ttoice the hsaep part must he equal to 85, with 
9 suMracted from it, 

VIL Heiice, twice the lesser part is equ^l to 26. 
Vin. From which we conclude, that the lesser part is equal to 
26 divided by 2; i. e. to 13. 

IX. And consequently, as the greater part exceeds the lesser 
hy 9, it must be equal to 22. 

But by adopting the method of algebraic notation, the difierent 
steps of this solution may be much more briefly expressed as 
follows : 

I. Let the lesser part • • • . » • i^x, 

II. Then the ^eafer part =:ar+9. 

ni. But the greater part + lesser part • =35. 

IV. .% ar-f9+a: , =35. 

V. or2a?+9 =35. 

VI. .-. 2a: =36— 9. 

VIL or 2a: . =26. 

26 
VIII. •*, X (lesser part) =—=13. 

IX. and a:+ 9 (^rea^er part) . . . . =13+9=22. 

76. Having thus explained the manner in which the several 
steps in the solution of an arithmetical question may be expressed 
in the language of algebra, we now proceed to its exemplificatioii* 

QuESflON 1. 

There are two numbers whose difference is 15, and their sum 
59. What are the numbers 1 

As their difference is 15, it is evident that the greater number 
must exceed the lesser by 15. 

Let, therefore, x=the lesser number ; 
then will a: -fl5=the greater. 
But their «im= 59 
.•. ar+a:+ 15=59 
or 2x+ 15=59 

and 2a:=69-— 15=44. 
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and jr+15r=22+ 15=37, the greater. 

QvEsnoTX 2. 

What two Dumbeis are those whose diflference is 9, and if three 

times the greater he added to fiv& times the lesser, the sum shaU 

be 85? 

Let ar=the lesser number ; 

then x-|- 9= greater number. 
And 3 times the greater=3x (ar+9)=3x+27. 
5 times the lesser=5:r. 
But by the question, 3 times the greater + 5 times the lesser=85« 
Hence, (3a: + 27) + (5ar)= 35. 
.-. 8ar+27=35, 

or8x=35 — 27=8; 
••• a;=l, the lesser number, 
and ar-|-9=l-f 9=10,thegreaternumber. 

Question 3. 4 

What number is that, to which 10 being added, }ths of the sum 

shall be e^ 1 
^ Let x=the number required ; 

then a;-}- 10= the number with 10 added to it. 

.1^ r/ ,^v 3, ,^^ 3(x+10) 3a?4-30 
Now iths of (x+10)=-(a:+10)=-^-^: — i= — ~— . 

But, by the question, fths of {x-^- 10)=66 ; 

„ 3ar+30 ^^ 

Hence, — ^ — =66. 
5 

Multiply by 5, then 3a:+30=330 ; 

.-. 3ar=330 — 30=300; 

300 ^^ 
or ar=-^=100. 

Question 4. 
What number is that which, being multiplied by 6, the product 
increased by 18, and that sum divided by 9, the quotient shall 
be 201 

Let 07= the number required ; ^ 
then 6a:=the number multiplied by 6 ; 
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6a:+l8:^the product increased by 18, 
and — - — = that sum divided by 9. 

Hence, by the question, — - — =20« 

Multiply by 9, then 6a?+ 18=180, 

or 6a?=180— 18=162; 

.•. ar=-7^=27. 

Question 5. 

A post is }th in the earth, ^ths in the water, and 18 feet out of 
the water. What is the length of the post ? 
Let a;=the length of the post; 

X 

then -=the part of it in the earth ; 

-~-=the part of it in the water; 

13= the part of it out of the water. 
But part in earth + part in water + part out of water= whole posi 

- Q + (¥) + (13) =- 

15a? 

Multiply by 5, then ar+— — |-65=6ar. 

. . . by 7, . .7a;+16ar+455=35a?, 

or 46$ = 36a; — ^7a? — 1 5ar= 1 3ar. 

465 
" - Hence ar=——=35=length of the post. 

Question 6. 

After paying away Jth and ^th of my money, I had 85Z. left 
in my purse. What money had I at first? 

Let a;c=moQey in my purse at first ; 

XX 

then -+~= money paid away. 
But money at first — money paid away = money remaining. 

Hence x — ( ^ + ~1 = 85, 



1* e« if— — r— -2 = C50« 

4 7 



4x 
Multiply by 4, then 4afT-« — ^=340. 

by 7, .. 28a?— 7* — 4ar=2880, 



2380 
.-. 17ar=2380; or x=-— -=140/. 

17 

QuESTIOlW. 

Of a battalion of soldiers, (the officers being included,) |thfl aie 
on duty, -ji^th are sick, fths of the remainder are absent, and there 
are 48 officers. What is the number of persons in the battalion? 

Let ar=thQ number of persons in the battalioii ; 

Them Jths of ar, or -r-=men on duty ; 

4 

^ of ar, or Tj;=the sick ; 

. , 8a; X 34x 17a; 

And -—+--, or -77r-=-—r-=men on duty and sick. 

4 10 40 ^V 

„ 17ar 8a; . , 

Hence x — — -=— =remamder, 
<«o <«o 

Sx Ox 
And |ths of ~, or 77:7;= fths of remainder = the absent. 

But the men on duty, the sick, the absent, and the offioen, 
together make up the whole battalion ;. 

. 17ar , 9x ^^ 

i» e. h- l-48=a;. 

20^100^ ' 

9x 

or 17a;+ — + 960=20a;; 
5 

.'. 85a;+9a;+4800=100ar. 

Hence lOOx— 85as-9a;=:4800, 

4800 
ox 6aj=4800 ; or a?=— 3— =800. 

o 

Question 8. 
There are two numbers, such, that 3 times the greater added to 
id the lesser is equal to 36 ; and if twice the greater be subtracted 
from 6 times the lesser, and the remainder divided by 8, the qilQ' 
.tient will be 4. What are the numbers ? 
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Let ar=:tlie greater number ; 
5f=the lesser number* 

Then3x+|=36> r^_^_ ^^^^B 
6 y—2x _ . f °' I6if—2x= 82 ; 

8 , y 

or jr+9a?=108(A) 
# ey—2x= 32 {B) 

Multiply equation (A) by 6, then 6y+54«=648 
Subtract equation (B), 6y— 2a?= 32 

then 56ar=616 

: 616 

56 
From equation {A)y y=108— 9ar= 108—99= 9- 

Question 9. 

There is a certain fraction, such, that if I add 3 to the nume- 
rator, its value will be' i ; and if I subtract 1 from the denominator, 
its value will be |. What is the fraction? 

Let a?= its numerator) . .i. /• ^- • * 

>then the fraction is ~. 
tf= denommatorS y 

Add 3 to the numerator, *t.^« — ^ « ro ■ « 

\ox-\-v^zy 




— - _ f 6x=tf— 1« 
Subtract 1 from the denominator, — -^ — . • v 

By transposition, y — 3ar=9(JL) 

y—6x=l{B) 

Subtract equation (B) from (J.), then 2a;=8 ; 

••• a;=-=4, the numerator. 

From equation (JL)^y=9+3a;=9+12=21,thedenominator. 
' Hence the fraction required is .^. 

Question 10. 

A and B have certain sums of money ; says A to B, give me 
157. of your money, and I shall have 5 times as much as you will 
have left ; says B to A, g^ve me 57. of your money, and I shall 
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have ejnuDtly as much as you will have left What suiq of . money 

^ad[<^ch1 

Let a?=A's money, 

jf=B's • • • • 

Then :i;+15=what A would h^ve after receiving 151. fiom B. 

y — 15=what B would have Jefl. 

Again, jf +3= what B would have afler receiving 52. from A* 

ar— 6=what A would have lefl. 

Hence, by the question, a?+15=5x (y— 15)=6y-^5,> 

and y+6=a: — 5- J 

By transposition, 5y — «== 00 (A)") 

and y— x=—10{B)l 

Subtract (jB) from (il),,43^] . = lOa; 

-.% y= 26, B's money. 
From equation (51), a?=y+ 10=26 +10=35, A's money. 

Question 11. 

A person bought a certain number of sheep for 042. ; having 
lost 7 of them, he sold ^th of the remainder of them, at prime cost, 
for 201. How many sheep h^d he at first? 

Let a;= number of sheep he had at first ; 

Then — = r jr-r — =what each sheep cost. 

X number of sheep 

Now X — ^7= number remaining when 7 were lost ; 

af— 7 
.*. — — -=the number sold for 202. 
4 

But the number sold X price of each= whole price of sheep aold* 

:c— 7 04 
Hence, by substitution, — r— X — =20, 

pr(a>— 7)x04=80ar, 

i. e. 94r — 668=8Qj?, 

or 94x— 80a?=668, 

668 
••• 14a;=668; oraJ=-r-r-=47. 

14 

Question 12. 

• ' . " ' • 

A tmd B have the same income ; A is extravagant, and con- 
tacts v^ annual debt (^mouotiog to |th of it; B lives upo^ itifs 
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of it ; at the end of 10 years, B lends A money enough to pay • 
off his debts, and has then 160Z. to spare. What is their income? 

Let 07= their income ; 

Then |th of :i;, or ==A'a annual debt, 

X 10«r 
and lOx -, or ----=A's debt contracted in 10 yean* 

7 7 "^ 

As B lives upon fths of his income, he saves annually |th of it; 

hence. ^=B's annual saving, 

X 10^ 
and lOx r, or -^, or 2a:=sB's savings in 10 years. 

But, by the question, B's savings= A's debt + 160 ; 

... « lOo: ,^^ 
.-. by substitution, 2a?=-~ — hlOO, 

or 14a;=10a?+1120, 

1120 
and 4ar=1120 ; or «=— r— =280Z 

4 

Question 13. 

A person was desirous of relieving a certain number of beggars 
by giving them 2s. 6d. each, but found that he had not money 
enough in his pocket by 3«. ; he then gave them 2s, each, and 
had 4«. to spare. What money had he in his' pocket, and how 
many beggars did he relieve ? 

Let 07= money in his pocket, in shillings ; 

3f= number of beggars. 

5y 
Then 2iX y^ or -~=number of shillings which would have been 

[given, at 2«. 6<f. each, 

and 2X5f, or 2y=z at 2«. each. 

Hence, by the question, -~=a?+3 (-A) 

and 2y=a;-— 4 (B) 

Subtract (B) from (-A), then |= 7, or Sf=14, the number of 

' ^ . [beggara. 

Fn)mequation(B),a;=25f+4=28+4=32 shillings in his pocket. 



J 
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QuEsnoir 14. 
A person passed |th of his age in childhood, i^ytb in youth, ^th 
4-5 years in matrimony ; he had then a son whom he survived 4 
years, and who reached only i the age of his father. At what 
age did this person die 7 

Let a;=age of the person at the time of his death. 

X 

Then ~=time spent in childhood ; 

X 

r-5= in youth ; 

1+8= in matrimony; 

XXX 

••• ^-f— +- + 6=ageof the person when the son was bom, 

XXX 

and X — - — r^ — i — 5=interval between the birth of the son 

[and the old man's death ; 

X X X 

••• * — X — rs — ;i — 6— 4=age of the son when he died. 
6 12 7 ^ 

But, by the question, the son died at half the age of the father. 

TT X X X ^ X ' 

Hence, x — — — 9=—. 

' 6 12 7 2 

12;p 
Multiply by 12, then 12a;^2a?— « 108=6x. 

12;r 

or3x —=108, 

7 

and 21;r— 12a;=756 ; 

756 
.•. 9a;=756; ora?=— -=84, 

Question 15. 
To find a number, such, that whether it is divided 'into two or 
three equal parts, the continued product of the parts shall be equal 
to the same quantity. 

Let ;r=the number required. 

_ X X 

Then - X -=continued product, when the number is divided into 

[two parts^ 

XXX 

<uid^X~X~=: into three parts. 

3 o 
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Hence, by the questiofl, gX g=:gX-x -, or j-=~ , 

... 27«"=4aJ». 

Divide by «*, then 27=4ar, 

27 
and aj=—=6|j the number required. 

4 
Qi7£sTioiir 16. 

There is a certain number, consisting of two digits. The sum 
of those digits is 5 ; and if 9) be added to the number itself, the 
digits will be inverted. What is the number? 

Let a;=:lefl hand digit ; 
5f= right hand digit. 
Then, by Art. 61. 10ar+y=the numl)er itself, 

and 10y+;r=the number with its digits inverted. 
Hence, by the question, i«i+2^= 5(^) 
lmdiOx4-jf+g=ldy+ar,or0ar— 93^==— 0,ora?— 3f=— 1 {B) 

Subtract (5) from (il), then 2yr=i 6,andy==3; 

a;=5— ^=5—3=2 ; 
.'. the number=10a:-f y=23. 
Add 9 to thii^ number, and it becomes 32, which is the number 
with the digits inverted. 

Qv. 17. What two numbers are those whose difference is lO, 
and if 15 be added to their sum the whole will be 43 ? 

Answeb, 9 and 19. 

Qv. 18. There are two numbers whose difierenoe is 14, and 
if 9 times the lesser be subtracted from 6 times the greater, the 
remainder will be 33. What are the numbers ? Answ. 17 and 31. 

Qu. 19. What number is that, to wl^ch if I add 20, and from 
fdsc^thki sum X stibtMct 12, the rem«iin($er shall be 10? kmw. 13. 

Qt7. 20. What number is thai, of whidi if I add id, ith, and 
l^ths together, the sum shall be 73 ? Answ. 64. 

Qu. 21. Two persons, A and B, lay out equal sums of money 
in trade; A gaims 120Z. and B loses 60^; and now A's money is 
UeUe of B's. What sum had each at first ? Answ. 180/; 

Qu. 22. What number is that whose id part exceeds its jrth 
by 72? AiJsw 640. 



Qu. S3. There are two numbers whose sum is 97 ; and if 8 
times the lesser be subtracted from 4 times the greater, and this 
difference divided by 6, the quotient will be 6. What are the 
numbers? Aifsw. 21 and 16. 

Qn. 24. There are two numbers whose sum is 49 ; and if ^th 
of the lesser be subtracted from Jth of the greater, the remainder 
will be 5. What are the numbers 7 Answ. 85 and 14. 

Qv. 25* What two numbers are those, to id of the sum of 
which if I add 13, the result shall be 17 ; and if from i their dif- 
ference I subtract 1, the remainder shall be 2 ? Answ. 9 and 3« 

Qu. 26. There is a certain .^iraolion, such, that if I add 1 to its 
numerator, it becomes i; if 3 be added to the denominator, it be- 
comes i. What is the fraction 1 Answ. ^. 

Qv. 27. A person has two horses, and a saddle worth lOZ. ; 
if the saddle be put on the first horse, his value becomes double 
that of the second ; but if the saddle be put cm the second horse, 
Hs value will not amount' to that of the first horse by 13^ What 
is the value of each horse? Answ. 56^ and 33/. 

Qu. 28. To divide the number 72 into three parts, so that i the 
first part shall be equal to the second| and |ths of the second part 
equal to the third, Answ. 40, 20, and 12. 

Qu. 29. A person aAer spending |th of his income plus lOL 
had then remaining i of it plus 35Z. Required his income. 

Answ. 150Z. 

Qu. 30. A gamester at one sitting lost |th of his money, and 
then won 10 shillings ; at a second he lost ^d of th6 remainder, 
and then won 3 shillings ; after which he had 3 guineas lefl. What 
money had he at first? Answ. 61. 

Qu. 31. There are two numbers, such, that i the greater added 
to id the lesser is 13 ; and if i the lesser be taken from id the 
the greater, the remainder is nothing. What are the numbers? 

Answ^ 18 and 13. 

Qu. 32. There is a certain number, to the sum of whose digits 
if you add 7, the result will be 3 times the left hand digit ; and if 
from the number itself you subtract 18, the digits will be inverted. 
What is the number? Answ* 53. 

H2 



Qxr. 83. Divide the namber 90 into four sitich peirtdy thai the 
first increased by 2, the second diminished by 2, the third multi* 
plied by 2, and the fourth divided by 2, may all be equal to the 
same quantity. Answ. 18, 22, 10, 40. 

Qr. 34. A merchant has two kinds of tea, one worth 9«. 6d* 
per pound, thie other 13«. 6<f» How many pounds of each must 
be take to form a chest of 104 pounds, which shall be worth 561. ? 

Answ. 33 at 13«. 6d. and 71 «t 9i. 6d* 

Qjj. 35. A vessel containing 120 gallons is filled in 10 minutes 
by two spouts running successively ; the one runs 14 gallons in a 
minute, the other gallons in a miftute. For what time has each 
spout run? Answ. 14-gallon spout ran 6 minutes; 

9-gallon spout ran 4 minutes* 

Qt. 36. In the composition of >a certain number of pounds of 
gunpowder, fds the whole +10 was nitre; |th the whole -—4| 
was sulphur ; and the charcoal was |th of the nitre -— 2. How 
many pounds of gunpowder were there ? Answ. 69 pounds* 

Qu. 37. To find three numbers, $uch, that the first with i the 
sum of the second and third shall be 120 ; the second with ^th 
the difl^rence of the third and first shall be 70 ; and i the sum of 
the three numbers shall be 95. Answ. 50, 65, and 75. 



CHAPTER V. 

ON QUADRATIC EQUATIONS. 



QtTADfiATid EaUATioNs are divided into pure and adfeeted^ 
Pure quadratic equations are those which contain only the square 
of the unknown quantity ; such as a;*=36 ; ;c^-f 5=54 ; a^->-ft 
=c; &o. Aifeded quadratic equations are those which involve 
both the square and simple power of the unknown quantity, such 
,asaj'+4a?2s=45; 3«»— 2a:=:21 ; ax^+2hxz=zi+d; &c* ^. 
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On ike Solution of Pure Quadraiic EquaHoni* 
77* The Rule for the solution of pure quadratic equatioiui it 
tiiis : ** Transpose the terms of the equati<Mi in sudi a manneri 
that those whbh contain a^ may be on one side of the equation, 
and the known fuanUHes oa tI»Q other ; divide (if neoessafy) by 
the coefficient of a^ ; then extract the square root of each side of 
the equation) and it will give the value of a?»" 

Let a*-h 6=54. 

By transposition, aj*=64 — 5=40. 

Extract the square root of both sides of the equation, then 

«=^49=7. 

Ex- 2. Let 3a:*-— 4=71. 
Bytranspositiont 3a;*=71+4=76fc 

75 
Divide by 3, a?«a:--.=25, 

o 

Extract the square root, d?= V25=5* 

Ex. 3. Let 5a?«— 27fi=3««+216. 

By transposition, 5a:*--aa:*=215+27, or 2««=242 ; 

242 
.% a^=-^=l21, and a;=ll. 

' Ex. 4. Let CLa^*^b:zzc^ 

Then 005*^=0+ ft, and a!"=-— , or x=a /-i-. 

a \ \/ a 

Ex. 6. Let a*"— 6c= ba^-^-^ -f d. 

Then aa^-^b3i^t=5c — 3c+c?, or (a— 6)a*=2c+rf5 

. 2c+d , /2c+d 
... a^= ^, and a?=\/ r* 

Ex. 6. 6a^— 1=244 Answsr, aj=7. 

Ex. 7. Qa^'+^^da^+Bd ate8. 



Ex.8. — ^=45 ; 9saiO* 
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Ex. 9. ba*+c+Sz=i2ba^-{-l .... Answer, 0?=^^^^. 
Ex.10. Soa^-f ft— 4=ca:" — 6+cf — oac" . . . *=v/-qT • 

XXL 

On the JScluHon ofAdfected Quadratic Equations* 

78. The most general form under which an adfected quadratic 
equation can be exhibited is aa^-\-bx^=c; where a, ft, c may be 
any quantities whatever, positive or ne^a/io^, integraJ oi" y^ac- 

ft c 

tionaZ. Divide each side of this equation by a, then a^-{--x=:"» 

a a 

ft. c 
liBt -==p, -=S[ ; then this equation is reduced to the form a^+px 

=g, where p and q may be any quantities whatever, positive or 
negative, integral or fractional. 

79. From the twofold form under which adiected quadratic equa- 
tions may be expressed, there arise two Rules for their solution. 

Rule I. 
Let a^-i-pxr=q.' 

Add 7" to each side of the equation, then 
4 

Extract the square root of each side of the equation, then 
• ,+?^±^^\ and ,^^>/p^-P. 

■ 

Hence it appears, that '' if to each side of the equation there be 
added the square of half the coefficient of the second term^ there 
will arise, on the left-hand side of the equation, a quantity which 

n 

is the square of a;-|-^ ; and by extracting the square root of each 

- — t — — ■ — . 

(") Siiioe the square of +a is +a*, and of — -« is alao +a*i the aqutare 
"not of +a* may be either. +a or —-a ; hence the square root ofp^-^Aq may 

be eacpresaed by diVl'*+49. 



aide of the resulting equation, #e obtam a nmpU equation, fiom 
which the value of a? may be determined*" 

RtJLB n. 

Let da^+bx^zc. 

Miiltit>I]r each side of the equation by 4a, then 4aV+4<|ftx=4ac. 

Add 6* tb each side, and we have 4aV+4a^a;4-6'=4ac+ft'• 

Extract the square root, as before, 2aar-f &=zb>/4ac+P; 

.•. 2ax=±^Aac-{-b^ — 6, and x= —- . 

From which we inier, that ^* if each side of the equation be muhi« 
plied by four times the coefficient of a^, and to each side there be 
added the square of the coefficient of x, the quantity on the left- 
hand side of the equation will be the square of 2ax-{-bm Extract 
the square root of each side of the equation, and there arises a 
simple equditony from which the value o£x may be determined*"^ 

If 0:^=1-1 the equation is reduced to the form a^+px=:q; in this 
case, therefore, the Rule may be applied, by " multiplying each 
fflde of the equation by 4, and adding the square of the coefficienl 
of^.» 

80* Either of these Rules may of course be applied to the solu- 
tion of adfected quadratic equations ; but it may be proper to ob- 
serve, that in equations of the form 03^+ bx=c where a is a smaU 
number, and in those of the form a^-\-px=q where j» is an odd 
number. Rule H. will be found by far the most convenient* 

81* From the form in which the value of x is exhibited in each 
of these Riiles, it is evident that it will have two values; one cor- 
responding to the sign -f , and the other to the sign — , of the 
radical quantity. In the following examples, the positive values 
only of X are inserted at the end of the solution. 



(•) |n>e piixiciple of this Rule will be £mnd in the Bija Gofdta, a AiiuZm 
Treatiae im ibe Elements of Algefara. See Mb. Cbuouuxna's Tranalafialii 
of this very canons work. 



• 
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Example 1. 
Leta:"+8a?=66. 

By Rule I, add the square of 4, ^i. e. j\ to each side of the equa- 
tion, then ar*-f8a:+ 16=66+16=81. 
Extract the square root of each side of the equation, then l^+^t on 

a?+4= v^81=i9, and a?=6. 

Ex, 2, Let a:*— 4a:=46. 

By Rule I, add the square of 2, i. e. 4, then 
a:a_4a. 4- 4= 45 + 4= 49. 

Extract the square root, and («^-?i or^ x — 2= V49=7,anda;=9. 

Ex. 3. Let 3a:"+5a?=42. 

By Rule II, multiply each side of the equation hy (4a), 12 ; then 

36a:"H-60a?=504. 

Add (&'), 25 to each side of the equation, and we have 

36a^+60ar+ 25=504+ 25=529. 

Extract the square root of each side of the equation, which gives 

{2ax+b, or) 6a?+ 5= >/ 629=28 ; 
. .•• 6ar=18, and ar=3. 

Ex. 4. Let 7a:"— 20ar=32. 
^ 20ar _32 
7 7 
Complete the square by Rule I, then 
. 20a? . 100 32 . 100 224 . 100 324 



4»9 7 ' 49 49 49 49 

„ 10 /324 18 J 28 , 

Hence, x — ^=yr— =y, and «=y=4. 

Ex. 6. Let a*— 16ar=— 54. 

By Rule II, multiply by 4, then 4a* — 60a:= — ^216. ^ 

Add (^, 225 to each side, and 4x'-—60a;+ 226=226— 216=9. 

Extract the square root, 2x — 15=d=>/9==b8 ; 

.•. 2a;=15db3=18 or 12, and a?=9 or 6. 
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'Ex. 6- Let ^s*— ax=85. 
By Rule II, multiply by 16 and add the square of 8 to eadi tide 
of the equation, 64a:*— 48a; +9= 1860 +9=3 1369. 

Extract the square root, 8x — 3= >/ 1869=87, or «=--=:6. 

8 

Ex.7. Leti^— 11=|. 

Multiply by 3, then 4a:"--33=ar. 

By transposition, 4a^ — x=88. 

Multiply by 16, and add l^to each side of the equation (Rvlb II.) 

64«»—16a:+ 1=628+ 1=629. 

Extract the square root, 8a? — 1= >/ 529=23, or a-^=8. 

8 
Ex. 8. Let 6a:*+4ar=278 ; 

Then :r«+f =?!?, 

and by Rule I, :r»+^+^=?I!+l=I!??. 
^ ' ^ 5 ^25 5 ^26 26 ' 

. 2 /1 369 87 

•'•*-^5=\/-25-=T' 

, 37 2 36 ^ 

and a?= = — =7. 

6 6 6. 

Ex. 9. Let ~I_+?=6. 

Of+l X 

2x4-2 

Multiply by a?+l, then 7+ — ^^=6a?+6. 

X 

Multiply by ar, then 7a?+2a:+2=6«*+6a: 

By transposition, 6«'— 4ar=2. 

By Rule H, 100«»—80a:+ 16=40+ 16=66. 

Extract the squdfire root, lOo? — 4= v^66, 

and 10a?=v^ 56+4=7.48+4=11.48; 

11.48 , , ^^ 
0?= -—^=1.148. 



• • 



Ex. 10. Let 182'+3«=60. 
DiTide by 13, *'+^=J§. 



1^ (^iTAoiiAfxp mvMxom* 

By Rule I, add the square of ^^ , 

"*'l3"*"l69 13"^109""l69"*"l69 169' 

^ ■ 1 v'TSl 27.94 

Extract the squd!re root, x+--t= -q = -,^ ; 

lo Id lo 

_ 27.94-l _86.94_„ 

*=— Is iT-^-^- 



•^« 



Ex. 11. Let 2ha^ — ca?=i« * 
By Rule H, multiply by 8ft and ^d c*, JPb6»a^— ^a: + c?= 8M+c«. 

*/8W4?+c 
Extract -the square root, 4hx — c== y/Qbd-^^ or 0?= » , • 

Ex. 12. aj«+12a?==108 . . . AirawE»,»a;=:6. 
Ex. 13. a^— 14ar=:51 ....... a:=17. 

Ex. 14. «'+6Ja:=:c» ....*.. «= y?+9pL-8ft. 

Ex. 16. 3«»+2ar=:16X a?=7. 

Ex. 16. 2««— 6aj=117 ar=9. 

Ex. 17. .3«»— 2a?=2S0 a?=10. 

Ex. 18. 5a^+4aj=273 a?=7. 

Ex. 19. 4a^— 7ar=492 a?a=l>2. 

a:* 

Ex. 20. -— l=ar+ll ar=12. 

o 

2^ 1 7 

Ex. 21. —+- = - . a?=3ori. 

3 0? 3 

a? X ^ 

JcjX. «<«. o'""'"o'~" ........ ar^^o. 

Ex. 23. -r--+-=s3 af=:2. 

ar+1 a? 

Ex. 24. aj*— 34=ia? . . ^ • ^ • • jr=6» 

Ex. 26. ^+-=54 ar=26 or 1. 

D X 
ry ^r* X , X+1 18 

Ex. 26. ——4—1-=—. x=r2. 

x+1 a: 6 

3a? 3f T 

Ex. 27. — __^-,==x— 9 a:=10. 

a?+2 6 



_J 
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Ex. 28. «■— 6a: +19=18. . . An swu, a= 4.782 or 1.268 
Ex. 29. 5««+42?=26 a?=1.871^^ 

J+>7FTl5atf 
Ex. 80. 4aa^ — hx=c «= g- ^ 

Ex. 81. -+-=- ar=l=fcvm^ 

a a; a 



On the Schdion ^ ij^iestions producing QuadraHe E^putian$m 

In the solution of questions which involve quadratic equations, 
sometimes botk^taad sometimes only one of the values of the unp 
known quantity will answer the conditions required. This is a 
circumstance which may always he very readily determined hy 
the nature of the question itself. 

QlIESTION 1. 

To divide the numher 56 into two such parts, that their product 
shall he 640. 

Let a;z=one part, 

then 56 — ^ar=the other part, 

and ar(56—a?)= product of the two parts- 

Hence, hy the question, ar(56— ar)=640, or 56a^— «*=640. 

By transposition, a* — 56x= — 640. 

By completing the square (Rule I.) «*— 56a:+784=784-640«144 ; 

... or— 28= dbl2, and J?=40 or 16. 
In this case it appears that the two values of the unknown Quan- 
tity are the two parts into which the given numher was reouirsd 
to he divided. 

QUBS^XON 2. 

There are two numhers whose diflerence is 7, and half their 
product plus 80 is equal to the square of the lesser numher. ^haX 
are the numbers? 

Let a;=the lesser number, 
then ;r+7=the greater number, 

and ^^(^"^'^) + 80=half their product jplMS 80. 

I 
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Hence, by the question, - g +^=^ (square of lesseiv) 

BfaWply by 2, ar«+7a;+60=2a*. 

By transposition, a^ — ^7aj=60. 

Mult, by 4 and add 49 (RulbII.) 4^— 28a;+49=240+49=289, 

••• 2a?— ^=17 ; 2ar=24, or ^12=Ies^r number; 

hence x-\-7= 1 9== greater number* 

To divide the number 80 injjp two sucb,parts, diat their product 
may Ilie equal to eight times their difference. ' 

Let ar=:the l||ser pan, 
then 30 — ^x=the greatel part, 
and 80 — «— ar, or 30 — ^2a;=; their difference. 
Hence, by the question, «(30 — ar)=8(30 — 2x)^ 
or 30a?— a:*=240— 164?. 
By transposition, a^ — 46af= — 240. 
Complete the square, (Rule I.) a:^— 46a; + 529= 529— 240::= 289 ; 
.•. ap— 28=d=17, and x=23±17=40 or 6=lesser part ; 
30— a:=30— 6=24=greater part. 
In this case the solution of the equation gives 40 and 6 for the 
le^r part. Now as 40 cannot possibly be a part of 30, we take 
6 for the lesser part, which gives 24 for the greater part; and the 
two numbers, 24 and 6, answer the conditions required. 

Question 4. 

A person bought cloth for 33if. 15«. which he sold again at 27. 

8«. per piece, and gained by the bargain as much as one piece 

cost hhn. Required the number of pieces. 

Let a;=the number of pieces. ' 

iB75 
Then =: number of shillings each piece cost, 

and 48a;=:number of shillings he sold the whole for ; 
••• 48a^— 675=:what he gained by the bargain* . 

Hence, by the question, 48a^— 676= — ; 



. 226 225 

By transposition and divisioo, ar — 7g"*— "To"* 

Complete the square,) , 225 50625 _225 50625 _ g5025 ^ 
(Rums L) S iF^"*" T02r'""l6""^ 1024 " 1024 ' 

225 255 , 480 ,^ 
•••^-l2-=l2-'^^*=l2-=^^- 

QUESTfON 5. 

A and B set off. at the same tiine to a place irt the distaaoe of 
|50 miles. A t^vel^d imles an hour faster than B, and arrives 
bX his journey'sfoS ^ houm and 2Q minutes before him. ^t what 
rate did each pgrsoB travel per hour 7 

;$=rate per hour at which B traveb. 
Then x^3=: ..••.....•. A . . . . 

ksQ ^ 

And — ^ssnumber of hours for which B tiUTels. 

X 

150 _ ^ 

ar+S 
But A is 8 hours 20 minutes (8^ hours) sooner at his journey's 
^ndthanB; 

160 ^, 150 150 . 26 160 

Hence — — +8i=-— , or rTo+T^'TT- 

X-\-o X X-^-O O JS 

By reduction, aj*-|-8x=54. 

9 9 225 ' 

Complete the s(|uare, «'+3a;+-=54+j=-^? (Rulb I.) 

.% a:+7:=-Tr- ; aod ^= — sr— =6 miles an hour for B ; 
2 2 2 • 

x+S—9 ftar A. 

QuBsnoK 01 

Some bees had alighted upon a tree ; at one flight the square 
root of half of them went away ; at another, fths of them ; 2 hees 
ften remained; How many then alighted on the tree 7 ^"^ 

Let 2a^r:rthe number of bees ; 

lOar* 
then a?H--— -f 2=2a!*, or 9a?-f 16a!*4-18=18«"; 

I I ; ^ ; . 

. {*) Tijift qnestioDi and the mode of aohition, are ta,ken ^m the B^a OmdUh 
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.*. iea^—16a^—9x=zl8, or 2a^— 0a?=18. 
(Rule II.) Multiply by 8, 16a:«— 72ar=144. 
Add 81, then 16a:»— 72a:+8J=i226,^or 4ar— 9=15; 
.-. 4ar=15+9=24, and :r=6; 
.•. 2a:*^= 72= number of bees. 

Qv. 7. To divide the number 33 into two such parts, that their 
product shall be 162. « ' Aitswbb, 27 and 6. 

. Qv. 8. What two numbers a^^li^ whos^ sum is 29, and 
product 100? ^ 4 jfe^irsw. 25 and 4« 

- Qr. 9. The di^rence of .ti«ro numbej^ i§ ^pd Jth part of 
their product is 26. Whait am tbe numbers'?' ^^sw. 13 and 8. 

Qu. 10. The difference of tw8 lumbers i*o: and if 47 be 
added to twice the square of the lessiS4Kt will f« equal to the 
square of the greater. What Hre the numbers ? - 

' Aksw. 17 and 11, or 7 aod 1. 

Qu. 11. There are two numbers wh'osg sum is 30; and id of 
their product plus 18 is d^ual to the square of the lesser number* 
What are the numbers ? Answ. 21 and 9. 

Qv. 12. There are two numbers whose product is 120. If 2 
be added to the lesser, and 3 subtracted from the greater, the pro- 
duct of the sum and remainder will also be 120. What are the 
numbers ? Answ. 15 and 8. 

Qu. 13. A and B distribute 1200 J. each among a certain num- 
ber of persons. A relieves 40 persons more than B, and B gives 
51. a-piece more to each person than A. How many persons were 
relieved by A and B respectively? Answ. 120 by A, 80 by B. 

Qu. 14. A person bdught a certain number of sheep for 1207. 
If there had been 8 more, each sheep would have cost him 10s. 
less. How many sheep were there ? , Answ. 40. 

Qv. 15. A person bought a certain number of she^ for 572. 
Having lost 8 of them^and sold the remainder at Ss. a-head profit, 
he is no loser by the l^irgain. How many sheep did he buy ? 

Answ. 38. 

Qu. 16. A and B set off at the same time to a place at the dis- 
tMoe of 300 miles. A travels at the rate of 1 mile an hour fiuiter 
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tkan B, and arrives at Sis journey's end 10 hours be&ie him. At 
what rate did each person travel per hour! 

Airaw. A traveled 6 miles per hoar. 
B 5 

XXIII. 

On Quadratic EqtuUions having ImpoBsibie RooU. 

83. In the soltitm of tha adfectej quadratic equation a^+px 
scg, (Art. 79.) die two \mes of x were shown to be equal to 

P ^ r^^cjTx^ ^egatite quantity, and ^ loss than 4^, 




2 

then the qaantbo^-^q is oeg^ive, and consequently the quan- 
tity ±>/j^—4t^ oRnes undevthe ascription of the radical quan- 
tities mentioned in Art4i|#. . In this case, the two roots, or Tahies 
of X, are said to te impossMe. 

• EXAHPLE 1. 

Let a!»+8x+31=0, or a:»+8a?=— 31. 
Comf^ete the square, (Rvua I.) then ar^+^ar+ie^ — 31 +16— — 15, 

and ar-f-4c=dz\/ — 15, or ar= — 4zfc>/ — ISl 



Ex. 2. Let a:'— 12a:+50=:0, or a:*— 12j:=— 60. 
Complete the square, (Rule L) a^ — 12ar+36= — 50+86= — 14, 

and X — e=±Ly/ — 14^ .*. x=^dzy/ — 14. 

Ex. 3. To divide the number 16 into two such parts, that their 
product shall be equal to 70. 

Let ar=one part, 
then 16 — a:=the other part. 
Hence ar(16— a:) or 16ar— a:»=70. 
Transpose, and or* — 16a?= — ^70. 
Complete the square, a"— 16ar+64= — 70+64= — 6; , 

^y. ar— 8=d=y^^, or ar=8it>/^.« 

« 

(■) It is-T^ry well known that the greaUaf ff oduct which can uriae fiom 
the mnltiplication of the two parts into whieh* any given number may Ibe 
divided, is when these parts are eqaal : the greatest product, therefiyre, which 
could arise from the division of the number 1^ into two parts, is when each 
of them i^ 8; hence, in requiring **to divide the number 16 into two ancfa 
parts that their product shall be 70,'* the solution of the question is impo§»ijU^ - 

12 
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Ex. 4. 2«*+15r^3a; .... ANSntes, a;= 

4 

Ex. 6. 8a:— i«»=10 .... . . «=6d=y 



Ex. 6. To divide the number 20 intq^ t«ifO svmik parts, that their 
product shall be 105 ........ \ x:=zlOdz^ — 5. 

On ^A€ Solution of Quadratic Equatidi^ of^jJPjfm a^-^pa^=iq. 
84. Let y=x^, then (by Ca4b'III> jSrt. «lfe|%=a?"i and sub- 



stftuting these val^ fpr qf" and af in thQ»e|8&tiib'i^"+px"=<^y 




value ot X may oe loujaa ;^o 
enabled to solve equations^ in wlpBlthe unknown quantity is found 
only in two terms, and where thV^Mbx of th« highest power is 
double the index, of the lowesf, like c^|nmfi|^ quadratics. 



« .^ 



Example 1. - 

l!!et art— 6:r«=^7. . * - - 

thena;*=y*,S - 

By Rule 1, y*— ey+ 9=27+9=86, 
and y — 3=6, or y=9. 
But since af=y, x^z^/y ; .•. ar= v/9=3. 

Ex. 2. Let-^*— 2ar»=48. 
These equations ar^oflen solved by the common Rules, without 
the formality of substitution ^^Ihlis, 

Complete the square, (RtfiB L) a:"-7-2a:^+ 1=484- 1=49. 
Extract the root, a:^-^l=7 ; .* a?=*8, and ar= ^^8=2. 

Ex. 3.^L^ 2a:— 7 V x= 99. 

♦1, '*/ ^ .-.23^—7^=99. 

theny=-s/a:3 

By Rule II, 16y»—«6y+ 49=^792+49= 841, 

and 4y— 7=29, 

or 4y=d6, and jf=d \ ••• arsff'ss 81. 



__ * 



' Ex. 4. To resolve We Dumber a intd two such factors, that tha 
turn of their nth poWers shall be equal to b. 

Let 07= one factor, 



then -=:the other factor* 



Hence 



By R^LB II, 4ic*U- 4>arH- ft»s=ft»— 4o*, 
anrf 2ar"^==^^/l^S5^ or 2a-=:id=-/6»— 4a% 



and a^» T^' - <^ 



rHi^^ii *«/fttbyp^=45 






}''''^</ 



The twayalts^tx are the fWo factors required. 

Ex.5. aj*-f4^=:l^. • '• . .r .^ Answxs, x=^/2• 

Ex. 6. af'-Sx^-^Wk -•• . . A x=:3« 

Ex. 7. 2ar*— a:*:^496 . ' . f^; a?=4. 

Ex. '8. To resolve the nu^tW 16 into tV^ such factors, tha 
thesumof th^ir cubes ifia^ be 243. (See Ex. 4.) Answ. 6and8« 



** . ♦• • ' 



-..*••• ■' XXV.- 

On the Solution of Q^adr(it^c EquaHona containing two ttitJbtoip]i 
- " '^ Qtianiitie9* 

The solution of equatiobawith hoo unknown quantities, in which 
one or both these quantities a^. found in a quadratic form, can 
only in particular ca^ses^"^ be effect^ tiy means of the preceding 
Rules. Of these cases the twOi(fiilo^ng are very well known. 

85. " When one of the equations' by i^hich the values of the 
unknown quantities are to be detenmined, is a simple equation ;^ 
in which case the Rule is,*<* to find a value of one of the unknown 



* » 



iflKi< 



(') Theihoist complete form under which quadratic eqnationa containing 
two unknown quantities could be expressed, is this, 

asr -p 6y« + exy + dx-\- ey =m 

but the general solution of these equations can only be efiected by meaiif of 
eqnmtions of highjur dimensioas than quadratics. 



'Q 
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q^uaqtitjiB from that simply equation, and ^pn substitute fpr it the 
value so ifounci, in the other equation. The resulting equation wili 
be a quadratic, which may be solved by the ordinary Rules." 
Thus, 

hetax+byiiszcybe the two equations, in which the values 
«'ic*-f b'xy + c'f^=d 3 of a: and y are to be determined. 

From the first equatipn, x= =^. 

Substitute this for j; in the) ,j e — fty \' , i.' ^9''^fy\ , f^_j 
second equation, then 5 \~a / y ^m / ^~ ' 

_ a'i^^2a'hcy+n:b'f , h'e^hU f .A^ . 

or - f ■ • — i — f u ■ . . L -4-cjr=a;a, 

or . a % 

which reduced is ▲ 

d common quadratic equation, from wbtcnRhip value of y may be 
found* 

EXAMPLB 1..* 

Leta?+2«=7 ) * 

and ««+3xj,-y»=23 r° ^'^ *^ ^*'"^ ''^^ '"'* ''• 

From the first equation, a:=7— 2y'; .•. j:"=49 — 28y+4y*. 

Substitute these values for x and a:* in ihe second equation, thet 

49— 28yH-4y*+21y— 6y«— y«=23, or 3y2+7y= 49— 23=26. 

By Rule II, 36y«+84y+49i=:312+49=361 ; 

••. 6y+7=19, or 6y=12, and y=2; 

.% ar=7— -2^=7 — 4=3. 

e;x. 2. 

Let ^^=9 r 

3 > to fi^ the values of a; and jf • 

• and 3a^=210 ) 

From the first equation, !^a?4-y=27 ; 

.•. 2a:=27 — y, and a?=- ^^. 

27 V 

Hence, 3a;y=3 x — ^ X y=210, 

or 3 X (27—^) X y = 420, 
81y— 33^=420, 



*> 
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27y— 3^=140, 

or ^— 27y=— 140. 

By Rtoe n, 4y«—108y+729=729— 660=169 ; 

« r.« /,o 27dbl3 „ ^ 

.•. 2y— 27=dbl3, or y= — 5 — =20 or 7, 

27—20 or 7 7 or 20 ^, ,^ 
and a?= 5 = — 5 — =84 or 10. 

! Ex.8. 

There is a oei^ip pumber coDsisting of two digits. The left- 
hand di^t is equal to>3 tfees the right-hand digit; and if 12 be 
subtracted froqjji \bi6 number itself, the remainder will be equal to 
the square of theJ|A-hand digit. What is the number 1 

Let ar be the left-hlmd digit) ' ,, a-^cima-. • *u 1 

andytheother; j^then(byArt.61)10,-Hf«thenainber. 

Hence, ar=3«>. . . 

J ,A . ,n ^> by the question; 
and lOx+y — 12=a:' S 

••. by substitution, 30y-f y— 12=9y», (for 10a?=30y and «»=9y*), 

9y"— 31y=— 12 ; 

, 31 12 

« „ ^ , 31 961 961 12 961—482 529 
By Rule I, 3^—5-3^+334=324-9= 324 =324' 

„ 31 23 ^ 54 

Hence sf-jQ=jQ, or y=jg=:3, 

x=zSy=9 ; and consequently the number is 93. 

Ex. 4. Let 2ar— 3y=l >^ ^\ ^, , - , 
«-o . » ^ «^ Mo find the values of a: and y. 

2jr + xy — 53r = 20 ^ 

Answeh, ar=5, y=8. 

Ex. 5. There are two numbers, such, that if the lesser be taken 
from 3 times the greater, the remainder will be 35 ; and if 4 times 
the greater be divided by 3 times the lesser plus 1, the quotient 
will be equal to the lesser number. What are the numbers 1 

AxYSW. 13 and 4. 

Ex. 6. What number is that, the sum of whose digits is 15, 
and if 31 be added to their product, the digits will be inverted ? 

Answ. 78. 



Case II. 

iB6. "Wlmi V, t^f or a^, is found in eyery term of the t|vo equa- 
tions, they assume the form of 

aa^+bxff + c^=d 

and their soiution may be effect^l in the following manner : 

Assume x=vyj then a:^=t^ff ; substitute these values for as* and 
X in both equations, then we have m^ • 

««yrf ^+C3^=<^, or j^-^j^— __ (A) 
aVi(»+ft V+^y +d', or y»=-^^^^^-^, (J5) 

or (a'd--ad'y+{b'd—bd')v=cd'—c'd; 
which is a quadratic equation, from which the value of v may be 
clefermined. Having the value of o, the value of ^ may be found 
from either of the equations (A) or (B) ; and then the value of x^ 
from the equation x^^vy. 
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EXAHPLE 1. 

« 

Let 2a^ + 3ary + ^= 20 

20 
Assume «=t>y, then 2t5y + 3cy'+y«=20, or y»=---—— -_ , 

and 5»y+ V=41, or »'=g^^. 
„ 20 41 

which reduced is, 60*— 41©= — 18; 

. 41t> 13 
••• y— ■ ■= ■ » 
6 6 

00 T ^ 41o , 1681 1369 

By Rule I, ©■ -^H = ; 

^ ' 6 ^ 144 144, ' 

41 =fc37 41zfc37 13 1 

• ••• p ; or t>^ — ^— — =— or — -'• 

12 12 r^ 12 2 8 



Let •^.g. then 3^=__=._=^=9, or y=8, 

x=03f=.x3=l. 

Ex. 2. 

What two nnmbers aie thooet whose aum multiplied bj tha 
greater is 77, ankl whose diflferenoe inulti{^ied by the leaser is equal 
to 121 *ff 

Let a;=the greater number, 

y=the lesser. 

* Then (x+y) x xr=s*+xy=n, 

iMid (a>-y) X y=zxy^^=l2. 

77 
Assume x=:9y|Mien ©y +ry"=77, or y*=T-T— ; 

and uy" — 3^'= 12, or y'=- 

12 77 

Hence,— ^=^^, 



or 12c"+ 120=77©— 77 ; 

.... ,65 77 

which gives «'_~o=— jg, 

, . 66 4225 629 

and IT— — t>-l = : 

12^^^ 576 676' 

65db23 88 or 42 11 7 

'••*'=-24~=-2r-="3^4- 

yalue of v will answer the ccmditionB of the qiMtioD* 

7 
but take 0=7; then 

. 12 12 48 48 ,^ 

V 1 j - 1 7— -4k O 

7 
and y=4; .•. a?r=i>3f=-jX 4=7. 

Hence the numbers are 4 and 7. 

Ex. 3. l^md two numbers, such, that the square of the greater 
ffijfiiis the square of the lesser may be 66,^ and the squaie of iim 
lenerpbu id their product may be 40. AniwaB, 9 ibud ff» 
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Ex. 4. There are two nu£nbers, such^ that 3 times the square 
of the greater plu3 twice the square of the lesser Is 110, aod half 
their product plus the square of the lesser is 4. What are the 
numhers? Airsw. 6 and 1.^ 

XXVI. 

On the SoluUan rf certain EquaHonSy in which the two unknown 
Quantities (x and y) are similarly ^wolved. 
87. Let X and y be any two numbeis, of %lUch x is the greater 
and y the lesser; let ar+y=^«, x — y^fi^; then, by Art. 28, 
ar=»+», and y=« — z. Now let «?4i-^=^,;ar*+y'=ft, a?*+y*=c, 
and oj^-f ^=d ; then the values of a? and yt may be found in terms 
of the known quantities «, a, by c, d, in the following manner: 
I. a^=:(s+zy=^-\-2sz+s^, ';' 

^= (*—«)?=«»— 2« +z*; 

.•.byadO oj» . o_a j - «--2«« /a-2a« 

dition, 5^+y"(«)-2«»+2Aand«»=-^-or«=^. 



2 



Henoe x= 



a— 2^ , /a-*'2a« 



='+\/V-'*^^y=*-\/ 



II. a!»=(*+«)»=«»+3«»«+3«2H«', 
j^=(*— 2j)»=^_3a»«-f- 3w»— a' ; 

.-. 0^+}^ (b)=2^+Qsz'; and »»=^=^, or ;.=. /^=?^ 

6« ^/ OS 



Henoe 






in. ar*=^+2!)*=**+4«»«4-6««2;«+4«»+»*, 
^=(*— »)*=*•— 4s»»+6A»—4*2«+»* ; 
.-. ar*+3f* (c) =2«*+12a*««+2«*, is a quadratic equation from 

which the value of z may be found. 

' ^=(*— 2j)»=«^— 5**« + 10«»»«— 10«»2r»+5M*— »»; 

.•. aj*+ y» (d) c=2«5+ 20«»»«+ lOw* is a quadratic equation from 

which the value of z may be found. ^ 

(•) For a preat variety of questions relating to quadratic equations which 
eoQtoin two unknown quantities, see Blano'b Mgthraieai PrMemg^ 1S13. 
0) In leviewiBsr these operatioiuh it may be obscmd, that those tenns 



a' +2 .' . V « 
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88. Leta;+2f==2««a]ida>--9==:2s,a8bergve,aDdlet-+'3s:a'| 

y « 

- +-=*' ; - +- =c' ; and -+??^=d' ; then, by means vT the 

eqiialakma in the pieoeding Artide (87), the Talvee of « and y may 
be £>uod iQ terms of the known quantitities, «, a\ h\ e\ d\ 

I^ -+?=a'; .•.af+y»:^a'«y=a'(*+«)(#— «)=a'(^-HO* 

But, by Case L (87.) a*+y*=2i»+2»«5 
Hence aV—HiVii=2j?+2««, 

+2 

y « 

By Case IL (87.) «*+y»=2«*+6««*; 

... 5'(*»— z»)==2i»+6«S 

„ ^ / (b'^2sy . / (^'—^y 

Hence a:=,+^L__il, and y=.-.^L__ . 

in. -+?^=c'5 .•, a?*+y*=c'xy=c'(i^— ««). 
y 4c. 

By Case III. (87.) **+y*=2«*+ 12A«+2«* ; 
EEenoe c'(«P — z')=2if*+12«'z'+2«^9 is a quadratic equation, 

by which the value of « may be found. 

wliese the Ui4ez of « is. an <kU nvmber d^etroy each other ia the faoeiMve 
aeries ; hence, if the operations had been continued to x* +y* and x*'jry% th^ 
resulting equations would have been equations of six dimensions in a euhie 
form ;, if they had been carried on to o^ +3^" and a^ +y*t the resultmg equa- 
tions would have been ef^Bations of tight dimensions in a biquadratie ftm. 
Henee the ProUera of ** iQiven the nun <^ jtwo niimbeniy and the sum of their 
nth powers, to fiiid the nombera tiiemselves,** may be SQlved «9 fiur as the 9th 
power, by means either of quadroHe^ cMc, or UquadnOic equatioDs. 

K 
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IV. -+?!=il'; .*. af+f^d'xy=dXJ'^^. 

By Case IV. (87.) aj»+y^=2^+20^a;»+10w*; 
and by equating these two values of 2*+ j^, there arises a quad- 
Tatic equation by which the value of z may be determined* 

69. Let a;+y=«, and xy=ip; then the sums of the several 
powers of a; and y may be found in terms of the known quantities 
p and By in the following manner. 

I. a^+Uxy+y'^if; 

or a*+y*+ary(x4-y)=«» — 2jw, 
i. e. a^+f^+P*=^ — 2p«; 

m. («'+S^)(ar+y)=(«»— 8p)«, 

or a?*+y*+«y(a:'-|ry*)=«*— Spa*, 
i. e. a?*+y*+p(«»— 2p)=**— Spj' ; 

IV. (a?*+y*)(ar+y)=(«*— 4|w»+2p^)«, 
or ar'+y*+a?y(x*+y*)=a*— 4p«»+2p^», 
i. e. a^+3^+F(<^— 3p«)=<*---4jM'+2p'«; 

.-. aj^+jf^rrr**— 6p«'4-5p^*. 

Or, in general, aj"4-y*=«" — njp^'^+n ^'*~ y j*^ — &c. 

Example 1. 

The sum of two numbers is 6, and the sum of their fifth powers 
is 1056. What are the numbers 7 

This Example ''belongs to Case IV. Art. 87, where «=:3, and 
lis: 1056. 
The equation to find the value of « is 

2<*+20i»»«+10«B*=<l, 

or 486+540»«+80«*=1056. 

Diiade by 6, then 81 +902'+5««sl76 ; 

.-. «*+18«*=19. 



SATI08. Ill 

By Rum I, «*+18««+ 81=100, 

or«*+9=10; ••• jB^sl, and«3sl. 

Hence a:=«-f «=3-f 1=4, 

and y=*— »=3 — laB2. 

£z. 2. There are two numbers whose sum is 18, and the squaro 
of the greater divided by the lesser plus the square of the lesser 
divided by the greater is 27. What are the numbers 7 

In CksE Ilf (88.W=9, and &'=27 J 
hence 2;=A / , » ^ > s =z^ / .■ ^^ / ^^0=8: 

.-. x=:«+2;=9-hd:^16> and y=« — 2=9 — 3=6 ; 
and the two numbers are 12 and 6. 

Ex. 3. The sum of two numbers is 5 («), and their product 
6 (p) ; what is the sum of their fourth powers ? 
By Case IIL (Art. 89.) 
a^+y*=«*—4|M»+2p^=626— 600+72=26+72=97. 



CHAPTER VI. 

ON BATIOS, PROPORTION, AND VARIATION. 



xxvn. 

Definitions^ 

90. By Rado is meant the relation which one quantity bears to 
another, with respect to magnitude. It is evident that this relation 
can exist only between quantities of a similar kind ; thus, a num- 
ber must be compared with a number, a line with a line, dec &c., 
and it would be absurd to compare a ceftain number of feet with 
a certain number of pounds, &c. &;c. 

91. There are two ways in which the magnitude of quantities 
may be compared. In the first place, they may be compared with 
regard to their difference ; and then the question aske^ is, *' How 
much one quantity is greater or less than, another.'* The relation 
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which quantities lieiar to dtch 6thef in this f^esp6ct, is called their 
arithmeHcal ralio.^ The other way id which th^y may he com- 
pared, is, by inquiring, ^^How often one 'quantity is contained in 
the other." This relation between quantises is called their geo^ 
metrical ratio. The term raUoy when simply applied, is genelfeiUy 
understood in the latter sense, and it is in this sense that the word 
will be made use of in the present chapter. 

92. In considering how often one quantity is contained in 
another, the natural process is to divide the one by the other. 
Thus, in comparing the number lU With the numbers 4 aidd 3, 
we knpw that 4 is c6ntained in 12.. three times, and that 3 is con- 
tained in the same number four times ; from which we infer that 
the ratio of 12 : 3^*^ is greater than the ratio of 12 : 4, the magni' 
tude of a ratio being measured by the number of times one qusin- 
tity is contained in another. For the same .reason, the tatio of 
11 : 7 is said to be less than the ratio of 11 : 5. When the ratio 
is thus explressed, the first term of it is called the antecedent j the 
last term the consequent^ of that ratio. 

93. From this mode of estimating the magnitude of a ratio, it 
appears that when the consequent of a ratio is not an aliquot part 
of the antecedent, the value of the ratio must be expressed by a 
fraction whose numerator is the antecedent, and denominator the 
consequent, of tiiat ratio: Thus, the magnitude 6f the ratio of 

15 : 7 is expressed by the fraction -— • , and of the ratio 4 : 13, by 

4 
the fraction —« When the antecedent of a ratio is greater than 

the consequent, it is called a ratio of greater inequality ; when 
the antecedent is less than the consequent, a ratio of lesser tne- 
quality ; and if the two terms of a ratio be the same, then it is 
' i^aid to be a ratio oieqwility. 

94. The foregoing definitions evidently apply only to those 
instances, in which the consequent of a ratio is contained a certain 
number of times in the antecedent, or to those in which the mag- 
nitude 6f the ratio may be expressed by some definite fraction. It 

(*) In ei!preiEidii|r tiie ratio 6f tWo quantities, the word to is generally buj»- 
igsifA liy tvro dots ; thus, the ratia «f a io h is «xpreiMed by a \h. 
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does not, therefore, comprehend such ratios as V^ : &; V3 : ^7$ 
4 : V^y ^'9 where the values of the quantities ^/2, V89 V^f 
4^3, &c., can only be expressed in decimal fractions which do not 
terminate. The ratio which exists between quantities of this latter 
kind, when the radical quantity is expressed by a decimal fraction, 
' is called their approximate ratio. 

95. ProporHon consists in the equality of ratios ; thus, since 4 is 
contained in 12 the.«ame number of times that 6 is in 16, the ratio 
of 12 : 4 is said to be equal to the ratio of 18 : 6, or, in other 
words, that 12 ; 4 : :' 18 : 6. <*^ Of the four terms of which every 
proportioa consists, the first and last terms are called the exiremesy 
and the second, and third the means^ of that proportion. 

96. If there be a set of quantities related together in the follow- 
ing manner, viz. a : h :: b : c :: c i d :: d i e^ dec., where the 
consequent of every preceding* ratio is the antecedent of the fbllow- 
ing one, then the quantities a, &, c, d, e, dzc., are said to be in 
eantimted proportion ; and if only three quantities be concerned, 
as in the proportion a : b :: b : c^ then b is sud to be a mean pro* 
portional between the two extremes a and c. 

97. Since the propcAtion a :b :: c : d expresses the equality 

of the ratios a : b and c : df, and since the magnitude of the ratio 

a * 

a : & is measured by the fraction 7 , and that of the ratio c i dhy 

c a c 

the fraction ~ , it follows that t=3 , or that '* when four quanti- 
a a 

ties are proportional, the quotient of the first divided by the second 

is equal to the quotient of the third divided by the fourth ;" and 

tice «ersA, '* if there be four quantities, a, &, c, J, such, that t-=-3, 

a 

then those fbur quantities are proportional, ot axb iie i d.^^ 



(*) In stating^ a proportion, tho words w to and to are geomSj rapplied by 
two dots, and the word at by four dots; thus, the proportion aistoiaactod^ 
is ezpresied hyaihueid. 

K2 

; 
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xxvnL 

On the CdtnparUan arid Composition (jfRatuMf* 
98. On the comparison of ratios* 

I. Since the ratio of a : & may be expressed by the fraction t* 

let the nuitierator and denominator of this fraction be mtiltiplied 
by any quantity m^ {m being either integral or fractional,) Uien 

— r=T 9 and therefore the ratio o£ ma imbia the same with the 

IRO 

ratio of a : 6 ; from which we infer^ that '* if the terms^ of a ratio 
be multiplied or divided by the same quantity, it does not alter the 
value of the ratio*" Hence also it appears, that a ratio is reduced 
to its lowest terms by dividing its antecedent and consequent by 
their greatest common measure. 

II. " Ratios are compared together by reducing the fractions by 
which their values are respectively represented, to a common 
denominator." Thus, the ratio of 6 t 5 is represented by the frac- 

8 9 

tion -9 and the ratio of 9 : 6, by the fraction - ; reduce these frac- 
tions to others of the same value, having a common denominator, 
and they become g and g respectively 5 and since g is g^aler 

oO «iO oi) 

45 

than ~ , the ration 8 : 5 is greater than the ratio of 9:6. 
80 

in. " A ratio of greater inequality is diminished, and a ratio 
bf lesser inequality is increased, by adding the same quanidty to 
bpth its terms." Let a-\-b ; a represent a ratio of greater in&. 
quality, and let x be added to each of its terms, and it becomes 

the ratio of a-h J+a? : a+x. Now the ratio o{a+b : a^^!~- , 

a 

and that of tt-f *6+a? : ct+j;= ^^, ^ ; let these fhictions be re- 

a+x 

ouced to others of the same value, having a common denominator. 

-. J 41. 1. o.^+ah-\-ax-\-hx , a'+aft+aa? . , , 

and they become 7— :— x and — / , \ 9 respectively: 

a(a+x) a{a'{-x) ^ "^ ' 

and since a^+at+ax+bx is evidently greater than a*+ab+aXf 



ftjLftoBk lis 

Ae mtio of 4+ ft : a is greater tlian tbemtio of a +&+^ •^+'( 
i. e. the ratio of a+b : a has been dindnished by adding « to 
mxAk of ite terms* Next, let o-^-s a represent a mtb of lesser 



inequality ; then, proceeding with the fractions and 

as in the former instance, the resulting fractions are 



a{a+x) 
and — - — ; — r— J and since o'— aft+oa:— *« is less than a^^'-^ah 

+ax^ the ratio of o^-^ : a is less than the ratio of d— ft+x t a+x^ 
and consequently the ratio of a — h : a has been increa$ed by add* 
ing X to each of its terms. In the same manner it might be shown 
that ** a ratio of greater inequality is increased, and a ratio of 
lesser inequality is diminished, by subtracting the same quantity 
from each of its terms." 

00. On the composition of ratios* 

1. Ratios are compounded together by multiplying their ante- 
cedents together for a new antecedent, and their ccMisequents toge* 
ther for a new consequent. Thus, if the ratio of a : 6 be com- 
pounded with the ratio of c : <Z, the resulting ratio is that of ac : M; 
or if the ratios 4:3, 5:2, and 7 : 1, be compounded together, 
there results the ratio of 4x6x7 : 8x2x 1, or of 140 t 6, or 
(dividing each term by 2) of 70 : 3. 

11. If the same ratio be compounded with itself once, twice, 
thrice, &c., the resulting ratios are those of o" : 6^, o' : M, a* : ft*, 
&c &c. The ratio of a' : ds called the duplicate ratio of a : ft; 
a' : ft*, the triplicate ; a* : ft*, the quadruplicai€y &c. &c* ; and 
as these ratios receive their denominations from the indices of the 
several powers of a and ft, the ratio of >/a : >/ft is called the sub' 
duplicate ratio of a : ft ; the rado of ^a : {^ ft, the subtripUcatc 
^. &c» 

in. ** If a set of ratios, whereof the consequent of the preceding 
ratio is the same with the antecedent of the succeeding one, be 
compounded together, the resulting ratio is that of the first ante^ 
cedent to the last consequent." Thus, when the ratios of a : ft, 
B : e, ci dy d : e, are compounded tc^ether, the resahing ratio is 
that of ahcd : ftcde, or (dividing by bed) that of a : e, or of the 
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frtA .antecedent : the laet comequent; and the same will be the 
case whatever be the number of ratios* 

• lY. ** A ratio of greater inequality compounded with another 
ratio, increases it ; and a ratio of lesser inequality compounded 
with another ratio, diminishes it." Thus, let 1+n : 1 represent 
a ratio of greater inequality, and let it be compounded with the 
ratio a : &, the resulting ratio is that o£ a+na : b^ which is evi* 
dently greater than the ratio of a : b. On the other hand, let 
1 — n, I 1 represent a ratio of lesser* inequality, and let it be com- 
pounded with the ratio of a : &, then the resulting ratio is that of 
a— 4ta : 6, which is evidently less than the ratio of a : i^* 

Examples. 
£^. 1. Reduce the ratio of 360 : 315, and 1595 : 667, to their 
lowest terms. 

Ex. 2. Reduce the ratio a^-\-2a^x : a^ to its lowest terms. 

Ex. 3. Which is the greater, the ratio of 16 : 15, or that of 
17:14t 

Ex. 4. Which is the least of the three ratios, 20 : 17, 22 : 18, 
or 25 : 23 ? and which is the greatest of the three ratios, 8 : 7, 
6 : 5, and 10 : 9? 

Ex. 5. Which is the greater, the ratio of a+2 : ia4-4, or that 
of a+4 2 .ia4-5? Answer, The ratio of a4-4 : ict+S. 

Ex. .6. Compound together the ratios of 11 : 3, 7 : 2, and 5 : 9. 

Answ. 385 : 54. 

Ex. 7. Compound together the ratios^ of 15 : 12, 6 : 7, and 
9:4; and then reduce the resulting ratio to its lowest terms. 

Answ. 135 : 56. 

Ex. 8. Express in the simplest terms the ratio compounded of 
a' — «* ; a", a+x : 6, and b i a — x. Answ. (a -fa:)' : aK 

Ex. 9. If the ratios of x+y : a, x — y : b, and b : -— ^ , be 

a 

eompounded together, show that the resulting ratio is a ratio of 

equality. 

Ex. 10. If the ratios of 3a+2 : 6a+l, and of 2a+3 : a+2 
be compounded together, is the resulting ratio a ratio of greater 
or lesser inequality t Answ. A jratio of greater inequality 
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Ex. ll. What aire flie least numbers in the latio obropounded 
of the three followitig ratios, viz. the ratio of 7 : 5, the duplicate 
ratio of 4 r 9, and the triplicate ratio of 3 ; 2 7 Answ. 14 and 16. 

Bx. 1^. Compound die subduplicate ratio of a^ : s^ with the 
quadruplicate ratio of >/x : ^y. Alfsw. 9^:3^ 



On Prapartion* 

100. The most useful Theorems relating to proportional quan- 
tities are the Allowing. 

Th. 1« ** If ibur quantities be proportional, (he product of the 
eaEtremes will be equal to the product of the means ;" few let 

41 C 

a:b :; e :df then, by Art. 97, ^=^9 •*• ad— he. Hence also it 

follows, ^* that if any three terms of a proportion be known, the 
fourth n^i^e ibund f* for, from the equation ad=ibc^ we have 
be ^^k ad , , be 

Tr. 2. Tlie converse of the foregoing Theorem is also true ; 

lias. ** If the prodiict of any two quantities be equal to the prodnc t 

' of two odiers, those four quantities will constitute a pipportion, 

. provided that the terms of one product be made the meafw, and 

the terms of the other product be made the extremes, of such prOt* 

portion." Thus, if the four quantities a, 6, e, <2, be such that 

a e 
042=1^, then (dividing by M) t=t ; ••• by Art. 97, a : ft : : tf :•<!• 

quantities be proportional, the product of the 
two extremes is equal to the square of the mean ;'' for, if 
a : 6 : : ft : c, then, by Th. 1, ac=:zh^. Hence also it follows, that 
*^ a mean proportional between any two quantities is equal to the 
square root of their product ;" for let :r be a mean proportional 
between a and «, then a i x :z x:e } •*• ^=zae, and «= ^ac 

Th. 4. " If four quantities be prbportiohal, they will also be pro- 
poilidDallrlMa ttdsen lii0erM% orAlt^^ 
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AC. h d 

then T="3 ; invert the fractions, then -=- ; .•. ft : a :: cZ : c« 
o a a e 

Again, since ad=hc^ then (dividing by cd) we have -;5=^» or 

Th. 5. <* If there he six proportional quantities, and the first be 

to the second as the third to the fourth ; and the third to the fourth 

as the fifth to the sixth ; then will the first be to the second as the 

fifth to the sixth." For let a : ft : : c : <£, and e id ::e if; then 

n c c € d e 

T^-^l and ^=>; ••• r=2.» o'> hy Art. 97, a : ft :: c s/. 

Tb. 6. **If four quantities be proportional, then the sum Or 
difference of the first and second will be to the second as the sum 
or difibrence of the third and fourth is to the fourth." For let 

(Z c 

a lb i; e id, then t= 3 ; add 1 to, or subtract it frdm, each side 

u a 

a ^ c oztft czizd^^^ 

of the equation, thenT=tl= j=tl ; ••. ^-r— =^--^— ^^Bequentl^, 

by Art. 97, a±ft i ft : : cdbdf : d. • ^^^ 

K Th. 7* ** If four quantities be proportional, the first is to the 
sum or difference of the first and second as the third to the sum 
or difference of the third and fourth." For by Th. 6, a:±Jf : ft :: 
cdzd I dy and alternately ad=ft : c±d 11 h id; but by T^. 4, 
h id II a I c; hence, by Th. 5, a±h i c±d :: a : c, and alter- 
nately a=bft I ail c±d : c, .*. inversely a i a=bft 11 c i cdzd. 

Th. 8. " If four quantities be proportional, then the sum of the 
first and second is to their difierenca^ thMwn of the third and 

fourth is to their difference." For by T^^—r—=—j- , and 

II— ft c-'i— {£ , , , ' #• • « d 

— T— =— J— ; mvert the last two fractions, then "— t=t---|» 

, a+ft. ft c-\'d^ d a+b c-^d , .• 

hence — r—X 7=--r*^ j> or 7= — 3; ••• by Art. ! 

97, a+ft : O"— ft :: c+^ • ^^ — d^ 
Th. 9. << If four quantities be proportional, and any equimuU 
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fiples or equal parts whatever be taken of the fifst and aeoondy 
and also of the third and fourth, then will the resulting quantities^ 
takexk in the same order, be still proportional.'' For let a : ft : : « : if ; 
then, by Cass I, Art. 4d, the ratio of Ma : mft is the same with 
the ratio of a : b $ and for the same reason, the ratio of fi« : tul is. 
the same with the ratio of c : if ; hence (Art. 05.) maimbiincindf 
where m and n may be any quantities whatever, either int^pral or 

fractional. 

« 

Th. 10. The same theorem is true, ** if any equimultiples or 
equal parts whatever be taken of the first and third, and also of 

the second and fourth ;" for since t=;^ > multiply each side of the 

equation by — , then —t='-% ; •*. mamb ::nui x nd^ where m 
ft no nd 

and n may be any quantities whatever, either integral or fractional. 

Th. 11. Vlf four quantities be proportional, any powers or 
roots of those quantities will also be proportional.'* For since 

^=T , ^^^^^^=^3;; ; .-. a* : ©" : ; c* ; cf*, where n may be any 

number, ei^^integral or fractional. 

Th. 12. "If the corresponding terms of two sets of propor* * 
tionals be multiplied together, or divided by each other, the result- 
ing' quantities, taken in order, will still be proportional." Thus, let 

a ih lie id I then j=3^ * 

and > >hence jr^=^> or atibfiiegi dh. 

eifiigih^ and^l^ -^ 

Again, by Th. ^^^^M^|[^<^ ^^=fki *'• Ik^T ' ^^^^' ^X 

Th. 2, - : -5 :: - : •?•• The same will evidently be true of any 

^ f g ^ 
number of proportions. . 

"Th. 13. ^If there be two rows of proportional quantities, 
wherein the second and fourth terms of the first row are the sanoe 
with the firsthand third terms of the second row, then will the 
xemaiBing quantitiesi taken in order, be proportional." Thud, 
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and h :ei;d :/; then, bj Te* 12, ab iheiicd\dff 
or (reducing each ratio to its lowest terms) a : e : : c : /• 

T&. 14. **If there be a set of proportional quantities, a : 5 :: 

6 i «i :: e :/: : ^ : ii &c., then will the first be to the second as 

the sum of all the antecedents to the sum of all the consequents." 

For, since ah^ss^hay and (by TV. 1 and 5) ad=bej af=hey ah=zhgy 

&C., we have a&+ad+af+aii+&c.=&a+ftc+ft«+i!g'+&c»> 

or a<*+ii+/+A-f &cO=*(«+^+e+^H-&c.) .•. (by Th. 2.) 

« : ft :: a+c+€4-^+&c* : 6+<?-h/+A + &c. 

't 
Th. 15. ^^U a I b :i h : c :: c I d :: dfie&c*, as in Art« 9tS« 

then a : c : : a' : 5*, or in the duplicate ratio of a : ft ; 

a : c{ :; 0? : ft*, or in the triplicate ratio of a. : ft; 

a : 6 : : a^ : ft^, or in the quadruplicate ratio of a : ft ;" 

dec dec. dec. 

For a ! ft :: a : ft; 

and b I c ::a : ft ; 

. .-. by Th. 12, a : c : : a' : ft*. 

Again, a ; c : : a' : ft*, 

but c : d :ra : ft; 

.% by Th. 12, a : iI :: a* : ft*. 

Moreover, a : d : : a' : ft', 
but d I e :i a : ft ; 
.*. by Th. 12, a : e : : a* : ft*, 
d^. dec dz;c 

101. The following examples are intended to illustrate the use 
of the foregoii^ Theorems. 

EXAMPL 

To divide the number 60 into two such parts^ thi^t their piodufiit 
shall be to the sum of their squares :: 2 : 5. 

Let x= one part; 
th^n 60-^xsthe other part, 
(60--^)><a?:;^60ar---a^===th^ prodiiet, 
and a*+ (W-r-xy^23i^+ 3600-^120jfl:=;su«n of the sqiiaros. 
Hei(6e^ by im fim^ih ^^mh^ • 2«'4.^90()hrJJMtai s : a : Hi. 




Mm 
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by Ik. 1, («0x— a^)x 6=(2a«+8600^ia0ar)X 2, 

or 300a?— 6a?«=4a^+7200— 240x. 

By transposition and division, o^— -60«= — 800 ; 

•% x'—eOar+OOOsOOO— 800=100, 

and X — 30=dbl0; 

or «=30d:10=40 or 20, the parts requixed. 

Ex.2. 

The number 20 is divided into two parts, which axe to aaofa 
other in the duplicate ratio of 3 : 1. Find a mean proportional 
between those parts. 

Let «;= greater part, 
then 20 — ^flt= lesser part ; 
•*• by the question, x : 20 — x : : 3' : 1' : : 9 : 1» 
Hence, by Th. 1, ar=:180 — 9«, 
orl0ar=180; 
.% a?= 18= greater part, 
and 20— ar=20— 18=2=lesser part. 
^y '^' Mkmean proportional between 18 and 2 is equal to 

T&x2=^^=69 the number required* 

Ex. 3. 
If (a-l-a?)" : (o — ^a?)*::«+y:ar — jf, show that a : a; : : ^2a — jf: ^/jf. 



By expansion, a'+2aa:+aj* : a* — ^2ax+aj* :: or+jf : 

By Th, 8, 2o«+2««j Aax n 2x : 2y. 
Divide by 9) then a'+ar" : 2cm; :: x : jf; 
.-. by Th. 1, (o*+a^)x y=2oxX a?=2aX «■. 
Hence, byTn. 2,a«+«":«":: 2a : y. 

and by Th. llj^being i)aix :: y/2a — y : ^/y. 

Ex. 4.^ 

If 0? : jr in the triplicate ratio of a: ft, and a :&: : yc+jc: ^STi 
show that dx=^cy. 

Since r: y :: a^ : (*, 
and by Th. 11, a^ : 5* :: tf+a? : d+y; 
••. by Th. 6, « r y :: c+x : rf+y, 
^ or0+«:if+y:: « :y, 

L 
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.*. by Th.B, c ; a: :: d ly; 
and by Th. 1, dx^cy. 

Ex.6. 

There are two numbers whose product is 24, and the difference 
of their cubes : cube of their difference : : 19 : 1. What are the 
numbers 1 

Jjet 0?= greater number, 
and j^= lesser number. 
Then, by tlje question, xy-^^^^ 
and ar*— y^ : {x — yV* : : 10 : 1. 
By expansion, «* — y* ; a? — Soj'y + Sxy* — y* or {x — yf :: 10 : 1. 
By Th. 6, Sx^ySxf ; {x—yf : : 18 ; 1, 
or 2xyX(x — y) : (x — y)* : : 18 : 1. 
, Divide by x — y, then Sxy : (x — yf :: I8 : 1 ; 
but a:y=24 ; .•. 72 : (ar— y)« : : 18 : 1. 
Hence, by Tpr. 1, 18x (a?— ^)»=72, 
or (ar— y)'=4; 
.% X — y=2^ 
Again, a* — ^2a?y +3^= 4, 
and 4a:y = 96. 

.-. a^+2xy+f=100, 

• I .% a?= — =6, 

ora:+y=19,) 8 

buta?— y= 2;i 8 ^ 

L y=2=*- 

. Ex. 6. To divide the number 24 into two such parts, that their 
product shall be to the sum of their squar^^^B : 10. 

^feANswER, 18 and 6. 

Ex. 7. There are two numbers which are to each other as 3 : 2. 
If 6 be added to the greater, and subtracted from the lesser, the 
sum will be to the remainder ais 3 : 1. What are the numbers? 

Airsw. 24 and 16. 

Ex. 8. There are two numbers which are to each other in the 
duplicate ratio of 4 : 3, and 24 is a mean proportional between 
them. What are the numbers ? Answ. 32 and 18. 



• 
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Ex 9. If — r--=4a ; .show that a+x : 2a :: 26 : 

Ex. 10. If 0^ : jf* :: 36 : 25, and 2x+y : x+2 in a ratio com- 
pounded of the ratios of 17 : 2 and 2 : 7, what are the yaluea 
q{x aod sfl Answ. x=12, and jfslO. 

Ex. 11. There are two numbers whose product is 135, and the 
di&fenoe of their squares is to the square of their difference ai 
4:1. What are the numbers ? Answ. 16 and 9. 



Om Variatiaiu 

102. If the quantities under consideration be of a variable 
liature, then their relation to each other may be expressed in the 
following mannei% . 

I. Let A and B be two variable quantities so related to each 
other, that whilst the value of ^ is changed to a, the value of B ia 
changed to b ; then, if these two quantities A and B always bear 
the same |||fio to each oliKr, i.e.ifA:B::a:b (or, by Th. 4 
of Proportion, A : a :: B : b) throughout the whole period of their 
trariation, they are said to vary directly as each other. 

Example. Suppose a body to move uniformly along, at the 
rate of 3 feet in one second of time ; then in the first second it 
would describe 3 feet, in two seconds ^ feet, in three seconds 9 
feet, &c. &;c. ; hence, whilst the time varies through 1, 2, 3, 4, 
iic» seconds, the space varies through 3, 6, 9, 12, &c. feet ; but 
the numbers 3, 6, 9, &c. are respectively in the same ratio with 
the numbers 1, 2, 3, &c. When a body moves uniformly, there- 
fore, '' the space varies directly as the time." 

II. If the relation between A and B be such, that whilst A by 
increasing is chaloged to a, and B by decreasing is changed to b^ 

tn sad^ manner that Jl : a : : -= : ^ (or) i:b i By throughout the 

whole period of their variation, then A is said to vary invertely 
as J?. 

. Ex. The area of a trian^e is equal to half the rectangle oon- 
tained by its base and perpendicular altitude; i^ therefore, the 
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form of iKe triangle be changed whilst its area remains the samOy 
it is evident that as its altitude increases ^its base must decrease* 
Let A and B represent its altitude and base at any one period of 
its variation, and a and h its altitude and base at any other period, 

then — —-=-—-, or AxBz=zaxh; ••. (by Th. 2 of Pl^por- 

1 1 
tion) JL : a : : 6 : jB : : -^ : ^, i. e. << the altitude of a triangle whose 

area is given varies inversely as its base, and vice veraA." 

in. If there be thi& variable quantities Ay B, C, whose iela« 
tion to each other is such, that whilst B is changed to 6, and C 
to c, Jl is changed in the compound ^ratio of the change of B and 
C; i. e. if J. : a in the ratio compounded of the ratios of B :b 
and C : c, or, (Art. 99, I.) A:a :: BC : bc^ then A is said to 
vary as B and C conjointly. 

Ex. Let A represent the area, B the base, and Cthe perpen* 
dicular altitude of a triangle ; and when these are changed, let a 
represent the area, h the base, and c the altitude at my period of 

*w • *: .X. A ^^ A ^^ A ^BC he 

their variation ; then a=-j7- and a=-jr- ; .•• A : a :: -5- : -5" •• 

BC :hc; or " the area of a triangle varies as its base and perpen- 
dicular altitude conjointlyJ^^ 

IV. If the relation between the three quantities J., B, C be 
such, that when A is changed to a, J? to 6, and C to Cy B i bin 

1 1 

the ratio compounded of the ratios of A : a and ^^ : - , or (Art. 

A a 
99. I.) B :b :: j^: -y then B is said to vary directly as A, and 

kioersely as C 
£z. Let Ay By C, a, 6, c represent the same quantities as in 

the last example, then since Ar=z -^ , j0= — ; and since a=~ 

6= — • Hence J? : ft : : -7=- : — s J -7; 2 - > !• e* "the base will 
e C c C c * ' 

vary aa the area directly y and as the perpendicular altitude di- 
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lOd. These several relations of variable quantities are often 
more briefly expressed by placing the mark a between them; thus, 
A : a ii B ibyOT A varies as B, is expressed by AccB. 

A i a :: -^ I -T, or A varies inversely as B, by ^o^-^* 

A:h:; BC i hc^ or A varies as B and C oonjointly, by AccBC. 

Ik ft _ji 

B : J : : ^ : -, or B varies directly as A and inversely as C, by B a ^ 

This notation is made use of in the following Theorems* 

• 

Theorem 1. "If one quantity varies as another, it will also 
vary as any multiple or parliof the other, and any power or root 
of the former will vary as the same power or r6ot of the latter-** 
Thus let AocBy then AiaiiBih; multiply the terms of the 
latter ratio by m, then (Art. 96, l.) A : a :: mB : tnb ; ••• (Art* 
102, 1.) A oc mB, where m may be any number, either integral or 
fractional. Again, since A : a :: B : by (by Th. 11 of Propor- 
• tion) ^* : a" : : B" : &" ; .•. A** a B", where n may be any number 
whatever, integral or fractionaU 

• Th. 2. " If one quantity varies as another, and each of them 
be multi{^ied or divided by any quantity, variable or invariable, 
then will the products or quotients thus arising, vary as each 
other." Thus, let AccB, then A : az: B :h; let m be an inva- 
riable quantity, and multiply all the terms of the proportion by it, 
then mA ^. ma :: mB ; mb; •'. mAccmB. Let C be a variable 
quantity, then we have 

^ ,, ^ACiOciiBiDibe^oTACocBC; 

'Vnd t'-^y^'^ and 



^ ^ ^ ofProportid^fc A a B b A B 

Corollary 1. Hence it follows, that '* if one quantity varies 
as two others jointly,*- then either of those quantities varies as 
the first directly and the other inversely." Thus, let AocBC^ 

A 

then, £viding each by C, Bcc-^, or as A directly and C in- 

A 

ver^ely ; divide by B, then Cccr^, or as A directly and B in- 

JS ' 

Tersely. 

L2 
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Cob. 2. << If the product of two quantities be invariable, then 
^ose quantities vary inversely as each other.'' For let Ax B=m^ 

fit 1 «! 1 

then A=i^ which varies as -=, and B=-2 which varies as -j, m 

JS Ja A ' A. 

being a constant quantity. 

Tk. 3. ^' If one quantity varies as a second, and the second as 
a third, then will the first quantity vary as the third." For let 
AccB^ then A: a i\ B ih\ and let Boc C, then B :h ii Cic\ 
••• by Th. 5 of Proportion, Ai an C ic. Hence AccC. 

7^. 4. '* If any two quantities vary as a third, then will their 
sum or difference or the square root of their product vary as the 
third." Thus, let AocC and BozC, then, by Th. 3, JlaB; 
*'. A I a II B I h^ or A I B :i a I h-'y and, by Th. 6 of Proportion, 
A±:B iB \x a±h : 6, or A±B ' adob ::B:h; but since BocC^ 
B : h i: C : c. Hence A:izB : azfcft : : C : c, or AztBcc C 

Again, since 

A:ar:C:c^then, byTH. laofProp**, AJ?: ab nCn^, 
and B :bi:Ci c^and, by Th. 11 of iProp*?, '^AB : i/ab ::C : c. 

Hence y/ABozC* 

Tn, 5. ^* If the square of the sum of two quantities varies as 
the square of their difierence, then the sum of their squares varies 
as their product." For let {A + Bfoi{A—B)\ then 

{A+Bf : (a+6)» :: {A—Bf : (a— &y, 
ox {A 4- BY : {A—Bf : : (o -f- hf : (a— 6)«. 

orJl^+V^n^:: a^-^V :2a5; 

RenceA^+B^ocAB. 

Th. 6,. " If there be two sets of quantities, A, J?, C, 2>, &c. 
and P, Q, U, iS, &c. which vary as each other respectively, viz. 
AccPjBccQ, dsc., then will the products of those quantities vary 
as each other." For, let a, b^ c, %z;c., p, g, r, dec. be correspond- 
ing values of A, B, C, &c., P, Q, JR, &c., then 






n 



BioceAccPf Aiaa P :p 
. . . BocQ^B.biiQ: q 
« • • CocRf C : c :: R : r 

•s ByTH. 12 of Prop^., ABC&x. t a&c&c. :: PQA &c tpgr&c. 

Henoe ABC &c. a PQA &c 

Th. 7. <f If any quantity A depends upon a set of quantitiei 
P, Q, J{y iS», in such a manner, that if Q, R^ 8 are constant, 
AccP; if P, A, 5 are constani, ii oc Q, &c. &c« ; thtti, if they 
all vary, A will vary as their product." 
For let A be changed 

to a:, by the variation of P to jp, the rest being constant, 

irom a; to 2f Q to 9, ••«•••••«•• • 

from y to s; ..••••••.•£ to r, ••••••••••• • 

from z to a • . • S to s^ • 

then, when all vary, we have AixizPi jpx Hence, by ccunposi* 

X : y :: Qi q f tion of ratios, A : a 

4 y : X :: R:rC;iPQRS:pqr$^OT 

• « : o :: iS ; *y A a PQRS j and 

the Theorem would evidently be true, whatever be the number 

of quantities P, Q, R, <S, &c. 

Th. 8. '* If one quantity varies as another, it is equal to that 
quantity multiplied into some constant quantity; and the value 
of this constant quantity will be known, if the actual relation be- 
tween the two variable quantities at some given period of their 
increase or decrease be known." For let Ace By then A:a;i 
B :h, or A > B ii a : by uA^Jhe ratio of A : B is always the 
same through the whole perfiioPT their variation ; let this ratio be 

that of m : 1, then A : J? :: m : 1, and A=zmBj or ffi=-B« If^ 

B 

therefore, the corresponding values of A and B at any period of 

their variation be known, the value of m will be known. 

Ex. The space described by a body descending perpendicularly, 
near the surface of the earth, varies as the square of the time ; let 
the spaces iS», the corresponding time= T, then, by this Theorem, 
8=imT^i BOW it is known by experiment, that a body falls 
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through a space of about 16 feet in the first second of its fall'; 
hence, when iS^=16, T=l ; .•. m=16, and the general lelation 
between the space and time of a body thus falling is iS'=16r'- 

Cor. Since ^=111, i!l follows "that if one quantity varies as 

another, the fraction arising from the division of one quantity by 
the other, is a constant quantity.'' ^ s- 



CHAPTER VII. 

ON ARITHMETICAL AND (ifeOMEtHICAL PROGRESSION. 



•' XXXI. 

Defimtiimfff, * 

104. If a series of»quaait]ties*increase or decrease by nie con- 
tinual addition or subtraction oT the^ane quantity, then those 
quantities are said to be in Mrithmeticcll progression* Thus, the 
numbers 1, 2, 3, 4, 5, 6, &c. (which increase by the addition of 1 
to each successive term,) and the numbers 21, 19, 17, 15, 13, 11, 
&c. (which decrease by the subtraction of 2 from each successive 
term,) are in arithmetical progression. 

105. In general, if a represents the first term of any arithmetical 
progression, and h the common dj|ference, then may the series 
itself be expressed by a^ a+b^ a^H a + Sb, a 4-46, &c, which 
will evidently be an increasing orlWecreasing one, according as 
b is positive or negative. In the foregoing series, the coefficient 
of b in the second term is 1 ; in the third term, 2 ; in the fourth, 
3, &c. ; !• e. the . coefficient of b in any term is always less by 
unity than the number which denotes the place of that term in the 
aeries* Hence, if the number of terms in the series be denoted by 
fi, the nth or last term in the progression will be a+(ft — 1)6. 

106. If a series of quantities increase or decrease by continual 
multiplicaticm or division by the same quantity, then those quaiu 
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tities.ue laid to be in geometrical progreB&Um. Thus, the miin- 
ben ly 2, 4, 8, 16, &c. wbich increase by continual multipli- 

eation by 2,) and the numbers 1, - , -, ~, dec (which decrease 

by continual division Ay 3, or multiplication by -,) are in geo* 

metrical progression. 

107. In general, if a represents the first term of such a series 
and r the comn^on multiple or lafllr, then may the series itself be 
represented by a, ar^ at^^ ar^^ or^, &c., which will evidently be 
an increasing or w decieasifl^ series, according as r is a whole 
number or a proper fraction. In the foregoing series, the index 
of r in any term is less by unity |han the number which denotes 
the place of that term in the series. Hence, if the number of 
terms in the s^ses be depoted by n, the last term will be ar'^K 



On Arithmeiic^ l^rogrtMon. 

108. Let iS» be the lugi of the series a, a+6, a+26, a+d&, 

&c., then 

'«] +[«+« +[«+26] &c,..+[a+(i»-3)J]+{«+(ii-l)l]=5 

••-HCJi— l)m-[«+(»-S)6H-[a4-(ii-3)5]&c....+[a+ft] +[•] =« 

where the lower series is the same as the upper one, except that 
the order of the terms is inverted. 

Add the two series together, and we have 
ti+(»— l)6]4.[2a+(n— l)ft] + [2a+(fi— l)6]+&c.to n terms=2S 

or [2a + (n— 1 )&]«= 25 ; 

... iSf=[2a+(ii— l)ft]5.« 

— — I I I I J III M^— ^— .^.— 

(*) Smoe the sum of any two terms =[a+«+(»—l)&]=>iim of the ^xiik 

and last tenna, and since S=[2a + (i»— 1)1] ^ , it appears that the sum of the 

aeries is equal to the sum of the first and hjA terms, (or of any two terma 
equally distant from the first and kst,} multiplied into half the number of 
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109. From the equation [2a+(n— l)&]n=2fir, it appears, dial 
if «fly three of the four quantities a, ft, n, S ai© given, the fourth 
piay be found. For we have 

I. By Art. 108, S=l2a+(n—l)b]^. 

n. By actual multiplication, 2an+bn^-~Jbn^=2Sf 

or 2an=2fi^-6n'+ foi ; 
2flU-ft7i*H-6fi 
^•"= 2S 

in. Again, M — 6n=2jS— 2an, * ^ 

or (n*— n)6=25— 2/»nf * ' 

- 2Sr-2an 
... ^= — g 

•« • 
rV. To find n, we have,' By transposition, ft7i'+2aii — &n=2jS, 

or *n*+(2a— *)n=2fif, 
- . 2a—* 2iS 

Solve this quadratic equation, and it gives the value of n. 

Example 1. 

Find the sum of the series 1, 3, 5, 7, 9, 11^ &C, continued to 
120 terms. 
Here a:?=l, ft=2, n=120r 

S=l2a+{n-l)h]^. 

120 
••. [2X H-(120— 1)2]— -=(2+119X 2)60=240x60=14400. 

Ex.2. 
Find the sum of the series 15, 11, 7, 3, — 1, — 5, &c to 20 
terms. ■ 

Here a=15, 6= — 4, n=20. 

S=[2a+(n—l)h]^. 

2 ... 

20 
•• [2x 15+(20— 1)X-^]^=(30-19X4)10=(80-76)10 

e=— 46X10=— 460. 
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Ex.3. 

12 4 5 7 

Fmd, the sum of 150 tenns of the series ^, -, 1, r, 7, 2, ^^ &c. 

Herea=:-, ^=5, n=150. 
^ «=5[2a+(a-l)ft]|. 

2X .+(150-l)^]^=(j+^75=._X75=.8775. 

E?:. 4.' 

The sum of an arithmetical series is 1240, the common dif^ 

ference — 4, and the number of terms 20. What is the first term } 

Here 5^=1240, &=— 4, n=20. 

2S—bn^+Jm 

' a= — ' t 

2n 

• 2480+1600—80 4000 ,^^ 

40— ="10-=^^^- 

Hence the ^riesijs 100, 96, 92, 88« &c. 

Ex. 5. 
The sum of an arithmetic series is 1455, the first term 5, aod 
the number of terms 30. What is the common difference? 
Here fif=1455, a=5, n=30. 

25?— ^an 

^= — 3 • 

n* — n 

2910— 300 _ 2610 __ 

•'• 900—30 """870 "" " 

Hence the series is 5, 8, 11, 14, ^. 

Ex. 6. 
The sum of an arithmetic series is 567, the first term 7, and 
the common difference 2. What is fhe number of terms? 
Here fif=567, a=7, 5=^2. 

, 2a— b 2S 

ff+—T — Xn=-r-. 
00 

.-. n'+6«=567, 

and n«+6»+ 9=567 +9=576, 

and n+ 3=24 orn=21. 
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Ex.7. 

How much ground does a person pass ov^ in gathering 200 
stones plaoed in a straight h'ne, at intervals of 2 feet from each 
other; supposing that he hru^s each stone singly to a basket 
standing at the distano&^C^O yards from the first stone, and that 
he starts from the spot where the basket stands ? ■ • 

It is evident that the spa<^ P^i^^^ ovef .*bV this pjSrson will be 
twice the sum of an ^ithndetic series wlm^pi&t term is 20 yards, 
(i. e. 60 feet,) con\|»on: di%ren<ie 2 feetyiitBd ^mber of terms 200« 

Here a===60, ft===2, ii|[^^()(]|| 4 * ' 

••. (I?ip+398)i00=i.l!l8i< 100=61800 feet. 
Hence the distance r^uired=10S6Q0 fyn^i^id miles, 4 fur- 
longs, 640 feet. ,,*tv • ^* :> V^ • 

A traveller bound to a place at tl^ distance of 198 miles, goes 
30 miles the first day, 28lthe 8econd,!26 the third, and i^ on. In 
how many days will he arrive fit his journey's end? ■ 

H^re are given 0=^30, 5=^-2, <S=198, to find the number 
of terms. * . ^ 

, 2aA.ft^* 2S ' 
n+ ^, Xn==:-T-. 

.v> „«-31«=^^^5i-198. 

and«F-31«+?5i=--198+??l=l|?. 

4 4 4 

„ 31 13 , 31^13 ^^ ^ 

Hence n — -—==1=--- , and «= — ^^ — =22 or 9. 
2 2 " - ^ 

To explain the apparent difficulty arising froih the two positive 

values of n, which give us twp di^rent periods of the traveller'^ 

arrival at his journey's end, we must observe, that if the proposed 

series, 30, 28, 26, dz;c be carried to 22 terms, the 16th term will 

be nothing, and the remaining 6 terms will be native ; by which 

is indicated the rest of the traveller on the 16th day, and his return 

in the opposite direction during the 6 days following;. and this 

will bring him again, at the end of the 22d day, to tho saaoe point 



1 



at winch he was at the end of the 9th» vis. 108 mfles ihmi tht 
place whence he set ^U 

Ex. 9. 

There are a ceftsdn numhlr f>f quantities in arithmetical pio> 
gression, yhose common dAbrenoe is 2, and whose sum is equal 
to 8 times their n^mjher ; moreover, iM'd be added to the second 

term, ayd this sum \k -dprlAed b| 1M mii)3)erK>f terms, the quo- 
tient willr fie equal t$3Kp^^ term* ^jVliatfeelhe numbers ? 

» LetUe firsft^^ ) tH^i^^he JR^ term will be a;-f 2, 
and the number of i^p|^=^^#||aij^ the lS,^rm^ ^+(y — 1)2- 

In the expression ^a^-(»i^^l)&]-> substitute x^for a, 2 for h^ 
and y for n, and.it jfeS&ftcjs P|+C3r— 1)2||, (=«y+sf**-y,) 



for the sum ojf the se^es. ,< 



^1 



By the question, xy+j^. — y^^y^ or y=9 — a?, 

., ancr — t =a:. 

•' • ^.' • 

Hence, ' ■ .. . — 3=ar, or a" — 8a:==— 16 ; 
. 9=^ — iP 

•% «^-?8a?+ 16=16— 16=1, 

and a?— 4=d=l^ ••. x=5 or 3, 

. 2^=9a— :i;=r4 or 6. , 

Prc»n which it ai;^)ears that there ite two iSefa of numbers which 

wfll answer the conditions required ; viz. 6, 7,*i&> 11, or 3, 6, 7, 

9,11,13. V 

K 

Ex* 10* Find the sum of 26 terms of the series 2, 6, 8,11, 14, dEC 

♦ f Answer, 960. 

Ex.11, ^d the sum of 36 terms ofthe series 40, 38, 36, 34,&;c 
^ "^ Awsw. 180. 

Ex. 12. Find thesum of 32 term^ ofthe series 1, li, 2, 2^, 3, dec. 

Awsw. 280. 

Ex. 13. The sum of an arithmetic series is 960, the common 
diffiirence 3, and the number of terms 26. What is the first term ? 

AnSW. 2m 

M 



•« 



Iti 690KBVSI0AL FS06SESSI0N. 

Bx. 14. Ilie sum of an arithmetic series is 165, the first term 
3, and the number of terms 10. What is the common dififisvenofil 

Airsw. 3. 

Ex* 15. The sum of an arithmeticf^series is 440, the first teim 
3, and the common difference 2. Wlifit isi^lhe number of terms 1 

Answ* 20. 

Ex* 16. llie sum of an anthqietic series is 54, the first term 
14, and thq common difier^nce — 2. What is the number of 
terms? .. * '. Answ. 9, or 6 

Ex. 17. A person bougjit 47 sheep^ £iTid gave 1 shilling fbv the 
first sheep, 3 for the second, 5 for the third, and so on. What 
did all the sheep cost him ?, * Answ. IIOZ. 9«. 

Ex* 18, A person began the^year by j^ng away a farthing 
the first day, a halfpenny the fecond, thfee farthings the third, 
and so on. What money had he disposed of ii charity at the end 
•f the year? Answ. 69Z. Wz. ^id. 

Ex. 19. A travels uniformly at the rate of 6 miles an hour, 
and sets off upon his journey 3 hours and 20 minutes before B ; 
B follows him at the rate of 5 miles the first hour, 6 the second, 
7 the third, and so on. In how many hours will B overtake A? 

Answ. In 8 hours. 

Ex. 20. There are a certain number of quantities in arith- 
metical progression, whose first term is 2, and whose sum is equal 
to 8 times their number : if 7 be added to the third term, and that 
sum be divided by the number of terms, the quotient will be equal 
to the commop difference. What are the numbers? 

Answ. 2, 5, 8, 1^, 14. 

xxxra. 

On Geometrical Progression. 
110. Let £f be the sum of the series a, ar^ ai^j at*^ &c., (Art* 
107,) then 

«i+ar+af*+flr'+&c. • . • ar^*+ar^^ » A 
Ifadt^ljr the equatkm by r, and it becomes 

ar+ar*+ar*+&c. • . . iu'^+ar^^+ar*:=irS. 
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Subtract the upper equation from the lower, and we have 
at^^~atsirS—S, or (r— l)iSf=ar*— a ; 

Of"— CI 

and therefore 8= r- • 

r — 1 

If r is a proper fraction, then r and its powers are less than 1. 
For the conveniwice of calculation, therefore, it is better in this 



case tb transform the ^quatioft ini0 8= _^ , by multiplying 
the numerator and denoiA^tor of tfce fraction , by 

111. If Z be the laist term of a series of this kind, then Z=( 
... rl=:af^; hence fif=r(~^y=^^.. From this equation, 
therefore, if any three- of the four quantities 8j a, r, I, be given, 
the fourth may be found. For S= -i assri— (r— 1)5, 



r=^^,andZ=^.^^=i^^±^. The value of n cannot be fcund 



from the equation 5=-^ — -- except by means of logarimi 

r— — 1 

^1 be shown in a future chapter. 

BxAMFLfe 1. 

Find tiie sum of the series 1, 3, 9, 27, iic to 12 terms. 
Here a=l, r=3, n=12. 

^- = 8=1 2 "" 2 2 

Ex.2. 

3 ' 9 27 



2 4 8 

Find the sum often terms of the series 1 + ^+5+ w+^* 

Here a=l, »'=o> «=10. 



-, a — ai* 



*^3 
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^^"^W "3^0-59049' 

. \ V^X"*— 1 ^^^^ _ 58025 
•*' W 59049*"69049* 



and 5= 



3X68025 _ 174075 
59049 "" 59W9 " 



El. 3. Find the sum of 1, 2, ^ 8, 16, ^cc to 14 terms. 

Anbweb, 16383. 

Ill 
Ex. 4. Find the sum of 1, -• ?, r-z, &c to 8 terms. 

^ ' 3 9 27 

3280 
^^' 2l87* 



« 



XXXIV. 



On the Method of finding any number of Arithmetic or Geometrie- 

Means- between two Numbersi 

112. Let I be the last term of an arithmetic series, whose first 
term is a, common difference &, and {lumber of terms n; then 

l=ia+(n — l)h ; .-. (n — l)b=I — a, or b= -. Now the num. 

her of intermediate terms between the first and the last is n — 2 ; 

let n — 2=m, then n — l=f»-f L .Hence b= — —-, which gives 

. ^ OT+l ° 

the following Rule for finding any number of arithmetic means 
between two numbers. " Divide the difiference of the two num- 
hers by the given number of means increased by unity, and the 
quotient will be the common difierence." Having the common 
difference, the means themselves will be known. 

113. Let 2 be the last term of a geometric series, then lz=zar'*^p 

and f*^*=- ; .-. r=A /- . The nvnnber of intermediate terms, 
a V « 

as before, is n — 2 ; let n — 2=zmy then n — l=m+l, and r^T^y-^ 

which gives the following Rule for finding any number of geo- 
metric means between two numbers, viz. <* Divide one number by 
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te Other, and take that foot of the quotient which is denoted by 
m+l ; the n^ult will be the common ratio." Having the com* 
ttioii'iatio, te qieans are found by common multiplication. 

« ExAlfFLE 1. 

Find six arithmetic means between 1 and 43* 
Here J=43, a=l, iii=6. 

""m+l"" 6 + 1 ~* 7 "^ ' 
By adding this commoq difference continually to the leiaer 
number, 1, we have 7, 18, 10; 25, >1, 37, for the six meant 
required^ 

Ex. 2. 

Find three geometric means between 2 and 32* 
Here a=2, |=32,''wi=3. 

and the sieans required are 4, 8, 16* 

Ex. 3. 

Find two geometric means between -- and 2. 

1 R 

Here a=:---, ^=2, m=2. 
27 

mti/^ » fT~^ 8 /27 3 
'•==Va=^V^^16=?\/T=2- 

•". the two means are ~ and - • 

, 9 3 

Ex. 4. Find seven arithmetic means between 3 and 59* 

Answer, 10, 17, 24, 31, 38, 46, 62* 
Ex. 5. Find eight arithmetic means between 4 and 67. 
Ex. 6. Find nine arithmetic means between 9 and 109. 
Ex. 7. Find two georoetiic m^ans between 4 and 256. 

Answ. 16 and 64. 

Ex 8. Find three geometric means between - and 9« 



1 

AlTBW. -, 1, 3. 
o 



MS 
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114k Let a, a+b^ a+2b^h^ three quantities in aijtfametifi pro^ 
gTefl|gdon> then the sum of the first and last=2cfr+2fr=2(a+6); 
•-• a+&a=half the sum of the first and last t hence << an arithmetic 
mean hetween any two quantities is foun'd hy taking half their 
sum." Again, let a, ar^ ar^^ he any three quantities in geometric 
progression, then the product of the first and last= aV=r the 
squcure of the mean term, from «|ucti it appears that " a geometric 
mean hetween any two quaaitities is found by taking the square 
root of their product.'' ^'^ Hencet3» it appears, that an arithmetic 
tloean between any two numbers is greater than a geometric mean ; 
for let the two numbers be a -far and o^^x, then the arithmeti<i 

mean is a and the geometric is ^a^-^a^j which is evidently less 
than a. 



XXXV* 

On the Solution of liquations relating ioMinibers in Ariihmedo 

and Geometric ProgrJS^on. 

115. As the several terms of any arithmetic or geometric senea 
may be expressed by means of two unknpwn quantities, it is not 
difficult to find the value of quantities of this kind, which. shall 
bear such relations to each other, as may be determined by two 
equations ; of which the following are examples. 

, Example 1. . 

F^id four numbers in arithmetic progression, such, that their 
sum shall be 56, and the sum of their squares 864. 

Let ar=the second of these four numbers^ 
and y= their common difference. 
Then the four numbers lijay be represented by a?— ^, a?, a?+y> 
«+2y. 

■' [ • ■ ■ - " • • • ■ ■' ... -..-...■- 

(■) It may be proper here to observe, that quantities which are in geometric 
profpression are also in continued proportion ; i<ox a i or i: ariat^ iiar* lar* li 
&c The differences of quantities in geometric progression are also in oon- 
tinued4>roportian ; fi>r the sucoessiye differences of the terms of the scries 
a, ar^ ar\ ar*^ ar*^ &c are ar — a, cr* — ar, ar* — ar*^ &c. or ar — a, (af^-«)r, 
(ar--a)r^^ &c. which is a geometric series whose first term is ar~^ and 
oommoQ ratio r. 
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Hence, bythequestion,(«--y)4<r4<«-fy)+(«+8y)=4«+2y==5d, 

and(«— ^)»+ir«+(x+yy+(a?+2y)»=4««+4a?y+V=864. 

From first equatioD, 2a?-i*3;x=28. 

Square thisequation, then 4«*+4«y-f jf"=s784(JL) 

but 4«»+4«y+6y»=:864(B) 
Subtract (A) from (B), and we have 6^ss 80, 

or ^"=16, and y=4 J 

... :r=-^^-^-12. 

Hence 8, 12, 16, 20 ar^ th^ four numbers required. 

Ex.2. 

The sum of three numbers in arithmetic progression is 9, and 
the sum of their cubes \a l5d. What are the numbers? 

Let X — y, a?, aj'+y, be the numbers. 

Then (a;— y)+dr+(ar+y)=3a?=9, 

and (a>— 3|f^+aj'+(ic+y)'=3a*+6ar^=16«* 

• 9 

Froiii first equation, x±±-^Z ; 

s by substitution, in sepond equation, 81 +18^=: 168^ 

or 18^=^163—81=72; 

72 
••. 8f»= jg==4, and y=2* 

Hence the numbers are 1, 8, 5. 

Ex. 3. 

Find three numbers in geometric progression, sudh, that tbeit 
sum shall be equal to 7, and the sum of their squares to 21. 

Let or, y, «y b^ the numbers. 
Then, by the question, a?+y-f 2=7, first equation, . ) 

and ir'+^+2J*=2l, second equation. J^ 
By Note (*) Art. 114, x : y :ty :x; .% y"="ar«. 
From first equation, a:-f «=s7^— y. 
Square this equation, and a:*+2ar«-f »'=49 — 14y+3f'(A)' 

but 2xz = 2y"(jB) 

Subtract (B) from (A\ then a^+»"=49— 14y— y«. 
But, fjfom second equation, a:'+;s^s=:21 — y** 
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Hence 49— 14y—y=21--y, 
] or49— 14y=21; 

.-. 14^=49—21=28. 

28 ^ 

Agam> since af+'«:i%7*-^=7—- 2=5^ 
we have a^+2!as»-f J8'=26 ; 

but^^ 4:^ =16, (for ar«=y^ 
.'. by subtraction, «* — ^2ar2 + «*=85— 16=9, 

and ar— 2=3. 

Hence, a?+»=5).% 2ar=8, or ar=4, 
a^— 2=3^ 22=2, or «i=lj 
and the three numbers are 1, 2, 4. 

Ex. 4. 



The sum of four numbers in geometHc arogression is 30, and 

3 



S4 
terms is -j. What 



are the nnmbers ? 

Let «= first term, ) then the numbers themselves will be 

y=the common ratio ;) a?, ary, ajy*^ a-y*. 

Hence, by the question, ar+ary+a?y*+ary*=30, first equation, 

* , aw* 4 

. . and -^--; — »=«> second equation. 

- • xy^xy* 3 

30 
From first equation, arx(l -fy+3^+y'=30, or «= T-JsC^) 

xyXv^ 4 t^ 4 

From second equation, — ttt-: — ^^s> or r^^-=7:(^) 

^ '«yx(l4-y), 3 1+y 3^ ^ 

4 4 
By reduction of equation (B), 83^=4+ 4y, or y'-*-5Sf=r; 

,44 4_^4 16 

J 2 4 6 ^ 

andy— -=^5 ory=g=?2. 

Hence, from equation (-4), ^= 2 . g . ^ . Q =:j5=g« 
The four numbers are, therefore, 8^ 4^ 8, 16. 
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Ex. 5. 

There are three numhers in geometric progressiony whose pro- 
duet is 64, and sum of their cuhes 584. What are the niunherst 

Let the numbers be x^ xy^ xj^. 
Then, by the question, xx xyxx^^ or «y=64, first equation,) 

and a:'+a"y'+«*^=684, second equation*^ 

4096 

By substitution, in second equation, a^+6A-\ — -j'=:684* 

^ Hence, «"-f 64a^+ 4096=684«*, 

or a:"— 520a^= — 4096. 

Solve this equation by the Rule in Art. 84, and a^=S ; or x=z2. 

^^ ^ 64 64 ^ 

Now y»=-^=-^=8 ; V. y=2. 

And the three ningfes aia 2, 4, 8. 

Ex. 6. The sum of three numbers in arithmetic progression ii 
15, and the sum of the squares of the two extremes is 58. What 
are the numbers ? Answbb, 8, 5, 7. 

Ex. 7. There are four numbers in arithmetic progression : the 
sum of the two extremes is 8, and the product of the means is 15. 
What are the numbers ? Awsw. 1, 3, 5, 7» 

Ex. 8. There are four numbers in arithmetic progression : the 
sum of the squares of the two means is 2, and the sum of the 
squares of the two extremes is 18. What are the numbers? 

Awsw.— 3, —1, 1, 8. 

Ex. 9. There are three numbers in geometric pn^ression, 
whose sum is 21, and sum of their squares 189. What are the 
numbers? ^ Answ. 8, 6 12. 

Ex. 10. There are three numbers in geometric progression: 
the sum of the first and last is 52, and the square of the mean is 
100. What are the numbers? Airaw. 2, 10, 50. 
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Ex. 11. There are three numbers in geonqptric progression, 
wtiose sum is 31, aad the sum of the first and last is 26. What 
lai© the numbers ? Ahsw. 1» 5, 85.» 

xxxvi. 

Vn ike Summation of an Infinite Series of Fractions in Geo- 
metric Progression^ and on the jdethod of finding ike Valv4 
of Circulating Decimals. 

116. The general expre;^ion for the sum of a geometric series 

whose common ratio (r) is a fraction, is (Art. 110) fi»=-- • 

Suppose now n to increase indefinitely^ then r^ (r being a proper 
fraction) will decrease indefinitely ; ^^ therefore at^ will decrease 
indefinitely with respect to a, or a will be the limit of a— <tr^, atid 

the limit of -, or S; and cdnsequently = will ex- 



-, or S; and consequently — 

pr^ the value of the series whefi'^pT^iujI^Br of its terms is sup- 
posed to be indefinitely increased|..V>rfI*jii^W is commonly call^, 
the sum of the series ad infinitum. 

m 

Example 1. 

JPind the sum of the series 1 +^+7+^+ ^* od infinitirtn* 

Herea=l, } a I 2 

1 } ^=l="r=-"l=2=l=®' 

^=2- ) /-2 

Ex. 2. 

1 i 1 * 

. Find the value ^^«+2c+Yo^+ ^- ^ infinitum. 



'(•)13oiae eurioos TheoremBrelatiiiif to numbers in gedmetrioal progveinoa 

will lie found in Slimefu (tAlg&tre, par I'lIuiLini, Yd. 11. pp. 177 . . .^08, 

Ed. 1612. A great variety of questions, both in Arithmetical and Geo- 

BMtrt^ Proip'eBfiion, wiil abo be found in Bland's Algebraieal ProhUnls. 

\ 111' 

'^^liet r=---, for Insttmce; then r»=-4-, ?*=—-, r*= . &J6 i 

^ ^ 10' ' """*"^» "*™* ^ 100' 1000' 10000* • 

iirom which it is evident, that if there be no limit tp the increase of the mdex 
«, there will he none to the decrease of the fiaction f». 
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1 6—1 4* 
5 

Ex.8. 

Knd the value of |+i+'^+^+j^+ &c ad imfimUm. 

3 
^^_ 4 ^ 8 ^ 9 ^9 
2"" 8 12—8 4* 
3 ^^ 

Ex. 4. Bind the value of 1+-+-+— + &c. <u2 ffi/Emlttm. 

AN8W. ^. 

3 9 9 

Ex. 5. Find the va^HK-f^r^+^rr + &c. od in/Erttltiis. 

JT^a!; 4 16 27 

Ahsw 4* 

2 4 8 
Ex. 6. Find the value of p+;r=+rTrr+ &c. cwi fn/Smtum. 

5 25 125 •' 

2 
Answ. —• 
8 

6 ' 3 9 

Ex. 7. Find the value of »+ !+?+;;«+ ^^^ ^ ff{^nsififii. 

O • O 2d 

Aivsrw. 4^. 

117. These operations furnish us with an expeditious method 
of finding the value of drcuiating decimals, the numhev com- 

posing which are geoniietric aeries, whose common ratios are j^ 

11 
VoA^ Tryu)' ^ according to the numher of factora contained in 

the repeating decimal. 

Example 1. 
Euid the Y^im -of the drculaiting decimal .83388 dec. 




1» 
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8 3 

This decuKial is represented by the geometric series |7%+T7w^+ 

4- &c«| whose first term is 77^1 and common ratio ^^r* 



1000 • ' 10' 10 

Hence, a=~,'^ 



_ ^ 1— r"", 1 10— I'^S^S 

'•^ioO ^-10 



•=fo-3 



Ex.2. 

Find the yalae of .32323282 <S^. ad infinitum. 

„ 32 V 32 

xwre a _. , J fl _ 100 _^ 32 _a2 

""1— r"" l^'^lOO— I'^OO 

100 -^ 100 

Ex. 3* 
Find the value of .713333 &c. cukHl^mm. 



'■=Tnn-J 






The series of fractions representingfil^alue of this decimal is 

71 3 ' 3 71 

r:::r+ (geometric series) T7:;r:;+ , - ^^^^ -f &c= hS. 

100 ^'^ ^ 1000 10000^ 100^ 

3 



^"'"^=1000') 



o 1000 3 8 

0= — 



1^ IDOO— 100 900 300* 
10' -^ 10 

Hence the value of the decimal s:r--r-fi9= ^ = — 

100^ 100^300 300. 

107 ^ 



160 

Ex.4. 
Find the value of .81343434 &c. ad infinitum. 

? ^ 10000' ( ^_ a__ 10000 _ 34 34 

_ 1 \ 1— r 1^""10000— 100""990a* 

'' 100* -^ 100 

A j*u r r*u J • 1 ^1.0 81 . 34 8058 
And the value of the decmial=r;;;r+fif==-— +— j^==--^; 

100 ' 100 9000 9900 
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Ex. 5. Find the value of JliTtl 6bc. ad intmhunL 

If 

» 

Ex. 6. find the values of .238323 &c ; .83333 &c ; .7141414 
dec ; and .956606 dec ad infinUunu 

23 5 707 ,287 ' , 

^"^^ W 6' 090' "** 800 «V«^^^y- 



msmamm 



CHAPTER Vni- 

ON SURDS. 

SuKD quantities have^nidy been defined^ in Art* 55, and may 
be^ eacpressed either by|flp^dica] sign, or by their fracdonal io« 
dices (as in Art. 66) ; t^^ne square root of 2, the cube root of 
8, the nth root of a+b^ the cube root of (a+a;)', 6cc. &c, may 

be expressed either by.>/^, V3, y/a+b^ y(a+«)S dsc, or by 

2*, 3*, (a+6)*, (a+ar)*, &c. 

The precise value of these quantities* cannot be asoertainied ; it 
can only be expressed by means of decimals or series whidi cb 
not terminate; and in this sense they are called irratUmal^ to 
distinguish them from all other quantities Whatever, int^ral or 
fractional, whose values are determinate, and which are therefore 
droHanaJU 
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xxxvn. 

0n ike Reduction rf Stardi. 

Case I. 

. 116. A fational quantity may be reduced to the form of a surd, 
l^ fakang it to the power denoted by the foot of the surd, and 
Ihen muMXing the radical sign. 

N 



-■*t .. •■■ . ; 
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EXAMFI^V 1. ^ 

Reduce 3 to the fonn of the square root, and it becomes >/3^y 
or VO- 

Ex. dw 

2 , . ... a /2» 



Reduce ^ to the form of the cube root, and it becomes t^/ -^ 



or.'/l 



Ex.8. 
Reduce a+b to the form of the square ropt, and it becomes 

y/{a+by. 

Ex. 4. 

Reduce 46' to the form of the Cube root, and it becomes y/ 646^. 

Case II. 

119. Surds of different indices arejjj^ced to equivalent ones 
having the same radical sign, by bfl^ll their fractional indices 
|o a common denominator. 



l^XAHPLE 1. 
i 1 

Reduce a^ and a* to surds of the sdttie radical sign. 
The fractions i and i, reduced to a common denominator, are 
fandf; 

/^ ' > which are surds with the same radical sign 
and a*=a*= y a'; J 

Ex. 2. 

Reduce 3' and 5^ to surds with the same racRcal sign. 
T%e fractions } apd i, reduced to a common denominator, are 
fandf. 

Now8*=cy3*=y81; and 5*=V5'=yi26. 

Ex. 3. Reduce or and b^ to surds with the same radical sign. 

Answeb, v^a' and v^M. 

Ex. 4. Reduce c^ and d^ to surds with the same radical sign* 

Ansv. y/^BXid i/d^ 
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Ex. 5. Reduce 3^2 and 2^5 to surds with the same radical 
agn. Answ. 3 {/ 4 and 2 V 12& 

Ex. 6. Reduce 4' and 15^ to surds with the same radical sign* 

Ahiw. ^256 and {^3375. 

Case IIL 

120. Surds are reduced to their simplest form, hy ob8ervin£ 
whether the quantity under the radical sign contains, as a &ctor, 
a power contesponding to the g^ven surd root, and then extracting 
the root. 

BxAMFLES. 

Ex. 1. Va"*='/d*X y/b=aVb. 

Ex.2. yo'»«==ya"'X^a?=:ay«. 

Ex.3. V72=x^36x2=v'36X ^/2=6^/2• 

Ex. 4i yi08=y27X4=-y27X ^4=3-^ 4. 

Ex. 5. y2 o»y+a*&c^ya»(2y4^ftc)= v«'x yw+€?Bi^ 

Ex. 6. Reduce ^a*bc and y/98a*x to their simplest form. 

AirewEB, a^y/bc and 1ay/2±. 

Ex. 7. Reduce ^/oF+c^ to its simplest form. 

Answ. ayi-f-V. 

Ex. 8. Reduce V56 and {^72 to their simplest form. 

Answ. 2>/14 and 2^9. 

Ex. 9. Reduce 4^243 and ^ 96 to th^ simplest form. 

Answ. 3^3 and 2^3. 

. The quantity without the radical «gn is called the cocjficierU 
of the surd ; and it is evident that this quantity may always be 
put under the radical sign, by raising it to the power denoted by 
the index of the surd. 

Thus, 7a y/ 2ar=(by Case L) y/7a X 7a X -•2ar=v^49a"X \^2a? 
= V98a»a?. 

Also, Xy/2a^xz=y/a^X >/2a--j?== ^/?(2a^^^= V^o^^^. 

Case IV. 

121. If the quantity under the radical sign be a fraction, it may 
be reduced to an integral form by the following process. 
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Multiply the nume^tor and denofbinator of the fhuption ,hy 9^ 
a quantity as will make the denominator a complete power» cpjr- 
respondilDg to th6 root ; and then proiceed as in Cass III* 

EXAHFUS 1. 

Ex. 3. 
1 3/16_l »/9X2_l 2 s/2_8v »/*_*v »/»'<»' 

ay 81 ""8 V STxa^a^s^y 8~« ■ y a~9 ^ V "^ 

Ex. 4. 
Reduce a^A /- axAaJ/- to int^raji st^s in their simplest fom 



AmwsB, — \/ftjr and y«Ai^ 



Ex. 5. 
50 _ 3 /3 



Reduce ▲ /tt; ^^^^\ / 7 ^^ integral surds in their simplest fi)nn. 



Answ. 57>/6 and ^6. 



^ 



On the AppHcatum of the FttndwnerUal Rvlet cf ArithmeHe tc 

Surd QuantUieg* 

122. On the Addition and Subtraction of Surds. 

RvLB, — Reduce them to their simplest form ; and if the surd 
part l^ the same in both, then their sum or difference will be. fpund 
by taking the sum or difference of their coefficients. 



s 
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Example 1. 

Find the sum and diffeienoe of yflMx and yfAa^x* 

By Art. 120, v^l6a»a?=4a>/a?, 

and V4a'x=2a>/x; 

••. the sum=4aVa:+2a>/ar=(4a+2a)X ^/x=Oa^/«. 

the difference=4a>/«— 2aV«=(4o— 2a)X >/«=2a>/x. 

£)x» 2« 

.''ind the sum and di£ference of ^192 and v^24« 

By Art. 120 y 192= -^ 64x8=4^8, 

and ^24=^8X3=2^3,- 

.-. -J^192d=^ 24= (4d=2)y 3=6-^8 or 2^8. 

Ex. 3. 

Find the tnam and difier^nce of ^A and ^l. 

8 1 

The two fractions ~ |fl||| , reduced to a common denominator^ 



48 J 27 

are and — 

162 162 



XT y4o /lex 3 4 /3 

^^^ V i^"v 8nr2"5v 2' 

, /27 /9x3 3 /3 

Hence \/^±\/J=(H)\/l= V^' ^' V^' 

If the surd part be not the same in the quantities to be added or 
subtracted from each other, it is evident that such addition or 8ub« 
traction can only be performed by placing the sign + or — be- 
tween them. 

Ex. 4. Add 'y27a*x and y/Za^x together. Answer, 4a* ^2x. 

Ex.'s, Add x/128 and >/72 together. 14>/2. 

Ex. 6. Add Vl35and ^40 together. 6^5. 

Ex. 7. Subtract 3^ /sr from 4a /g 15^^^ 

Ex. 8. Subtract y 108 from 9^4. ..... 6-^4. 

N2 
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. 129. On ^ MvUipl!UaH(m and IHvidon rf Surdt* 

RuLB.— I^edace them, if necessary, to equvaleiit <»iefi vith tlie 
same index, and then multiply or divide both the rational and 
irrational paita respectiTely. 

EXAUPLE 1. 

A A 

Multiply y/ahy y/hfOT a^ by &'• 

The fracticw i Aud i, reduced to common denominaton, ars 
fandf; 

.-. a^kzJ= •/a* ; and J*= J*= y J». 
Hence y/aX y ^= y o»x y &*= y aV. ^ 

Ex. 2. 
Multiply 5^6 by 8 >/ 8. 

5V5X 8V8=15^/4a==16^/4xl0=:15x 2X ^10^=80^10. 

Ex. 8. 
Multiply 2^8 b}||k 4. 

By reduction, 2v'3=2x 3*=2x yaP=2y27, 

and 8y4=3x4*=8x y4»==3yi6. 
Hence 2>/8x 3y4=2y 27X 8yie=6y482* 

Ex. 4. 

■ 

Diyide 2^bc by t^^ac. 

2yfcj=2 X (6c)*=2y5»c», 

♦ 

and 8^/ac=8x(ac)*=:^yaVt 
^ 2yfe 2 6/^_2 6 /6« 

Ex.5. 
Divide lOy 108 by 5^4. 

10yi08=:10y273<4=10x3xy4=:S9y4; 

ioyio8_3oy4_ 
•"' "syi 6yr~®' 

Or thus: -.g4j-=^v^27=2x8==6. 



.1 



t 



V 

%4. Mdtiply 4/15 by ^10/ Aiiswn, ;^225000« 

Ex. 7. Multiply ^V6 by |yi84 ^4* 

Ex. 8. Divide 10^27 by 2^/3. 16. 

Ex. 9. Divide 10{^108 by 5^84.. * . 4 . 4^^4414 

124. On the Involution and EtohOion cf Surds* 

RtTLE.-r^Raise the rational part to the power or root required^ 
and then multiply the fractional index of the surd pturt by the index 
of that power or root 

Ex. 1. The square of ;^a==a*^^=a*=yrf 

Ex. 2. The cube of {^ft»=ftJ^^=±:»?=yy=>Vi. 

Ex. 8. The fourth power of 2y2=16x2*^*=16x2*a» 
ley 16=82^2. 

Ex. 4* The square 4|^f aM=i**^ M^ ^:=zahK 
Ex. 5, Tie cube root of gV2=ix2*^*=ix2*=|y2- 

*. 1 8 

Ex. 6. Cube -V8« A^natwu^ ^y/Ss 

I 1 

Ex. 7. Find the fourth power of •x>/6* • « « . • -~. 

■ o od 

Ex. 8. Find the square root of 9 {/3» • • 4 . . 8{^8< 

16 2 

Ex. 9. Und the fourth root of ^ ^aK « • 4 4 • -^y/o* 

Ex. 10. Fmd the fifth root of ^(^* ^^ - 

32Va/ 2-^a» 

125. From the preceding Rules we easily deduce the method 
of converting fractions whose denominators are surd quantities! 
into others whose denominators shall be rational. Thus, let both 

the numerator and denominator of the fraction —7- be multiplied 

0,yl X 

by V9 and it becomes ; and by multiplying the numerator 

X 



' and denominator of the fraction — =r hy y/{a+ «)*> or (a+x) , 

it becomes ^(^±f) ==*i?±f). . Or, in general, if both the 

a 

nuitierator and denominator of a fraction of the form --7- be mul- 

y/X 

tiplied by V**"*, it becomes — , a fraction whose denomina- 

X 



tor is a rational quantity* 
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On the Method of finding Multipliers tohich shall render 
Binoniial Surd Quantities RationaL 

126. Compound surd quantities are such as consist of two or 
gdore terms, some or all of which are irrational ; and if a quantity 
of this kind consist only of two terms, it^^Ued a binondal surd* 
The rule for finding a multiplier whicffRall render a binomial 
surd quantity rational, is derived from observing the quotient 
whit;h arises from the actual division of the numerators of the fol- 
lowing fractions by the denominators. Thus, 

I. -^^^ — ar-^+af^y+xr-^f+&cc +y^^ to n terms, 

X — y 

whether n be even or odd. 
IL ^JZl. =»*-»— a;'^tf+a:»-^y«—&c -^y»^» to n terms, 

when n is an even number. 
in. ^.ii^ =ar-^—ar^y+s^y''—6iAi -fy*"* to n terms, 

^~ry 

when n is an odd number. ^*^ 



— xy* + «y*> &c. 



SVIIW* l^ 

127. Now let afsra, j!"=ft, then x=:ya, y^y/tf and these 
fractions severally becon» ^^^-^, ■yjqryj. «i>d y^:;:^; 

and by the application of the foregoing Rules we have a*"*— yd*"" ; 
af-«==:ya"^5 af^=ya"-*, &c.; also, y»s=yj»; y»=yft*, &c*; 
hence, «**-*y= y<i»-«xyJ= ya"^6; «*"*/= ya*-*xy6' = 
»/a*^ft', &C. By substituting these values of «*"*, a*^, a^Jf** 
&c« in the several quotients, we have 

— -— ^=yo"-«+yo-»*+ya»^J»+dic..... + ;^J»-' to n 

terms, where n may be any whole number whatever ; and 

_ • 

^/^^ = Vo—'— ya"-*6+ ya'^y-l- &c =fc y *^* to n 

forms, wheip the terms b and y ft*^' have the sign + when n is 
an odd number, and the sign — - when n is an even number. 

128. Since the divisor multiplied by the quotient gives thQidivi- 
depid,. it appears from tl||j||bregoing operations that " if a binomial 
surd of flie form ya — y6 be multiplied by ya'^^+^ar^h+ 
»/a*'"*ft'+&c +y^*~S (« being any whole number what- 
ever,) the product will be a— 6, a rational quantity; and if a 
binomial surd of the form :ya+yh be multiplied by lyar-^ — 

'^ar^b+!^ar^¥—&x d=y6*-', the product will be a+ft 

ot a--^, according as the index n is an odd or an even number." 
The great use of this rule is, *' to convert factions having surd 
denominators into others which shall have rational ones," of which 
the following axe examples. 



\ 



Example 1. 



X ^6 ' 

Reduce r- and -ttt-, — t^ to fractions having rational 

a — vx Vo+v3 ^ 

d^iominators. 

Since " the sum into the difference of two quantities gives the 
difference of their squares," it is evident that these fractions may 
be reduced to others having, rational denominators, by multiplying 
their numerators and denominators by a+>/x and y/8 — v'^ 
respectively^ without the formal application of the rulet Thus. 
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and {a — ^,x) {a+ ^x)=a^r-x. 

By which means the fraction is reduced to — = • 

a' — X 

Again, V'6(x/8— >/3)=:>/48— V18=(Art. 120) 4^3— 8v'2, 
and (v^8+ V^3)(V8— '/3)=:8— 3=5; 

and the fraction is reduced to = — r— • 

5 

Ex.2. 
Reduce , to a fraction with a rational denominator. 

To find th© multiplier which shall make i/Z — ^2 rational, w& 
have n=3, a=3, 6=2; .«. ya*-»+ya"-*6+y&"-» w=y9+ 
Now 2(^9+ ^6+ 4/4)=2^9 + 2^6+2-^4, 
'and (y 3— y2)( y 9+ ^6+ y 4)= (a— 6) =3— 2=1 ; , 
.% the denominator is 1, and the fradfen is reduced to 2^9+ 
2^6+2^4. . • 

Ex. 3. 

Reduce -r; — --^^ to a fraction with a rational denominator. 

Uexe n=3, a=;^x, b=zy, the sign of y* is +, and n an odd 
number; .-. the multiplier is ya'^'-T-ya»^6+y6»-*=ya:» — 
>/^-¥ y/tt' Hence the fraction required is 

Ex.4. 
Reduce 05 ,4.3 ^<> * fraction with a rational denominator. 

Here n=4, a=5, ft=3, the sign of yft is — , and n an even 
number; .-. the multiplier is ya""' — ytt*~*ft+ya"^4*— yj*^' 



(*) The number of terms of the general series to be taken is always equal 
to n ; in the present instance, therefore, the number to be taken is 3; and so 
in on other cases, recollecting that the last term is always jyb^K 
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= ^125— {^75+^45— ^27. Hence the fiaction t^quiiedis 
W5+ya/\-yi26— ^75+^^45— y27/ 2^^ ^ ^ 

XL. 

Oft the Method cf extrticting the Square Root cfBinondal Surds* 

129. Let ^/« and >/]( be two quadratic surds, which are not 
reducible to the same irrational part ; their product will be irra- 

ASA MIft 

tional. For, if >/j?X >/«=«i, >/a:t=--- =— ^y ; that k, V^ w 
reducible to the irrational part yfy, contrary to the supposition. 

130. Next, let >/a;+ y/y be a binomial, both whose terms are 
quadratic surds, not reducible to the same irrational part. If tins 
binomial be squared, the result is x-\'y-\-2iJxy^ a quantity of 
which one part is rational and the other (Art. 129) irrational. 
Let x+y'=za and 2^xy=z^by then it appears that every bino« 
mial surd whose square root can be exhibited under the form 
^/X'{-'/y must be of the form a4- >/& ; a being a rational quan« 
tity and V& a quadratic surd. The same will evidently be true 
if one of the terms, as Vor, be supposed rational. 

131. The square root of a rationd. quantity cannot be partly 
rational and partly a quadratic surd. For, if possible, let Va;= 

aifci/ft; then a?=a'+ft±2a>/o, and >/6= — , a rational 

• 

quantity. But by the supposition ^/^ is a surd; henee ^x canr 
not be expressed under the form adzy/b. In the same manner 
it may be proved that the square root of a rational quantity can- 
not be equal to the sum or difference of two quadratic surds not 
reducible to the saine irrational part. For, if possible, let >/^= 

^a^y/b^ then x m I b±2y/aby and y/abtjR ■ . ^ — , which 

is impossible, by Art. 129. 

132. In any equation, a;+ y/y=za+ ^/&, consisting of rational 
quantities and quac|ratic surds, the rational parts on each side are 



H k 
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equal, and also thd irradbnal. For if x fe tiot eqcifal to a,i6t 
Xt=adzm ; then adzm+ '^p=a:'{- >/ft, or d=i»+ Vy=== ^/^> i» e. 
's/h 13 partly rational leuid partly irrational, whidh has already 
been proved to be impossible. In a similar manner it may be 
shown that in any equation, m'J x-^ny/ y^py/ x-\-qy/ y^ whei)e 
's/x and y/y cannot be reduced to the same irrational part, 
my/x=p^Xy and n^y=^q^y* For if 5 be not equal to n, by 
transpddtidn «iV« ^py/x+q^y'^ny/yi=rp^x+(q — n)y/yj 
contrary to Art. 181. ••• qy/y=ny/yi and consequently fn^/x 
t=p^x. 

138. To find the square root of the binomial quadratic surd 
a+^b. Assume ^/a?+ v'y=^/a-W^> then a?+y+2>/«y= 
a+^t; •'• (by Art. 182) x+jfs=:a, and 2v'flJSf=>/^; 

hence a'+2a3f+y*=a*(A) 

and 4xy =6 (B) 

Subtract (J?) from (A), then a?— 2a:y+j^=a'— ft, 

and X — y= >/a' — b ; 
we have, therefore, ' 



x+'y=za ) 2x=a+ ^a^ — &,4uid x^z^a-^-i'/cf — b. 

a^*-y=Va' — bS ' ' 2y=io^— x/a* — fr, and y=ia — J%/^a* — ft. 



Hence ^/J:^-^/y=via+i^^a'— ft+ v^a — i%/a*— ft, an ex- 
pression' which can evidently be of the form Var+ >/y, only when 

^a« — b is a rational quantity. The square root of the binomial 
surd quantity a+ >/ft cah therefore be exhibited under tiie form 
y/x+'/y only when a' — ft is a square number. By a similar 
process it might be shown that the square root of a — i/ft is ^ 

V^ia+iyc^— ft — y^io— i^a*— ft, subject to the same limita" 
tion. 

EXAMFILB 1. ^ 

What is the sqiiai^e root of 10+8^3? 

Herea=19- ) . 

V»=8^3V'* «*—*=S61— 192=169, and >/fl?^=13 



I • 
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Hepoe Vi^+W^^+ '/iol47^^= Y 






V- 



^^^|=Vl«+^/3=4+V8. 



Find the square root of 12 — ^140. 

Here a=12 ) a._6= 144-140= 4, and V^?=:*=2. 

^0=^l4U) 

Hence >/i^+W^^^^^^^^ 

Ex. 8. 

Find the square root of 81 + 12 y/ — 5. 
Herea=31 ^ 

V&=12>/^ > .-.rf—fc^Oei +720=1661, and v^^a*— 6=41. 
or6=— 720 J 

Hence \/ia.+i>/?^+ v^4a— i>/?^^=^^+^+ 



n/ 



31 41 



=6+>/ — 5. 



2 2 

Ex. 4. Find the square root of 7 + 4 ^/ 3. Axes web, 2 + x' 8. 
Ex. 6 7— 2>/10. >/5— .^2. 

Ex. 6 18-lOx/IT . 6— V^^T 

O 




CHAPTER IX. 

ON MISCELLANEOUS SUBJECTS. 
Wa now proceed to apply the principles laid down in the pre- 
ceding chapters to the JnTestigation of questions of a misceilaoeous 
nature, beginning with some observations upon prime numbers 
and their several relations. 

XLI. 

On Prime Numbers and their Relations i and on the SSeihod of 
Jinding the hast Common MtdHple of two or more Nvmbera. 
134. Numbers which admit of no exact divisor or which have 
no measure (Art. 40) except themselves and unity, are called 
prime numbers, as 2, 3, 5, 7, &c. ; and two or more numbers 
which have no common divisor, or measure, greater than unity, 
are said to be prime to each other as 8 and 9; 11, 14, and 
15; &c. 

1S5. 'i Let ab, the product of any two numbers, be divisible by 
«; then, if c be prime to b, it wilt be a divisor of a." For 
suppose 6 to be greater than c ; then, if the c^ralion in Art. 45 
be performed on them, the last divisor, or greatest common mea- 
sure, will be unity, because b and c are prime to each other. Let 
the operation stand as follows : 



5 

i,. 



Then we have these equations : 
b — cp= t 



Consequently, si&ce c, by \b, it will 

measure ah — acp, tir ad^ and ae~-iidq, or ae; and aet~-aer, 
Ota. (4rf.43, 44.) 
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If e be supposed greater than b^ we shall, by a similar process, 
arrive at the same conclusion, which will be equally true, what- 
ever be the number of divisions in the operation. 

136. Hence it follows, that if the numerator and denominator 
of a fraction be prime to each other, there can exist no other equal 
fraction having its numerator and denominator respectively less 
than those of the first. 

In the fraction ?, let a be prime to fr, and let — be an equal 

fraction. Then, since ?=— > *'*~X' ^^^equently, b will be 

a divisor of an ; and since, by supposition, it is prime to a, it 
must (Art^^d) be a divisor of n, and therefore less dian n. In 
the same niBaner it may be proved that a is less than m, and the 

a, 

fraction 7 is therefore in its least possible terms. 

It 
Again, since fr is a divisor of n, let 7=|»; then n^fh^ and 

consequently, since ?^=7=-, m will =|ki; that is, "if two 

fractions, of which the former is*in its least terms, be equal, the 
numerator and denominator of the latter wijl be equimultiples of ' 
the numerator and denominator of the former, respectively." 

137. If a and b are both prime to e, ah will be prime to e. 
For if not, suppose ab and c to have a common measure m, and 
let a5=fnp, and c=zmq. Then, since a is pnme to c, or mq^ iV 
is prime to m ; for if a and m had a common measure, this would 
(Art. 43) be a common measure of a and mq» For the same 

reason, b is prime to m. But, since ab±=fnpy — =^> and — (Art. 

136) is in its IoM||||^rms; therefore b is either equal to m, or 
(Art. 136) a md^^^Km, which is absurd, because b has been 
proved to be p4^^^|p ?*• ^^ ^^^ ^ <^ai^ have no common mea- 
sure,, and conse^||||^a& must be prime to c. In. the same way, 
i£a^bjC are all prime to ^, abc is prime to df, and so on. Hence, 
if a be prune to df, d^fa\ a\ &;c. will all be prime to dk 
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Agaia, if a, b, e, &c aie eech of tbem prime lo eodi ofd, e,f, 
&c.| o&e &c will be prime to def&c. For, unce a, i, c, &c. are 
prime to d, abc &a, will be prime to d. For tbe same reason, 
o&c &G. is prime to e,/, &c., aad coii0equenti}r to drf&x. Hence, 
if a be prime to d, a* will be prime to d*, a* to d^, and so on. 

138. A common multiple of two or more nutQbera is any Dum- 
ber which is measuiecl by each of them ; and tbdr leatt common 
multiple is the least number which is so measured. 

Let c be the greatest oommon measure c^ a and b, and let 
ai=me, b=nc. Then aft=mne*, and — =mn&=na=:mfr; there- 
fore — is a common multiple of a and b. It ia also their leaM 
common multiple ; for let d be any other common Ailtiple of a 

and h, andletd=pa=o(; then-=r=— , where mis in its least 
p 6 n' 

terms, because (c being, the greatest common tneasure of a and 

b) m and n are prime to each other ; therefore q and p ara equi- 

multiples (Art. 136) of fn and n respectlTely, and j is ^-eater than 

m ; hence qb is gl«^er than mfr, or d greater than — . Hence, 

" the least common multiple of two numbers is equal to their 
product divided by their greatest common meaaure." It may be 
further observed, that " every other common multiple of a and b 
is a multiple of their least common multiple ;" for since ^ is a 

ah 
multiple o{ m,qb or d is a multiple of mi or — . 

To find the least common multiple oftkree numbers, "a, fr, c; 
let m be the least common multiple of a and b, and n the least 
common multiple of m and c ; tl ist commoa 

multiple le^uired." .For since m ile of a and 

b, and n a common multiple of ioualy be a 

common multiple of d, b, c. It \tt commoa 

multiple ; for let d be any othej n in d will be 

a multiple of m, as has just bee i it is also a 

multiple of c, it will be a multiple of n, and therefore must be 
greater than n ; hence n is the least common multiple of a, b, e. 



XLn. 

Propertiet of NumbefM. 

189. Let a, h, e, d, &c. repiesent the digit* of a number, a 
being the digit in the units' place, b the digit in the tens' place, C 
the digit in the hundreds' place, &c &c., and let r=IO; then 
the general »alue of any number may be represented by o+ir+ 
CT*+dr'+&c; thus, 357=7 + 50+800^7+5>;10+i3X 10»; 
and 4218=3+lxl0+2xl0»+4xl0'; &c &c. Prom this 
mode of represeotiDg a number, the foUowbg properties are Tery 
readily deduced. 

I. " ]f Mb any number the sum of the digits be subtnicted, 
the remaindR ie divisible by 9." 

For let o+6r+CT*+dr'+&c=tbe number. 
Aa+b +c +d +&C. 



Then we have b{r—l)+c(T*—l+d(r^-~l)+&c for the value 
of the number when its digits are subtracted from it; but, by Art. 
126, this quantity Is divisible by r — 1, or 9. Take, for instance, 
the number 37591, subtract the sum of its di^ta, and the remainder 
is 37566=9X4174. 

II. " If the sum of the digits of any number be divisible by 9, 
the number itself is divisible by 9." For let the number be N, 
and the sum of its digits S, and let S=9m. Then, (by Property 
L) N— S is divisible by 9 ; let iV— 5= 9p, and we have JV — 9m 
=9p; .-. JV=9p+9m=9(p-fro), which is divisible by 9; coij. 
sequently JV is divisible by 9. Thus the numbers 171, 887, 
&14B9, &C., the sum of whose digits is divisible by 9, are them- 
sdves divii 

ni. " If ts of any number be divisible by 3, 

then the ni ble by 9." Let JV and S represent 

the numbe ts, as before, and let S= 3m. Npw 

Jf—S=9j )r JV=flp+3ni, which is evidently 

divisible h; nbers 111, 123, 258, 1718, &c., 

are all divisible by 3. 
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TV. " IT from any number the sum of the digits standing in the 
add places be aubtracted, and to it the sum of the digits standing 
in the CMtt places be added, then the result is divisible by 11." 
For let the number be a+br+et*+dT*+tf*+iiC. 
Add— o+ft— c +d —t +&C 
The result is fr(r4- l)+c(f^— l)+d(r»+l)+e(f'— 1)+ isc ; hdt, 
by Art. 12fl, the quantities r+1, r*— 1, (*+!, f^— 1, &c are all 
divisible byr+lj ... 6(r+l)+c(r»— l)+<i{r»+l)+e(r'— 1)-|- 
d£c is divi^ble by r+1, or 11. Take, for instance, tbe number 
67937; subtract 5+9+7=21, and add 7+8=10, or, m other 
words, subtract U, then tbe remainder 57926=11 X 5266. 

v., "If tbe sum of the digits standing in the ewM places be 
equal to the sum of' the digits standing in the odd p1a|^ then the 
number is divisible by 11." Let J^=the numbei^^Bthe sum 
of tbe even digils, »=tbe sum of the odd digits; then (IV.) JV+ 
S—t is divisible by 11; but if S=g, then S— *=0; .■. iV is 
divi^ble by 11. Thus the numbers 121, 363, 121S3, 48422, 
&C. are all divisible by 11. 

The number r (which is called the root of the scale) has here 
been supposed =10, that being its value in the common system 
of notation ; but tbe above properties of numbera are true for any 
other system. For instance, if tbe system of notation be such 
that the value of the digits increase only in a sixfold Instead of a 
tenfold proportion from the right to tbe left, then (since r=6, end 
consequentiy t^— 1=5, r+l=7) what has just been proved with 
respect ta the numbers 9 and 11, is equally true with respect to 
the numbers 5 and 7, in the system tbe root of whose scale is 6. 

140. Suppose, now, that it was required to transform a number 
of the common arithmetical scale into another of tbe same value, 
where the root of tbe scale shall be imber be 

N, and let the di^ts of the number ' > scale is 

r, he ii, 6, c, d, &c ; then we have r'+ &c., 

an equation in which JVand f are g les of a, 

b, e, d, &c Divide N by r, then the !»^ + &c. 

«nd the remainder a; divide b+cr- _ quotient 

is c+df+4!c. and the remainder fr; divide c+ir+fiM. by r, 
tbe quotient is (}+&c. and tbe remainder c; so that the rule is, 
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" to divide (be given number ctrntinually by ** till (be last quotient 
is less than r ; tben thia. last quotient, together witb the seyeral 
remainders taken in the reverae order, will be digits of the 
number required." For instance, let it be required to convert the 
number 8714 into another number of the same value, wherein the 
value of each digit shall increase in a fourfold proportion from the 
light hand to the left. Here r=4 ; and the operation will stand 
thus: 

4)3714 

4)936 [3=lsl remainder 

4)232 [0=2d do. 

• 4")58 [0=3d do. 

4)14 [S=4th do. 
3 [3= 6th do. 

Hence 322002, ^bere the value of each digit increases in S 
fourfold proportion, Ja a number of the same value with 3714_ 
trbere the value of each digit increases in a tenfold proportion. 

141. The foregoing properties of numbers have been deduced 
from the manner in which they are represented by means of the 
series a+br+a'+dT'+&a. But numbers may also be con- 
sidered as arising from the continved mulHpUealion of certain 
&ctors. The moat general form under which nundiers may be 
thus represented is a'JTc'^ &c., where a, h, e, d, &c aie prime 
numbers, and n, m, r, a, &c. any whole numbers whatever. One 
of the simplest cases of this kind is when the number comes under 
the form a'b ; and under this form we are enabled to investigate 
the expression for what is called a perfect number, i C. a number 
which is equal to the sum of all its divisors. 

The proce Tbe divisors of a"i are 1, a, a', a', 

■Ssc . . .a', ai a?b, ^&c. . . .tf*~'6 j hence, by the sup- 
position, 

a"6=l+a+ ...+a'+b+ab+a^b+&c |-o"~'* 

' a— I o— 1 
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.■. o"+'J — (rt=a"*' — l+a^b—bf 
or o"*'it— 2a"ft+ft=o"*'— 1 i 

~a"*'— 2o"+l * 
but mnca & is a whole number, suppose a't< — ia"+l equal to 
unity, and consequently a"t' — 3a"=0, or fl— 2=0, or o=2; 
hence 6=3"'' — 1; and the expression a'ft becomes 2*^2*'!'' — 1), 
where 2"^' — 1 must be a {inme number* Let n=l, 2, 3, 4, 6,A, 
&c. ; then S"t'_l=8, 7, 15, 31, 63, 127, 256, &c, of which 
the prime numbers are S, 7, 81, 127, &c, and the corresponding 
values of n are 1, 2, 4, 6, Sic. Hence a sy^m of perfect num- 
bers may be generated in the following manner : 
3(3*— 1)= 2x3 =a -s , ... ^^_ 

9«/\>»_iW AVI ^as t and proceedmg in^fcmne 
mbl^PVbund 



'_!)= 2x3 =a -s 

'_1)= 4X7 =28 ( 

■_l)=lflX81 =496 ij" 

'— l)=«4x 127=8129 ) 



2'{2»— 1)= 
2'(2'- 



the next perfect numU^Bfound to 



xun. 

Permutaiiona and Combinaiioiu. 

l'^2. By Permviationt are meant the number ofchanget which 
any quantities a, 6, e, d, &c. may undergo with respect to tbeir 
order, when taken two and two t(^ether, three and three, &c. &c. 
Thus ab, ac, ad, ba, be, bd, ca, cb, cd, da, db, dc, ure the dif- 
ferent permutations of the four quantities a, b, c, d, when taken 
two and two together ; abc, acb, bae, bea, eab, eba, of the three 
quantities a, b, c, when taken three and three together; &c &c 

143. By Combinations are meant the number of a^lectioaa 
which may be formed out of the quantii 
two and two together, three and threE 
having r^rd to the order in which thi 
each collection. Thus ab, ae, ad, be. 
tions which can be formed out of thi 
taken two and two together ; tAe, abd, 
which may be formed out of the sa) 
three and three together ; &e. &c 
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144. Let there be n quantities, a, 6, c, d, e, ^c, taken two and 
two together; then, by Art. 142, it appears that there will bo 
n — 1 permutations in which a stands first ; for the ^same reason 
there will be n — 1 permutations in which b stands first; and so 
of c, dy e, &c. Hence there will be n times n — 1 permutations 
of the form a&, ac, odf, a€, &c« ; 6a, &c, bdy be^ dec. ; ca, eft, cd| 
ce, &c. ; i. e. ** the number of permutations of n things taken two 
and two is n (n— ij.** 

145. If these n quantities be taken three and three together, 
then there will be n (n — 1) (n — 2) permutations. For if n — 1 be 
substituted for n in the last article, then the number of permuta- 
tions of 91 — 1 things taken two and two together will be (fi — 1) 
(yi — 2) ; hence the number of permutations of ft, c, (2, e, &c., 
taken twolm^ two together, are (ti — !)(» — 2), and consequently 
there are (n — 1) (n — 2) permutations of the quantities a, ft, c, d, e, 
dec taken three and three together, in which a may sta^d first i 
for -the same reason there are (n — T) (n — ^2) permutations in which 
ft may stand first; apd so of.c, <f, e, &c« The number of per- 
mutations of this kind will therefore amount to n(fi — 1) (n — ^2). 

146. In the same way it appears that if the number of quanti« 
ties be it, and they are taken m and m together, the number of 
permutations will be n(n — 1) (n — ^2) &c. .... (n — m+ 1) ; and if 
m=yi, i. e. if the permutations respect all the quantities at once, 
then (since n — m=0) the number of them will be n(n — 1) (n — 2) 

&c 2.1. Thus, the number of permutations which might 

be formed from the letters composing the word vihtue are 
6X5X4X3X2X1=720. 

147. But if, in this latter case, the same letter should occur 
any number of times, then it is evident that we must divide the 
whole number of permutations by the number of times the per- 
mutations are nai&}lied by having different letters instead of the 
repetition of the^Hne letter^ Thus, if the same letter . should 
occur twice, then we must divide by 2X1; if it should occur 
thrice, we must difrae by 3 x 2 x 1 ; if -p times, by 1.2.3 . . . .p , 
and so for any dl|er letter which *may occur more than once 
'Hence the general expression for the number of permutations of 
n things, of which there are p of one kind, r of another, q of 
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another, &c &c., is , Ja ,~ I ■ ,'»' ' • Thus, 

1.3^3...pX 1.2.3. ..rX 1.2.3. ..5 

the permutations which may be formed by the letters compos- 
ing the word easiitess (since s occurs thrice and e twice) are 

8.7.6.5.4.3.2.1 ^„^^ 
.-——-——-== 3360. 
1.2.3X1.2 

148'. From the expression (in Art. 146) for finding the number 
of permutations of n things taken m and m together, we imme« 
diately deduce the theorem for finding the number of comhincUions 
of n things taken in the same manner. For the permutations of 
n things taken two and two together being yi(ii— ?1), and each 
combination admitting of as many permutations as may be made 
by two things, (which is 2 X 1,) the number of combii^ons must 
hd equal to the number of permutations divided byw; i* e. the 
number of combinations of n things taken two and two together is 

-i-5 — • • For the same reason, the combinations of n things 
«* , ♦ 

taken three and three together must be equal to -^ — ;-— ; 

and in general, the combinations of n things taken m and tn to- 

, , , n(n — l)(n — ^2)....(n— ro+l) 

gether must be equal to -^^ ^ ^ ■ . 

l.«.o ... .in 



XLIV. 

Unlimited Problems. 

149. It has already been observed (Art. 69) that in order to 
obtain the solution of equations containing any numbet of un- 
known quantities, it is necessary that there i^hould be as many 
equations as there are unknown quantities. jJK the number of 
equations be less than that of the unknow^Kantifties, then the 
number of values of the unknown quantitieSnvill be unUmitedj 
unless the problem be limited by circumstance This will be 
readily understood by taking the simple case «f"a:+y— 10, where 
^'t is evident that the values of x and y may vary through all 
degrees of fractional and integral magnitude between and 10; 



r 
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for if a?=i, then y=9i; if af=?l, then y=;9; if «=li, then 
2^=8}, dec. dec. ; but if the hypothesis be limited to the int^ral 
and positive values of x and y, then the number of answers is 
limited to nine, for if a;=l, 2, 8, 4, 5, 6, 7, 8, or 9, then tl^ oor* 
responding values of y are 9, 8, 7, 6, 5, 4, 3, ^, or 1. 

150. Suppose now it was required to find all the integral and 
positive values of x and y in the equation 2ar+3y=17- Here 

«= — — ?=84-i — y^-|=8 — y — ^-^ ; and since x and y are 

whole numbers, it is evident that niust be also a whole 

«— 1 
number. Let ?—-=zp; then y=2p+l, anda?= (8 — y— j>=:) 

8 — 2p — 1 — p=7 — 3p. To make x a positive number, p cannot 
be tBiken greater than 2; let p=0, 1, or 2, then x^7^ 4, or 1, 
and the corresponding values of y (=2p-f 1) are 1, 3, and 5 ; so 
that the number of positive and integral values of x and y are 
limited to three. 

151. Next, let it be required po find the same in the equation 

^ T-w 14aj — 7 7(2x — 1) , . 

14ar — 5y=:7. Here y= — - — = ^ , — • ; and smce 5 is not 

2x — 1 

a divisor of 7, — ^— must be a whole number (Art. 136.) Let 

2x 1 D+l D-4-1 

-^=p, then 2ar=5p-f 1, and ar=2p+^5 let ^^=«» 

then J>=2^ — ^1. Hence a?= (2p+g=) Aq — 2+gr=5gr — ^2, and 
7(2.^-1) ^7(10^5)^ ;^ 

Letf— 1, 2, 3, 4, 6,&c. 
then a;=3, 8, 13, 18, 23, &c 
y=7, 21, 35, 49, 63, &c. 
In this case the positive and integral values of x and y are un- 
limited. 

By attending to the several parts of the process m the two> last 
Articles, the solution of the following questions will be readily 
understood. 
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QuEsnoN 1. 

In how many ways may the sum of 52. be paid in crowns and 
seven-shilling-pieces ? 

Let a?=the number of se^en-shilling-piecesi 2f=the number of 

' .100 — 7x ' 2x 

crowns; then 7a?+6y=100 ;,«=;— »-- — =20,^-0 — —, (where 

» < 6 ; fi ^ 

X * 
X must be divisible by 5j^ Let*>-=o> then a;=5p, and y= 



•V 



(20— Of— ~=) 20 — 5p-?-2jjfc=20-*^jp, (where p muifr evidently 

be less than 3.) Lffi p^l.x>x2i then x^ or lO^And sf==13 or 
6, so that a payment of this.sorCcan dlily b^ ef^ted in two ways* 

QuBSTiv^ 2. •; 

What is the least nuQiber of pieces iia which a bill of 7L cm 
be paid in half-guineas and ^e^ei^-shiUin^pieoe9? 

Let a;=number of hidf-guineas, y^nnifjpibeT^ seven-shilling* 

^ ;,*••-«' ' "* 40 — dx 

pieces; then 21a?4-14y=280, or ^ 8a: +2^*? 40, and sf= — 5 — 

■ * • ' * 

X ' f X 

?=20 — X — ^jr, (where x |nust be divisible by 2.) Let 5=l>i then 

• ,- • 

9=2j>9 and y= — ^— ^i=:2(t-3jp't(wterei^,mus^be less than 7.) 

Letp=l,,,2,;.3> 4, k^ot9'^, 
thena:=2, 4^' 6, 8, 10, or 12, 
andy=17,14^11, a,.6, or 2'. * 
So that the number of ways in which this pajpient may be 
made^is 6 ; and the least number of pieces is 14, tb^ greatest 19. 

QuEsnoiv: 3. 

V 

A person owes me seven shillings; he has |io other money 
about him but half-guineas, and I no other but crown-pieoes ; 
what b the least number of pieces by which this debt may be 
settled? 

Let 0?= number of half-guineas, |f= number of crowns, then 

21a;— 14 x ■ 1 - x ^ 

21a:— 103^=14, and y=: ■ ^^ :=2a:— 14-jq-» Let -j^ 



s=p, then xe=10p-H, and ya= (20p+8— 1 +pp=) 21p+7, 
(where p may he 0, or any whde number whatever.) 

LeipzsOf 1, 2, a, 4| &e. 
then a:=4v 14, 24, 34, 44, &C. 
y=7, 28, 49, 70, 91, &c. 
So that the least number of pieces is 11, viz. 4 half-guineas 
and 7 crowns; bpt the number oftwiays in which the pdyment 
may be effected is unhmited* 

^QUSSTIQK 4. 

» 

It 18 rec^iired to find thb least nviiber which, when divided by 
19y shall leave the remainder 7 > and when divided by 28, tba 
remainder 13. 

Let X and y be the quotients arising respectively from such 
division; then 19a:+7=:28y,+ 18, md x=J^^=y+^tt? 

=y^.?i??!±l^, .(where S^^^^ Let 

8Sf-f2 , . 19p— 2* ^ »— 2 »— 2 

-j9-=P» then y=-il-^ =ep+€^. put ^^=<r, then 

j»s=39-f-2 ; and as it is leguired to find the leatt number which 
will answer the conditions required, let 9=0, then j»=2, Sf=6p 

(for ^^=0) =12,*ar=H^i^=18, in which case l»at+7 and 

28jf+13 are each equal to 849, whicl>is the number required. 

Q17EST19N fiu 

What is the least whole number which, when divided by 5, 6^ 
7 respectively, shall l^ve remainders 1, 2, 3? 

Let dr, y, s he the quotientSvarising from these divi^oons; then 

6«+ls=6y+2=:7«+3. Now xzzzJLl^=y+^~; let ^Li:^ 

0-00 

ssp, then y=5p — 1, and 63r+2=30p*-4ss7«-t-di heoce ss= 
^T' =4p — 1+-;^, (where p must be divisible by 7.) Let ^ 

=9, then |i=:7 j, and »= (41^—1+—=) 285^14.2}^80j-— I 
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Let 9=1, 2, 3, Ac. 
then 2=29, 59, 89, &c. 
and 7^;+ 9=206, 416, 626, &c. 
So that the least nnmber which will answer the conditions 
required is 206. 

XLV. 

DiophanHne Problems* 
152. These are a species of unlimited problems, principally 
respecting square and cube numbers. No general rules can be 
laid down for the soluticHi of them, but the following examples 
may serve to give the learner an insight into their nature and the 
manner of solving them. 

EXAKPLE 1. 

To find two square numbers whose sum shall also be a square 
number* 

Let a^ and a' represent the two square numbers required ; then 
the values of a:* and a' must be sucB, that a^+a^ may be a square 

number. Now a^+a^ is greater than (x — a)*, (for (x — a)*= 

:^+a*— 2aaj;) we may therefore assume «*+ o'=(iiiar— «)*, where 

m is some number greater than unity ; but ifa^+a*=(mx — o)'= 

fn?a^^2tnax-{-a\ thenva^=jrf«*--2maar, or mfx'—x=2ma; .*. a:= 

fitiui / 2flui v* 

—5 — - : hence the two numbers required are (—3 — - 1 and a', 

where m and a may be any whole numbers whatever ; but that 

Sum 

—J — -- may be an integer, it is necessary that 2ma be some mul- 
tiple of in' — 1. Let fii=2, a =3, then the two numbers are 10 
and 9, and their sum 25. Let fii=d, a=5, then the two num« 

225 ^ ^^ ^ 625 . , 

hers are -r-^ and 25, whose sum --^ is also a square number* 
10 Id 

Let m=3, a=s9, then the numbers are 36 and 64, and their sum 
100 : &c &c. 

. . Ex. 2. 

To, find a number (x) such that x+a and x — a shall both be 
square numbers. 
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Let x+a=m\ then x — a=w? — 2a; assnme nf — 2a^(m — of 

szw? — Uma+a^^ then — 2a= — 2ma+a\ or 2nia=:a'-f2a; 

a+2 J , a«4-4a+4 , . a«-f4a+4 

••. m=t^-—^ and m'=-^ r ; hence ar=»r — a= z 

2 4 4 

— a= -J — , where a may he any number whatever ; and if it 

be an even numbeir, then x (and consequently x+a and a;— <i) 
will he a whole number. 

^ ^ a«-i.4 5 5 9 5,1 

Let a=l, then «=---—=-; a:+a=7-+ls=-T5 «— 0=7—1=7. 

4 4 4 4 4 4 

4-(-4 
Let a=2, then ar=--~=2; a?+a=2+2=4; af— a=0. 

4 

T . 01. »+4 13 13 « 25 13 o 1 

Leta=3, then «=—-—=--: oj-j-a^-r+S^-r; *-^*=-: — 3«-. 

4 4 4 4 4 4 

* 16+4 
Let 0=4, then 27= — - — =5; ar+a=5+4=9; a?— «=5— 4=1. 

4 

&c &c« &c. ^. 

And this is a general property of square numbers, viz. that 

if we take any number, square it, add 4 to that square, and then 

divide the result by 4, it will give such a number, that the sum 

and difference of it and the original number shall be square niim^ 

hers. 

Ex. 3. 

To find throes square numbers which shall be in arithmetical 
progression. 

Let the numbers be a:", y", »', then a:'+«'=2^. Put x=p+q^ 

and «=p— <?, then a:'+«"=2p^+25*=2y'; .-. ]f-\-if=y^ and the 

question resolves itself into the finding of p and 9, such that j)^+^ 

• 2fiui 

shall be a square number. Let, therefore, (Ex. 1.) p=— 5 — = , 

5j[=a, then 

2fna 

2ma 
.= ,-,=jj--j-ai 
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vfb&te a and m may be any numbers whatefrer. F^r kistetice, 
letac=3, 191=2, then a;==7» y=5, 2=1, and the square numbers 
in arithmetical progreiteion are 49, 26, 1. Let a=8, m=3, then 
x=14, 2f=10, 2= — 2f ••• the square numbers in arithmetical 
piX^gressicm are 196, 100, 4. 



XLVl. 

The SHiOim of two Questions rddting to Numbers in Cteo 

metrical Trogression. 

153. Let a be the first term, r the common ratio, n the number 
of terms, and S the sum of a geometric series ; then (by Art. 

110) flf=— ^; and ifa=l, 5^= r-. Notr.let S be tiie 

' r — 1 r — 1 

sum of the series arising from the sucoeeasive addition of 1, 2, 3, 

4, ^. . • • n tennis of the geometric series ; then we shall have 

&'*»l+r+f*+i^+r*+&c....+r»-»=^^-^, and 

r— 1 

35«l4-(l4.r)H-(l4-r+f*)-4-(l4-r4-r^r*)+&c...+(l+»'+f^+r^^ 

r— 1 r — 1 r — 1 r — 1 r — 1 

1 



[(r-.l)H.(r«— l)+(r»— l)+(f*— l)+&c....+(r«— 1)] 

1 1 

=— 3(r4-»^-|-r»4-r*-f&c....+r*) --(1+1+1+1+&C.... ton terms) 



l^/r'*'*— rv n 
r-— iV r — 1 / r — 



r?*+*— r n 



r— 1 (r—iy 
cf which the foIlowiDg are examples. 

J. Let r=2, then 

j8f=:l + 2+4+8+16+&c..-.+2"-»=2"— 1. 

X=l + 3+7+15+31 + &c....+2"— 1=2"+'— <n+2). 

• II. Letr=3, then 

on t 

flf=l + 3+9+27+81 + &c....+3^*=-:— . . 

2 

3«— 1 3*+W2n+3> 
X=l+4>f 13+40+121+&e...> + -;r— =s-. ^ / 

3 4 



I 
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m. Let r=4, then 

4*^ — 1 

fif=l+4+16+64+266+&c....+4"-*=:— g — 



S=l+5+21+85+341 + &C....+— ^— = --i---^- 



154. Let — I 1"— -5 — I — -J — I 1 — h^- be an inn- 

c cr cr cir cr 

nite series of fractions whose numerators are in arithmetical and 

denominators in geometrical progression. For finding its sum, 

iS, this series may he resolved into thfe following : 

a a a ^ a a j £ ^ ^ ^"^ 

& & J^ 6 &c ^ b 

cr CI* cr^ aA *' '~c(r — 1) 

&.&.*. b 

^+^+^+^ =s<;=i) 

^+^+*«^ -cr«(r-.l) 

b b 

^+^ ...... =^;5(;:zr) 

&c. &c 



■• 



1 
« For (Jv Art 116) f(l+i+ J+1 +&c.)=?(;;j)=-^. 



r 
1 



ta+^^-)=i-ii =«^. 



1 



e\r* t* r* / *\ ^ 1 / cixr— 1) 



P2 



4 



• 
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« 



Hence fif=-7 t\+-7 — rT(l^-+3+:i+&c. ad tn/ntfttm) 

c(r — ^1) c(r — 1)^ r r f^ 



of which the followiDg are examples. 
I. Let a=l, t=l, c=l, r=2, then 

n. Let o=l, 6=2, c=3, r=2, then 

in. Let a=2, 6=3, c=5, r=3, then 

^ 2 . 6 8 , 11 .14 . 6,9 21 

^=6"*'l5+45+135"*'405+^'=10+2Q=25 



CHAPTER X. 

ON TBE BINOMIAL THEOUEM, AND SUBJECTS OONNlXTTEH 

WITH IT. 

Sis Isaac Newtoit's theorem for raising a binomial to any 
power was given in Chapter HI. The index (n) was there sup- 
posed to l;)e an integral and positive number ; but the great value 
and importance of this theorem are derived from its being equally 
true, whether the index be integral or fractional, positive or nega- 
tive ; for this circumstance enables us not only to obtain the roots, 
as well as powers, of algebraic quantitities in a much more easy 
manner than by the common processes, but to apply the theorem 
itself to many very. useful and important investigations in ^he 
higher bisanc^ics of analysis. 



« » 

XLVH. 

The General Demorutraiion qf this Theorem. 

155. Previously to the investigation of this theoiero, it will be 
necessary to ascertain the twofirti terms and the general form of 
the series which expresses the value of (l+a;r+fra:'+<?^+&c)**, 
whether n be integral or fracticmal, positive or negative." ^ 

I. If n be a foMve whole nunJfery then, by the ordinary pro- 
oess of involution exhibited in Art. 49| we hove 

l-f- ax+6zc* 
1+ ax+&c* 

1+ ax+6ccm 

1 +2aa;+&c. for the squaic* 

1+ 02+ &C. 

l+2ax+dzx% 

+ aa?-|-&c* 

1 + da2+ ^. for the cube« 

l-f- aa:4-&c. 

&c. 6u% 

Ftom which it appears, that in finding the Value of 
(l-\-ax-{-bQ!^-{-&xi,Y, the two first terms will be l+iuur; and 
from the nature of the process it is evident that the powers of x 
will increase regularly. 

IL If »=^, then^ since the indices of x in the quantity l+ax 
r 

4-(^-f icx'+dcc are all supposed to be inHegraH and positive, it 

is evident that the indices of x in the series which es^presses the 

*■ ■ - ' - - — — - ■ .1. . ^ _ - - , , , 

(*) The general form of a multinomial quantity in which the powers of x 
regularly ascend is A-hBx-^-C^-^Dx^^&Ai,; but this is easily reduced 
to a form mocfa more simplet yet equally general, by dividing the whole by 

B C IP H 

A; in which casBe it becomes 1 '^'i*'^~2^'^ 2^+&^ or (making --|=<<. 

C D 
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rth root of this quantity will be integral and positive also ; for 
if axff of the indices in the root were fractional or negative, we 
should, in the re-composition of the power from the rodt, have 
fractional or negative indices also in the power; which .is con- 
trary t6 the supposition. 

With respect to the two first terms of the root, it is manifest 
that the first of them will be unity, and that the second will be 
such a quantity as, in the re-composition of the power from the 
root, will give ax for the second term of the power ; now, by 
Case L, this must be such a quantity as when multiplied by r will 

produce ax, i. e. it must be -ax. Hence we have 

(1 +aa?4-6a:'+&c.)'' =1 +-aar+&c. 

r 

2= 1 + nax + &c. since - = n. 

r 

AM 

III. Now let n=— , then , 

r 

by involution (Case I.), 

(1 + CM? + 6«^ +'&c.)"'= 1 + wioo: + &c. 
by extracting the rth root, 

m I 

(1 +aa:-j-&a^+&c.)'=(l+maar+&c)' 

=l+--(maar)+&c. (by Case 11.) 

= 1 4— -(aa?) + &c. 

^1 +naa; +&c., as in Cases L n. 

IV. If nrs=— «> where s is either integral or fractional, then 

=±1— »aa:-f-&c., by actual division, 
ta: 1 -f n<Mr+ &c., as in former cases^ 

Hence it appears, that whether n be integral or fracHonal^ 
potUive or negative^ the first two terms of the series expressing 
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the value of (1 +a«+(2*-{-dsc.)*^ will be l+nax^ and that In the 
subsequent tenns the powers of x will be integral and positive. 

Now, suppose a=ly 5=0, c=0, &c.; then the multinomial 
quantity 1 +ax+&a^ -f&c. is redooed to die binomial l+x, and 
we are evidently at liberty to assume 

whereby r, «, &c* are quantities whose values are hereafter to bl 
determined* Hence, also, since (a+:r)"=a"(l+-) , we have 

(a+«)-=«-(l+^+^+5!+&c.) 



= a" + iio"~*ar + 5[o"^a^ + ra*" V + &c. 

156. Now let the trinomial quantity (l+ar+A)** be expanded, 
first by considering a;+A ais ene quantity, and secondly by con- 
sidering l+:r as one quantity, and there will arise two series, 
from the comparison of which the values of q, r, «, &c. may be 
obtained. Thus, 

I. [!+(«+*)]"= l+«(^+A)+g(a?+*)'+r(ar + A)" + «(ar+ *)*+ &c. 

= l+iM:H*^a:*-fra:*+«r*+dcc.-|-nA+%&ar-h3rA«". 

-f4j*aj»+&c.(il) 
omitdng the higher powers of Ji, as unnecessary for our purpose. 

5'aJ»+r'ir»+«V+&c.]« 
==l-(-fM:+^a:'+ra*+«aj*+&c.-HiA+n(n— l)Aa:+ 

Since the series (A) and (B) arise from the expansion of the 
same quantity, 1+^+^9 they are evidently equal; rejecting, 
therefore, the part common to both, we have 

2qhx+ 3rAa"+4**ir»+ &ui.—n{n^l)hx-^nq'ha^+nr'ha^-\- &c. 



(*) In asfluming a series for the value of (1 -f-dp)**^', the first two terms (by 
Art 155) will be l + (n — 1)'* and the other ooefBcients will also be different 
from tho06 of the series which expresses the value of (1 +xy^. To pretfent 
an unifbrmity of notation, we have made them ^, r', a', itc * 
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flind equating the coefficients/*) we have 
%=n(»— 1), or g= ' g ' ; 

and by parity of reason, ^r'sr* ^ ' 

, n(n— 1) (f^— 2) n(n— l)(ii— 2) 
8r=iij'=-^ ^^ -^ orr=-^ ^^^ ^; 

(n-l)(r^2)(nS) 
2.3 



, n(n-l)(n— 2)(n— 3) n(n— l)(n~2)(ii— 3) 

(n-l)(n-2)(>»-3)(n^) 
. a^^ « - 2.3.4 

&c. &c. &c. 

By substituting the values of jp, q^ r, &c.y thus found, we have 



('^) This process of equating coefEcients requires ezplanatiou ; for which 
purpose, let us suppose a + bx-^.cxl^-^dx* -f-&c. vaidct-^ 0x-{-yx^-\'i^3e^ H-&C. 
to be two series arising from the different modes of expansion (by division, 
eoobUion, &c.) of the same quantity, or of equal quantities, in which a, 5, e, dl, 
&c. and et, 0, y, J\ &c. are constant quantities, but x a quantity varying 
through all degrees of magnitude. Since the two series are equal to one 
^mother, whatever be the value of x, let us suppose x=0, and we have a=A; 
and these two quantities being invariable, a will always be equal to et for 
every value of x. Now since «=«, bx-{-cx^-^dx^-\-&>c. must be equal to 
fix-\-ya^-\-^x^-\-&,c,; divide by x, and we have 6 + ca:+da:2-f"&c.= 
/S-f->a;+^^~f~&c. ; suppose again 2=0, then &=iS, and so on; hence 
a=a, &=^, c=y, d=i, &c. The same is also true in the equation 

(fl + 6a: + ca:2 + &c.)y + Py2 + Qy» + &c. = (at -f /8a: + >a;8 -I- &;c.)y + JP'y* + 

Q!y*+&c.; for divide by y, then fl + 6a:r|-ca:8-|-&c.-f-Py+(^+&c = 

«t+Ar+>af*-|-&c-f P'y+QyH-&c.; lety=0, then a+bx-^-cj^+Scc 

=^A-\-0x-\-yx^-]r&Ai,f and a, &, c, &c. may be proved equal to «, /S, y, &c 

respectively, as before. 

(}) For if the coefficient of the third term of the series whidi expresses 

n(fi'^l) 
the value of (I+a:)" be A.^^ — -, the coefficient of the third term of the 

series which expresses the value of (1 H-^)*^^ will (by substitutiiig ti— 1 fer 

«) be 5 ' ; and so of the rest, f', «', &c 



OB8BSVATION8 ON THB FOBSOOIKO. TIEEOBXlf. 179 

and {a+xY=.a-+na^^x+'^i^^=^^ 

n(n -l)(n-2)(n-3) 
^ 2.3.4 . --^-r^^ 

So that the series expressing the value of {a+xy^ n being any 
Dumher whatever, either integral or fractional, positive or nega- 
tive, observes the same law as that which was deduced in Chap.* 
III., on the supposition of n being a positive whole number. 

xLvm. 

Some OhservoMons arising out of the foregoing Theorem* 
157. Resuming the notation adopted in Chap. III. we have (a+hy 

^ , . , . n(n — l)(n — 2),,Jn — »i+2) ^.,- , 

term of the series bemg -^^ , oo / ,x — ^--^o*-*+'*"^>. 

1.2.p.. .(fii^— 1) 

Hence, if n be a positive whole number, the series will terminate 
ai!er n+l terms; for let m=:n+2, then n-— 01+2=0, and con- 
sequently the coefficient which involves the factor (n — m+2) 
vanishes. Let m=n+l, then n — ot+2=1, n — m-fl=0, and 

, . ,., , . n(n— -iVn— 2)...3.2.1 „- 

mr-l =n ; .•. the (n+l)th or last term is \ ^ ^^^ — / ,> a<^6", 

1 •2.0...ll^f|r— 1 ^ 

or ^. If n be fractional or negative, the series will not terminate, 
and in this case the value of any expanded binomial can only be 
expressed in the form of an infinite series. 

158.. If in the series expressing the value of (a+ft)*, for b we 
put — by then those terms which involve the odd powers of b will 
be changed from + to — . Hence we have, 

and 
•. by addition, (o+ft)»+(a— J)"=2a"+n(»— l)o"-«J«+&c 
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by subtiaotkm, 



3 

orHl(a+ 6)"— l(l^-A)•==lu^"'6+5i2I:^^5^^ 

159« Let a^lj &=1, then (a+()"s=(l+l)**=:2"; andsioce 
the several powers of a and b are, in this case, each of them equal 

to 1, wp have l+n+-^-^r — ^+-^ ^^^ i+&c.=2», i. e 

the sum of the coefficients of the nth power of any binomial is 
equal to that power of 2 whose index is n. Thus, for the square, 
i+2+ls:4=:2'; for the cube, l + 84-3+l=8=2»; for the 
fourth power, 1+4+6+4+1=16=2*; &c &c If a=l, 
6=1, in the ^expression (a— ft)**, then (1 — 1)*=0, which shows 
that the sum of the positive coefficients of (a— ft)" is equal to the 
sum of the negative ones* 



On the Expansion of Series* 
160. It has already been observed (Art. 157) that when n is a 
fixative number or a fraction, then the series expressing the value 

of (a + by does not terminate. Let n=^ , and substitute - for n 
in the series (Art. 156) ; then 
{a+by . 

* w 2?-i . r\r ) 5-«„ . rVr"" )\r / i 
T=za''ir'^af &+— ^ a' 6*+ ^ a' 



ft*+&c 



.?, WM^A .w('»-'')a" /^. 'K"*-^)(»-2r)a" /y\. ,„ „ 

(*) This Beries is derived firom the preceding one, by resolving the powers 

!?— 1 2 - H? 1 ar 
oftfintotwofiustors; thaB,a>^ =flr x«-*=a' X-= — ; 






<^ «>' 
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which 18 a general expression for finding the value of any hino- 
nual surd quantity in a series, - being either positiTe or negathOy 

T 

and m and r any whole numbers whatever. 

EXAKFLB 1. 

Find the value of {/c*+a^y or (^+^9 in a series* 
Hiere asc^y ft=«", 111=1, r=3, 

.-. a' = yc*=c; 

m/6v 1/^ ** 

TVa/ 3V>^~8?' 

CT(ii»--r) /yv_ l(l— 3) /g\_ ^ 

2r« V/ 2.3" \^r 3'c*' 
<»(m->-r) (m— 2r) /yv _ 1(1— 3) (1— 6) /a!\ _5j^ ^ 
2.3r» VaV"" 2.3.3» Vc»/""8*c»' 

&c« &c. 

Hence y?+F=c(H-^-^+^+&c) 

Ex.2. 

i d 

Find the value of ;^^=, or ^7:^^. or d(<?+a^. 

IJere a=i(?^ ftj=«*, »i=— 1, r=2. 



7tV-^5)= 



2c»* 

w(i»>--r) /yv_ — 1(— l--2) /a^_8a;* 
2r« W/ 2.2^ VcV""^*' 

m(m— r) (wi— 2r) /yv _ — 1(— 1— 2) (— l— 4) /g\ 5/ 

2.3r» VoV ' 2.3.2» V?/'"'"W' 

^sc &c. 

Hence (c.+^=i(l-^+^_g+to.) 

a 
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Fiad the mixm of , . ^ , or (o+«>^* 



HbXQ a=:<?} OszXf fli-jL • ' • 8| l^sel* 



=^= 



2« 
c ' 

2r» VaV 2 \?/ u» * 

m(m^-r) (m^ 2r) /6\ _ — 2(— 2— 1) (— 2— 2) /g\_ ^4ai* ^ 

2.8r» V/"^ 2.8 Vc»/ c» ' 

&c dec 

1 1 2a? 8a* 4a!* 

This aeries b easily verified by the diyision of 1 by i?+2ex+sF^ 

Ex.4. 

Find the vdue of («•—«■)*. 
Here a=:tf^ &=— g:*, ffi=:d, r=4. 

3a« 



2V^ 



=©=K-5)=-; 

2r* Va"/"" 2.4« Kd"/ 2^4^' 



mymr-^) (m—2r) /lj\_ 3(3—4) (8— Q) / A _ fia?* 
2.8r* V?/ 2.3.4* \ c*/"" 2V' 

Hence (^-«*)*= ^c*(l-^^-|^-|g-^) 

? JL , 

161. Now let «=1, then (o^^»)'=(o+6)'==ya+ft; and 
a'^s=v^a; hence the series in Art. 160 is transfonned into 
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Let assly fr=l, then 

Thus, it r=9, then ^2=:j+i-l+^+^-|J+A«. 
Ti. « ,. . « , 1 1 . 5 2^ . 2.11 8.7.11 . . 

&c« dtc. 

: By means of the series marked (A) the rth toot of many other 
nmnbers nay be found, if a and 6 be so assumedi diat ft is a 
■mail immber widk lespeet to «, and ^a a whote mmdier ; timst 

Example 1* 
Let a==49 6=1, r=:2, then ^a^ \^4=:2, and we have 

Ex. 2. 
Let a=8, 6=1, r=3, then Va= ys=2, and we dbtam 

Ex. 3. 

liBt a=8, fcnc— *2, r=3| then -=«--= — - , and we have 

d o 4 

The several terms of these series are found by substituting 
fi>r a, 6, and r .their vidues in the general series marked (A) 
or {B\ and then rejecting the factors common to both^ the nume* 
lators and denominators of the fractiionsu Thus, for instance^ to 
find the seventh term of the series exhibiting the value of ^2, 
we take the seventh term of the series marked (^), which is 

. _. . 8.6.7.§ ' 7.9 / •. 9 8v 8.7 
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S 7 

*^ • To find the fifth term of the series expressing the 



2 

approximate value of {/9, we take the fiflh term of the general 

series marked (A), which is ^ '(^ > where 

a=8y i=l, and r=S; therefore the value of the fraction is 

2.5.8 /Iv 2.5 2.5 _ ,. , ^ 

-T3X3^y=-- 3:3^8^=- 3^85• I^ this mamier each term 

of the second series is calculated. 

162* These series converge very fast, so that a few terms 
would give the rth root of certain numhers with a great d^ree of 
accuracy. But a more practical method of finding the higher 
roots of such numhers, is, hy making the number whose root is 

to be extracted equal to a'+^9 and then assuming a+^= \/a'+^, 
« being some decimal fraction; for in this case (a+xy^a'-^b^ 
and by» expanding (a+xy and neglecting all the powers ofx after 
a^, (being very small compared with the preceding ones,) we have 

ar+rar^x+r(p^\ar*a^=ar+b; 

.•. raT^x+rC— \ar-^a^=:b (A), an equation from 
which the value of a; may be found in two ways. 

I. By arranging the terms, and dividing by »'(~^~V**^> ^•^ 



nave 



a*+3^=. 2ft 



r— 1 r(r— "l)a'" 



. , 2ax , o« 26 , a« 

^r—l^(r—iy r(r— l)a-?(fw.i)«' 

and by solving the quadratic, , . 



r—l^\ r(r—l)a' 



+ 



a« 



_, — — - r— 2 '/ 26 c? 

Hence ya''+6=o+a:=-— a+4 /-- — tt-^+z — r^, which 

18 Hauuit's kule, {Pkiloaophieal TransacHons^ 1694.) 






n» FVom eqCiatl(»(il) we have a?(ra'^*+f/^^\a'^«)=ft } 



'•*• jT-ifir '^ •' • •""* 



^riF^l .r— 1 



ra'-i+r(!^)a'-^ ** U-l 



2 
By a Jtra^ approxitnatiott, negteeting the term which iBvoiires 

tes we have a^f^-— r;^ $ substitute this value fbr x in the iraction 

and we obtain a second approximation, which 




gives 



\*+^(^)/ 



and ^o'+ i=5a+ar=o+j;jp/ — j;^j ^ 



'+-WKip). 



which is the Rule given hy I^ Croix (C(mpUmetU d^Algibref) 
and ascribed to Lambbht. 

EXAMPLIfi !• 

Find an approximate Value of the cube Toot of 07« 

Here 67»:64+8=4'+35'.% d=:4, 6=8, r=3. Hence, by 

the first mdthod, o^+^—z^+K/^+^fOt y 67=a2+4/- +4 
s=2+3.0619»:i4.0616. 

Ex. 2. 

Find an approximate value of the fiflh root of dO» 

Here 80sf32— 2=^2'*— 2 ; .-. a=2, 6=— 2, r±=6. Hence, 

by the second method, ct+ar=ra+ =-,/ -^\ , or 









The method of finding the rth root of oertain numbefs^ as et« 
hibited in this and the foregoing Article, is a matter^ rather of 
curiosity than practical utility, as the rth root of any number 
whatever may be found with greal &ciiity by means of logarithms* 
This method would be useful, however, in ai; operation where it 
was roquired to ezpiess this root in the form of a vu^if fraction, 
as in the last Example, where we obtained the approximate value 

of the fifth root of 80 in the shape of the fraction ^f ^ 



L. , 

On the Method of finding the Approximate Ratio of the Powefi 
and Roots of Numbers whose Difference is small* 

168. Let a+x and a be two numbers whose difference is ar, then ^^ 
-f&c. : a** :: (dividing each term of the ratio by a**"*) a+nx+ 

164. Suppose now that n is not a large luimber, and that x is 

very small when compared with a^ then the fractions ^ , -i^ 6x4 

Will be stnall also, and those terms In which they are involved 
will be very small when compared with the integral part a+nop 
of the series; in this case, therefore, the ratio of (a+xy : o" ap- 
proximates to the ratio of a +na; : a. Thus the ratio of (a + a:)" 2 
a' approximates to the raitio of a+2a? :.a ; of (a+x^ : a* to the 
ratio of a+3z : a ; &c. &C4 ; or if a ^i,^, &c.*then the ratio of 

^a+x I y/a approximates to the ratio of <f+ia; i a^ of ^a-^-x 
i y/aio the ratio of a+^o; : <»;^i^f#^- F(ftr instance, the ratio 
of the square of 501 to the sqi^re. of 500 (in which case a=^500, 
ar=l, n=2) is 502 : 500, tery nearly ; the ratio of the cube of 
62 to the cube of 61 is 64 : 61, very nearly ; &c &c. Again, 
the ratio of the square root of 501 to the square root of 600 is 
500i : 500 ; and of the cube root of. 103 to the cube root of 100 . 
is 101 : 100, very nearly. ^ 



J 



16S* V the di^ienoe between the two numbers is not very 
small when compared with the numbers themselves, then the three 
first terms of the series must be taken instead of twoj in which 
Case die appiroximate ratio of (01+^)" 1 a" becomes that of a+n^ 

+--^-^ — \~^j • ^» For instance, let it be required to find a neat 

upproiimatlon to the rttlio of >^11 : ^10, then a=10, x=l, 

fi=-, and the approximate ratio becomes that of 10+^ — ^ : 10, 

or of ^ : 10, or of 929 : 900. By the Theorem in 

90 ' ^ ^ 

Art. 164, this approximation would be 10^ : 10, or dl : 80, i. e« 

dSO : 900. 

Another method, which gives a much nearer approximation, is 
as follows. Let 5= half the sum of the given numbers, and p= 
half their difibrence ; then (Art. 28) the numbers themselves wiQ 
be S+Jt) and S — D* Hence the ratio of their nth powers is that 
of 5*+n5*-*Z>+&c. : iS*— «5»-*l>+&c, or of 5+nl>+&c. : 
S^^nD + &ie.^ and their approximate ratio that of 8 + nD : 

21 ' 

S — nD. If this method be applied' to the last Example, 8=-^^ 

•>! 3 ^ ..^^21.1211 

//=-, and the approxmiate ratio is that of -jr+s s -^ — Ey °^ 

of 64 : 62, or of 32 : 31, ^hich is nearer the truth than that of 
929 c 900, given by the last method* 



I. 

* 'I • 

On the Method oj^ ei^cting the nth Root of a Binomial 

• Quadratic Surd* 

166. In the expression x$h \^y« let or be a rational quantity 
And Vy a quadratic surd, tipen Xx+ ^yY=:^x^-\'nx^Wy + 

n.-^xf^y+n.^^^.^^^^yi^ Let the sum 

of the rational terms in the series (P) be equal to a, and of the 
irrational s=p^jf=sVjp^y> which may be expressed in the form 



n/h^ y/h being a quttdmiie surd contsui^Dg Ae imrd ^y. Hetfoo 

(«+\^y)"«:«+v'&, and V«HV6==«+i/jrt % therefore, the 
nth root of a quadratic surd of the form a-f V^ can be eKtrtRted^ 
it may be expressed under tbe fbro^ a+ Vy> whether it be an odd 
ox ^ven number* 

16Y. Let ^x+^y be a binomial quadratic surd, m which 
y/x and \^|f are surds not reducible to the same irrational part 

then(V«+V^yr= 
n #5;^ I*— 1 *z? n 1 ii*"**8 2^ 

If ft be an even number^ then the 1st, dd^ 5th, &c« terms of the 
series (Q) are rational) and the 2d, 4th, 6th, &c« irrational, (Art* 
129) and {^x+^/yY may, as before, be expressed under the 
form a+ >/^» where \^& is a quadratic surd containing the surd 

v^ary* Hence (Va?4- Vy)"=a+ V6, or ya+ V^=\/ir+ Vyi 
and, if the nth root of a-f V^ can be extracted, it tnay be ex* 
pressed under the form V^+ Vy* 

ft II — 2 
. 16B. If ft be an add number, then ^, — ^— » ^* are fractions, 

and —o-i — ft— > &c-> whole numbers; hence the 1st, 3d, 5th, 

&c. terms of the series (Q) will be surd quantities involving ^x^ 
and the 2d, 4th, 6th, &c. terms, surd quantities involving Vjft 
the series may therefore be expressed under the form p^x+q^ff 
= y/]f9'h y/^y^ or under the more general form \^a-f V^t 
where y/a and >/6 are quadratic surds involving the surds y/x 
and Vy respectively. In this case, then, (N/ir+\/y)"=>^a+ 

V6, or y\/a+V^=\/ar-f vy; anfl cpnsequently, if the fith 
root of \/a+ \/( eto be extrtided, it may b^ expressed under the 
form *Jx+y/y. . ^ 

169. Hence it appears that ^ nth root of a-f yfh may be ex* 
pressed under the form x-\'^y^ whether ft be ah odd or an even 
number \ that the ftth root of a+ V ^ niay also be expressed under 
the form V^H- Vy* when ft is an even number ; but that the ftth 
root of Va+^/& can be expressed in the form of a binomial 
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quadratic surd only when n is an odd number, and thcti under the 
form -Jx+y/y. 



170. Suppose now that ya+V^=*+\^y> then a+Vft= 

— < 
3" 



(a?+ ^/y)'•=af+llaf^Vy +n • ^«^y+n • -«- • ^«*^y v'Sf 



n 1 

+&;c.; .-. by Art. 132, tt=«*+n.— ^«*^+&c, and V^= 

««^V3f+« • -TT" • -"o'^'^y^^y + ^' 5 hence a — Vft = *" 

(ar — \^y)", or ^a — y/b=x — V,y; from which it appears that 
if ya+ ^b=zx+ Vy, then will ^a — y/b=x — VSf* 

In the same manner, if V>^A+>/^=>/a-f ^/3f, where n is 



an even number, it may be shown that ^a — ^6= ^x — ^/y. 

171. Let y V«+ ^h=z V«+ ^/y (» being an <n2(2 number,) 
then v'o+V6=(\^x+v'y)"=«'+n« " Vy-fn.— 5-a:'«"y+ 

91 — 1 fi — 2 2:f 
91.— ^.— 5— a: « yVsf+&c. ; hence, by Art. 182, (siBce ^/a 

is a quadratic surd involving >/ar, and ^ba quadratic surd in* 



5. n 1 l!z? !!d 

▼olvmgv^y) \/o=ar"+9i.— ^—ar « y+&c, and y/bz=nx * */y 



II— 1 91—2 2:? . _ ,5 2=? 

■3 



+91.— 5— .— ^-« > yVy+&c. ; .-. v^o — s/b^x^ — nx * ^y 



+n . ^^a: « y— « . •^_ . ^.-po: « y Vy+ &c. = (>/x— ^/y)^ 
or y i/a — ^b = V*— \^# ; ^rom which it follows, that if 

m 

X/xJa-^- y/b=^ Vx+ Wi then t^y/a^^ 6= y/x — Vy. 

Suppose now that A+B isi^a binomial quadratic surd, one or 
both of whose terms is irrational, then, from what has been 
shown, it appears that if A and B are both irrational, the 91th root 
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of A+Jf'cam. be OKtraet^d cmly when ii k ao odd number; bat 
if Jl be ratioDal, then the nth root of A+B may be extroctec), 
whether n be an odd or an eoe» number. • In the following Rule 
for extracting the nth root of A+B^ the two terms aie supposed 
to be so arranged that A is greater than B; and it oooMts of two 
cases, depending upon the value of A* — ff. 

Case L 

When A* — B^ is a complete nth power; i e» wh^ J.*-^B*== 
o", or y/A* — ^5"=*, • being some whole number. . 

Assume t/^+B=^x+^ff{R), 
then (by Art. 170 or 171) ;/A—B=z Vx—^plS) ; 

By squariiig equation (R), yA*+-B»+8ilJ?=«+y+2^/afy; 

By squaring equation (5), JM'+JS* — 2AB=x+f — ^V^i 

.•. l/^A*'{'EF+2AB+ yA*+S^-^AB—2x+2^z=:amoo uAok 
number. Now let 

i^+WT2AB=p+f, 

wheie jp is tiiQ neaiest whole number lea$ than the true root, aod 
consequently / a proper fraction ; and let 

where f is die nearest whole number greater than the true root, 
and consequently /' a proper fraction. 

Then ;/A^+B'+2AB + ;/'A*+B'—^AB=p+q+f—f=. 
^x+2y=:a, whole number. 

>'>/-/=a (^> or/=/; 

hettee yl«+i^+2JjiCvk*+J3"— 2Aerrp+^. 



(•) fiidoe / and /* an boUi|PrafMr ftacfioBt, it b evident di»t /—/^ ouuiot 
lip 4 whole number, «nd oooaequently |i+9+/-/' cannot he a whole bwB' 
W, unlen /— /' =0, or /=/'. 
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Let p+t=*, then ^^^^^ 

2«+2yc=i, or «+y=in,f. 9^=il+», and ^ar=i^/t+2€h*> 

but ON— y=» ^ 2jf=^l— •, and ^y=i ^ll^Sa. 

Casb n. 

When Af'^ff is not a oemplete nth power. 

In this case let C be so assumed as to make (A'— f)C a com 

plete nth power, i. e. let (J.*— B^C=»% or y(jL»— B')C=» ; 
then assume 



or ^A'— B»)C.(o) =a!u-y ; 

and y(J.'+JB»+2iLB)€+ ?/^(il«+B»— 2iLB)C=2ar+2y=*. 
From which we deduce, as before, 

^xdzVff=iVt+fi»±ii^t—2a; 

EXAKFLB 1. 

Find the cube root of 28+15 >/ 3. 

yii'+5"+2A-B=y676+676+780-s/3r=18+/, ' 
yj.«+ B«— 2 JJ= y 67p + 876—780 >/ 3= 1-/; 

Hence yj+B=i>/7+M-i 

'' ' . 

(•) Fw 4«=t+2«; /. 2^/x=V^^F5^ and \/«=i\/«+»*. In the 
•ame manner it may be shown that v^3f=iv^— 2«. 



• 
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Ex»2. t ' 

Find the cube root of 9^3— 11 V2. 

Here -A= 9^/8) ^ ^._b.=243_242=1, and a=l 

yi»^-5*4-2^J5=y243+242 + 198^^6=9+/, 
yj.»+iP— 2AB= y248+242— 198>/6=1-/. 
Hence te9+ 1=10, and ^^"^+2*— jy^-2osri>/12 — ii/8 

.-. yj=5=V3— \^2. 

Ex. 3. 
Find the cube root of 84^4x/5, or 4>/6+8. 

Here A=4>/5) .*. A*— 5*= 80— 64=16, which is not a cube 
B=9 ) number, and the least number which, multiplied 
into it, will produce a cube number is 4,*^ .% C=4, and (-4.* — S^)C 
=16 X 4=64 ; hence y'=64, and o=4. 

. ■ ■ I ■ ■ — m. ■ ■ . b ■ . 

(*) In finding the least number by which a given number (a) roost be 
multiplied bo as to give a product \idiich shall be a complete nth power, it 
may be observed, t}iat if a be a prime number, it must always be multiplied 
by a^*~H; thus, 'there is no other number by which 3 can be multiplied to 
md[e it a cube number, but S' or 9, which gives the product 27 ; nor is there 
soy other number by which 5 can be multiplied to make it a hiquadrate 
number, but 5^ or -125, which gives the product 635. But if the given num- 
ber Ib resolvable into factors, one or more of which are square, cube, &c. 
numbers, then a less number than a**^^ will answer the purpose. Thus, 
12=3 X4=3 X2»; and if 3 X22 be multiplied by 32 X2, it gives 38 X 28, 
which is the cube of 3 X 2 ; L e. if 12 be multlpUed by 18 it gives 216, the 
ci;ibe of 6. Or in general, if the given ,^umber («) lie resolvable into fiictora 
a, A y, &c. such that a==A^0fy9 &c^ thien if this number be multiplied by 
af>^^fi^*-pyr^ &c. it gives a^6^^ &c«^hich is the nth power of a/^ &c 
ffhus, 360=8 X9X5=2»X3 X5; herei»=3,p=2, 5=!; andif itbe 
required to find a multiplier which shauM make it a hiquadrate number, then 
11^4, /. n — m=l, n— p=2, n—q^^ff hence the multiplier is 2 X 3* X 5» 
=2250, and we have 360 X 2250=^0000, which is the fourth power of 
2 X 3 X5 or 30. If one or more of the indices m, p, 9, &c. be greater than n, 
then, in finding the multiplier, sudl multiples of n must be taken as to make 
the indices of all the factors in the multiplier positive ; thus, if m be gieatec 
than n but less than 2n, then the multiplier to be taken is «^~^/8'*~^"~^ 
which gives for the product of it and tt^^^y^ the quantity at^^"y", which is 
the nth power of t^/iy* 



I 
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Now y(A*+i"4-2AiJ)C=5y(80+64+64y 5)4=10+/, 

y(^«+JJ'— 2AB)C= y(80 -f 64--6475)4=2-/; ■ 

.•.^=10+2=12. 

yrj^-f- 'Jt^ ^_ V20+ %/4 _ 2>/5+2 _ ^5+1 
•"^ ^7C 2^4 W^ 9^' 

V5+1 



Hence y4V5+8= 



{/2 



UI. 

On <A6 Method of reverting a Series. 

m 

Let «=ay+6y'+cy'+rfy*+&c., where the value of a; iaez- 
pissed in a series containing the powers of y ; by the reversion 
of the series is meant such an operation as shall exhibit the vahie 
of y in a series containig the powers of or. 

173. Previously to the reversion of a series, it will be necessary 
to show the manner in which it may be raised to any power (n). 
This is dmie by separating the first term from the rest, and then 
appl3dng the binomial theorem to the involution of the series so 
transformed; thus 

•a:«+na'^>af»-'(6«*+cx»+rfa?*+&c0+^^^^^ 

R 



4H H9VB0D OF SKlCBSTINd A fi^JISS* 

174. Let vs now suppose the /oUowing equatioiii to be ttn^t 
whatever be the value of or, viz. 

aa?+&r*+caj*+i«*+ &c.=©a?+/M^+ya:*+to*+ dec* 

Then, by traDsposition, we have 

' (a-rn»)a?4-(*--^K+(€--y)aj'+(<^--5>C*+&c.==0(B). 

Now whatever is true ia the original equation roust also be true 
in the transqposed. equation ; but it has already been proved with 
respect to the former equation, (Note (^), p. 178,) that a=a ; 
h — jS; e=y; d=6; &c. ; hence a — a^sO; h-—^=0; c — y=0; 
il— 5=0 : &c. ; from which it follows, tlmt if an equation of the 
form (B) be true for any value of x, its coefficients will all be* 
come equal to at the same time. 

175f Resuming the equation a:=:ay+6y*-f cy*+i2y*+&c., let 
it be required to find the value of y in terms of x. Transpose 
a; to ^e other side of the equation, then ay+bf^+cj^-i-dj^ 
+ dtc. — x= 0. Assume jf =«x -f jSa:" -f ya;* -f 6j** + &c. ; and find- 
ing the value of the successive powers of y, by Art. 173, we have 
ay=^aaa+a^ +aya^ +a«ic*H-&c. 
. b3^=z 5»V+25o^a:*+2&»ya?*+&c. 

4-6iai'a?*4-&c. 
ct^=z .... cttV+3ca^a;*+&c. }=0. 
dif*= <fo*«*+&c. 

dEC.=: -|-&C 



Henoe, by Art. 174, a<>-~l=0, or »=- ; 

M h 

afi^ W=0, oi^jai;=-u^==_l ; 

ay+2biafi+ca?=^0j or y= — = — ; 

♦ — 5^+5a&c — a^d 



a' 



dec. = dec. 
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SalMftitutiDg these values for a, 0, y, d, ^»%, then 

_a r »a^ , (2y— ac)g* (5^— 5a6cH-q'<^K . a, 

iuid if Art:!) at XTs^+bj^+ci^+dg*+6cc.9 then 

176. In the following chapter it will be shown, that if 2 be the 
logarithm of the number 1+n, l=n — in^-i-in* — in*+&c; sup- 
per, therefore, it was required to find the number in terms of the 
iiogariihmj !• e. to find n in terms of l^ then, comparing the equa- 
tion i=n— -in'4-in* — ^in^-f^c. with the equation «=y+V-f 
^+^jf*+^^c. and substhuting l^&r x and n for yiaihid ^uatioQ 
( Jl), we should have 

n^ J— 4P4- (2ft*— <)P— <56»— 66c-|-d)i*4- *c- 
where *=— g, ^=3, «'=— 4* &^ 

Hence — ft^- 



a' 

2 3 2.8' 

^*u «i . JN 5 5,1 15—20+6 1 
-^».-5fc+d)«^-^+j=__j— =2^ 

&c. dro. 

a«dl+«=l+l+?+i^3+^+&c 



4- 
• . 1 






CHAPTER XI. 

OH LOOABITBH^ AND SUBJECTS COmtECTED WITH ItiEH 

Lm. 

Definition and Properttei qfLogaritkmt. 
' 1T7. Iir the two following series of quantities a', o^, a*', a^", 
&C. {A); X, x\ x", x"', &c. (B); where a is some gireti mim< 
oer, and x, x', x", z"', &c. aoy variable quantities whatever, the 
several temis of the series {B) are called the Ic^rithms <^ the 
several terms corresponding to them ia the series {A). Thus if 
a'=jf, n''— j(', (i^'=y",.&c. then *=log.y,* a;'=log.y'; x"= 
log.jr"; Aec 

178. In adapting the series {A) to the numbers 1, 3, 3, 4, 6, 6, 
&c> the given number a must be greater than unity, the first index 
X must be equal to 0, and the several indices x*, x", x"', &c. must 
keep ccmliDuaUy increasing. For in this case, «nce (by Art. 6fl.) 
a*^l, this series will increase from 1 to infinity ; and by properly 
adjusting the values of a!, x", x"\ &c. it is evident that the 
several quantities a", a"', <^", &c. may be made to coincide 
with the numbers 2, 3, 4, 6, 6, &c For instance, let a=10, 
then (since 10°=1 and 10'=10), the indices of 10 which would 
give 10", 10^', IC 8, 3, 4, 5, &c. 

must be fractions 1 

Take for COTm t/W='^\Wi 

^4.64; flrom wl (x') somewhat 

2 
greater than ^ (= > index of 10, 

would g^ve 10^= ileulation to be 

.6989700 very nei Iwd a=10, the 

logarithm of 5 is ■ 

170. From hence it appears that the logarithm of any given 
numbier will depend upon the value of a, and that diffirent sys- 
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ferns of Ibgaiithmd Wdutd be fbmied by" assuming it equal to 
^iflferelit tiumbersj but that (since a"=i) in every systeioi the loga- 
rithm of (fne would be 0. This constant quantity tf , from whose 
powers the natural numbers are formed, is called the haje of the 
systeoa to which it belongs. But before we proceed to calculate 
a system of logarithms, it will be proper to explain some of their 
properties* 

180. Let N and n be any two numbers belonging to the series 
{A); let N (for instance) =a*, and n^a*"" ; then Nn^^a'X 
a*""=ra*+*"" ; but by Art. 177, the logarithm of a'*'"" is x+ 
x"'\ .-. the logarithm of iVJI=ar+a:""=ilog. a*+log. <|P""=1(^. 
iV-f-log. <7U In the same manner, if n^ n\ n'\n"\ <bc* be any 
set of numbers belonging to the series (A), it might be shown that 
the logarithm of nn'n!'n"\ &c.=log. n+log. n'+log. n"-f-log. 
n"'-\-4itQ. ; i* e. " the logarithm of the product of any number of 
factors is equal to the sum 6f their logarithms." 

N a* 

181. Again, — =-j7;77=:a*"*"" ; but the logarithm of a* 



«— ar""; ;•. the logarithm of -=x— a:'"'=log. a'^log. o'""= 

log. N — ^log. n; from hence it appears that " the logarithm of the 

^otient of any two numbers is equal to the difference of their 

N 
logarithms ; and that the logarithm of a fraction — is eiqual to the 

logarithm of its numerator minus the logarithm of its denomi- 
nator." If JV be less than a; then logs-'iV — ^log. n is negative f 
consequently the logarithms :45f all proper fractions are negative 
quantities. *^ ;v-f " ':* 

182. Let N=±a' b^ qpfeed '^Wh^wm power, then JV'^ssa'^; 
but the logarithm of a'^=wM?; nSil^the logarithm of i\r*=:iiMf=s 

m. log. a*=m. log. TV; for th^mme reason, since -yiV=iV«= 

«« the logarithm of y iV=— if=I^^ — ; from which we infer that 

mm 

** the logarithm of the mth power of any number is found by mul- 

tipl3ring its logaritlim by m ; and of the mth root of any number^ 

by dividing its logarithm by m." 

R2 



198 

183. If the seriea (A) consists pf quantities of the foitn a', a", 

a*', a*', &CC a'", tttea the corresponding temis of the series 

(B) are x, 2x, Sx, 4r, dec . . . .nx ; i. e. " if a series of ({uaQtitiM 
be in geonielrical progressioD, tbar logfuithms will be in a^h- 
metical progreaaion." ' '- - ' 

LIT. .' 

On the Method of finding t^ ZogaHtlOa of any gieen JVxmfter. 

164. Let 1-f-n be any numbbr iii the common arithmetical 
8(^e, and x its logarithm, then. Art. 177,. a'=I+n; and let 
a=:l'+ij then, to find the I<^rithm'of l+n, we bsve only 
to solve the eqntUion (l + 6)'=l+.n,. where it is the unknown 
quantity. 

Let both sides of thitf equation be raised to the power h, 
■then {l+by^i+n)\^sn 

rejecting 1 from each side of the equation and dividing by A, 
we have ' . 



oti=log.(l+«) 



^_,)_j(^i).+j(„_i,._&. !*■■'** 
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ld5« But the series whioh thus expresses the value of ir in 
term? of n, will either diverge, or not converge so quickly as to 
make the sumnnation of a few terms of H a sufficient approxima« 
tion to that value, unless n he a fraction of a proper degree of 

smalhiess. Let, therefore, » = ts — rt where N may he any 

numhCT greater than 2, then 

N—1 
and 1<^. (1+n) — ^log. (1 — n)=^log. iV— log. (iV— 8). 

Now log. (1 4-n)=-M(n— inM- K— in*+ J»»— <Sks.) 
and, substituting — n for n, 

log. (1— n)= Jlf(— n— }»«— in'— in<-4n»— &c.) 
Hence, by subtraction, 

log. (1 +»)— log. (1— n)=2J(f(n4-|n«+ Jn»+&c.) 

orlog.i^-log.(iyr-2)=2Jlf(^i-j+^^.+g^+ 

from which we have 

which is a very commodious series for constructing a table of 
Ipgarithms, when some value has been assigned to M. 



ll V -Ty ~ ^^' ^ , 

On the Method of c&nlf^j^ng Logarithmic Taldes* 

186. SJnce a may be arbitfflRly assumed, let us first suppose 

^ 1 . 

it to be such that , -r — 57 rrmT 7^5 — H — (P^ ^)'=^ 

(a — 1) — i(a — l)'+t(a — 1)'— &c. ^ ' 



1 ; in which case the equation in the foregoing Article becomes 



S05 tooAitrm)^. 

But sihee N rniKlt b6 tfofne iinmber greater flian 2, wie must 
find the logarithm of 2 before we can proceed to the actual calcii- 
latidrt of a taMe of Ibgarithms. Now this majr be done by making 
JV=s4 ki the first instance, for then we have 

log.4*log,iJ»^2 log,2:=2(^+gis+6^5+<fe<5-)+lQg-2 ; 

and by subtracting log. 2 from each side of the equation, we have 

log.2=2^|+-^+i+&c- to 7 termsWo.6931472. 

Having thus obt^n^d the logarithm of 2, we are enabled to 
construct a table of logarithms, by substituting in the foregoing 
series all the pritne numbers for N in succession, and availing 
ourselves of the properties of logarithms for finding the logarithms 
of all other numbers. Thus, 

log. 

1= OwOOOOOOO 

Si;= 0.6931472 

8=2^ + g^+— 5+&C. to 10 terms) +log. 1 (0)=1.0986123 

4=2 log. 2 =1.3862944 

5=2(j+g^+g-j5+&C. to 6 terms) +log. 3 s=1.6094379 

6=log. 3-4-k)g. 2 =1.7917595 

?=K§ + 3^»+5^^+7^>*^«-^- • • • =1^»45»101 

8=log. 4-f log. 2, or log. 2'=3 log..2 . . . =2.0794415 

9=log. 3«=2 log. 3 =2.1972246 

10=log.5 + log 2 ^ . . . . =2.3025851 

&c. &;c. 

A sufficient number of terms has here been made (Use of to 
make the logarithms true to 7 places of decimals. This particular 
system of logarithms (viz. where M=l) are called Napier*8 
logarithms, from their inventor ; and they are also called Hyper- 
holic logarithms, from their connection with the quadratut^ of tho 
equilateral hyperbola. ' 
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187. To find the hose of this system of logarithms, let log. 
(l+n)=i, then (since Jlfa=:l,) l=n — in"+in'.— in*+&c., and 
reverting die series hy Art. 176, we obtain 

biit since a^=a, the base of any system of logarithms is that num- 
ber whose Icgarithm w 1 ; if, therefore, in this series, which ex- 
presses the value of the number in terms of the logarithm, we 
substitute 1 for I, we shall immediately obtain, for the base of this 
particular systein, the series 

^ + 1+1+0+2^4+^ 
=2.718281^, by actual calculation. 

The constant multiplier M is called the modulus; hence, in 
that particular system of logarithms whose modulus is 1, the base 
's 2.7182818. Gall this number e, and the logarithms of the 
several"" powers of e (viz. e, e", e*, e*, &c) being 1, 2, 3, 4, dec* 
we 'might have interposed in the preceding table 

log. 2.7182818 =^1.0000000 

log. 7.3890559 (being the square of 2.7182818) =:2.0000000 
&o» dz;c. 

■ 

The numbers whose logarithms are 1, 2, 3, 4, dz;c. in this sys- 
tem are, therefore, decimal numbers. 

188. In the common system of logarithms, vhich are much 
more convenient for ordinary arithmetical operatfons than the 
Napierian or hyperbolic logarithms, the base 0=10 ; hence a'= 
100, a'=1000, a*= 10000, &c., and the numbers whose loga- 
rithms are 1, 2, 3, 4, &c. in this system, are 10, 100, 1000, &c« 
To find the logarithms of the* intermediate numbers, i. e. to con- 
struct a table of logarithms of this kind, we must find the value 
of M when a=10 ; which is done thus. 

In a system whose modulus is My 

log. (1 + n)= Jlf(ji— in'H- K— in<+ &c ) 
In the Napierian system, log. (1 + n)=n — inP-l- in' — in*-f &c» 
Hence log. (1 +n) to modulus M=-Mx Nap. log. (1 +»)• 



log. 10= Jfk Naf . log. 10, 
or l=Jlf X 2.31025851, (s6e Alrt. 186.) 

... iir=jr— i=-=- =.4842*448. 
2.3025851 

For the actual construction of a table of common logarithm^, 
we must therefore substitute this value of M in the equatj^ at the 
end of Art. 185, which then becomes T 

log*iV^= 

and it is by the substitution of all the prime numbers in succes- 
sion for N in this expression, that the following table is calculated. 

?=.8l5858896^^+7r^.+^,+ &c. to 7 termsV =t0.d010300 

111 
3=.868588i96(- + --5+---,+&c. to 10 terms^ =i0.4771218 

4=2 log. 2 =0.6020600 

6=log. ---=1<^. 10— log.2=l^log.2 . . • =:0;6080700 

6=log.3 + log.2 =0.7781513 

7=.86858896(i4-g^a4-g^,+^)+log,6 . =0.8450080 

8«:log;2'=i=3tog.2 ..•«...«.• =0.9030900 

9=t>Iog.8>r=^3 1og. 3 t=:0.9542425 

10= • 1«0000000 

ll=.86858896(l + ^+gi-)+log.9 . . =1.0413927 

12=log.8+1og.4 .....>.... =1.0791812 

18=.86858896(i4g-Jga+gi26)+log-ll . =1.1189484 

14=log.7+log.2 . =1.1461280 

15±=ldg.5-flog.3 . . , =1.1760913 



- ■ 



(•) See Art 186. 



l8=log. 4»=2 log. 4 .t=1.2041200 

17^.86e58896(l + gi^+g^,)+log.l5 . =^.2304489 

ia:;=Iog.9+lpg.2 • • • =1.2552725 

19=.86858896(i+^.+gi^)+log.l7 . =1.2787636 

20=log.l0+log.2 =1.3010300 

21= log. 7+ log. 3 , =1.8222193 

22=log.ll+l<^-2 =1.3424227 

23=.86858896(i+^,+^,)+log.21 . =1.3617278 

The next nomber which requires calculation by means of the 
series, is 29 ; and from this number to 400 inclu8i?e, two terms 
of the series are sufficient to make the logarithms true to 7 places 
of decimals. After 400, one term is si^cient ; thus, log. 401 ss 

.86858896 ^ 399=. 002171 4724 +2.6009729=2.6031444, 

very nearly; and in this manner the table might be continued 
with great facility to any extent, by means of the logarithms pre- 
viously calculated. For the most expeditious manner of dividing 
the number .86858896 by the denominators of the several frac- 
tions composmg the series, and for the manner of using logarithmic 
tables, the reader is referred to the Preface annexed to Dr. Hitt- 
ton's Tables* 

189. Since log. 1=0, log. 10=1, log. 100=2, log. 1000=8, 
^•, it follows that the logarithms of all numbers between 1 and 
10 will be some decimal numbei^ less than unity ; between 10 and 
100, some decimal number <1)etweQn 1 and 2; between 100 and 
1000, some decimal number betw0en 2 and 3 ; &c. 6cg» The 
whole number annexed to the decimal is called the index or 
characteristic of the logarithm ; and consequently for all num* 
ten between 10 and 100 the index is 1 ; between 100 and 1000, 
the- index is 2^; between 1000 and 10000, the index is 3; ^. 
dec. Prom the circumstance of log. 10=1, it also.fbUows that 
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the loganthms of all numbers ia decuple proportion involve the 
same decimal number, and di^r only by thdr index. 

Thus, log. 1132 =3.0538464 

1132 
log. 113.2=log.---~=l6g. 1132— 1 . . • • =2.0538464 

113 2 
log. 11.32=log. -T^=log' 113.2—1 

log, 1.182=Iog. ii|?=log. 11.32—1 

1 132 
log. .1132=log -^-Z=log. 1.132— 1 

1132 
log. •01132=log. '-TQ-=log. .1132—1 

01132 
log. .001132=log. =log. .01132—1 



. =1.0538464 
. =Qjb38464 

w ■ 

■ 

. =T.0538464 
. ="2.0588464 
. ="3.0538464 f** 



where the negative sign is placed above the index of the last three 
logarithms, to show that it does not extend to the decimals, which 
are supposed positive. Thus "3.0538464 means — 3 +.0538464, 
or —2.9461536. 

190. The foregoing property, belonging to that particular sys* 
tern of logarithms arising out of the supposition of the base a=10, 
is not only of great practical utility in their application to arith« 
metical purposes, but also very much facilitates tlie construction 
and use of the tables founded upon that system. Since the same 
decimal* logarithm always applies to a number consisting of the 
same digits, it follows that in the construction of a table of .com- 
mon logarithms it is only necessary to register the digits of the 
number and the decimal logarithm, in parallel cdumns ; for the 
index of the logarithm may always 1^ determined from the actual 



(*) The index of a logarithm may m all cases be determmed by the follow- 
ing simple rules : 

I. If the number be mtegral, with or wiUxHit decimals annexed, the index 
of the logarithm will be one less than the number of digits in the integer. 

IL If the number be a proper decimal fraction, the negatioe index will be 
equal to the place of the first significant digit after the decimal point . 
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Talue of the number; and^ vice vers&j the actual value of the 
number may always be determined from the index of the loga- 
rithm. For instance, in the common tables where the logarithms 
are registered for all numbers consisting of five figures, the 
decimal logarithm belonging to the number 08637 is .0940399 ; 
if this number be a whole number, then, since it consists of five 
integral digits; we know that its logarithm is 4.9940399 ; if a 
decimal point be placed before the last figure, then the value of 
the number is 9863.7, which has four integral digits, and there- 
fore its logarithm is 3.9940899 ; if a decimal point be placed be- 
fore the last figure but one, then the number is 986.37, and its 
logarithm 2.9940399 ; &c. &c. On the other hand, if fhe loga- 
rithm 1.9940399 was given to find the corresponding number, 
then, since the decimal part of it belongs to the digits 98637, and 
since from the index of the logarithm we know that the number 
has two integral digits, the figures 98637 must be pointed 98.637 ; 
&c. &c. The utility of this system was so obvious, that the 
tables for ordinary purposes were founded upon it very soon after 
the invention o( logarithms. 

LVI. 

On the Application of Logarithms to complex arithmetical 
OperaiionSf and to the Solution of Exponential Equations, 

191. Logarithms are of considerable use in the ordinary 'opera- 
tions of multiplying or dividing one large number by another ; 
but it is in the raising of powers, and the extraction of roots, and 
in their application to complicated numerical expressions, that 
their utility most plainly appears. 

^^XAH^LB 1. 

Find the 5th root of 2593. 

lofir. 2598 
By Art. 182, the logarithm of the 6th root of 2593=-2-g 

3.4138025 



r s.6827605=log. 4.8168 ; .*. the 5th root of 2598 j 

C4.8168. i 

s i 
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Ex. 2i 

«. ^ .^ , ^ ^ ^ . 2"x3'x2.ai8 
Find the value of the fraction — r= — 7:^^71 — • 

17 X.9350 

By Art. i 81, the logarithm of this fraction is equal to the log. 
of its numerator minus log. of its denominator. 

By Arf. 180, 182, log. 2"x 3^X 2.013=20 log. 2+7 log. 3+ 
log. 2.013. 

And log. 17X 9350=log. 17+log. 9350. 

Now 20 X log. 2= 6.0206000 log. 17= 1.29ff4489 

7xlog. 3=3.3398491 . log^ 9850=3.Wfe8116 

log. 2<013=0.3038438 

By addition= 9.66429^9 (A) 5.2012eOA (B) 

Subtract (B) from (A), and we have 4.4630324, which is the 
logarithm of 29042, the number required. 

Ex.8. 



Fmd the value of ^y^lHZ^lEI!. 

Call the numerator of this fraction iV, and its denominator n ; 
Then, by Arf. 181, 182, log. of ^^ Jog^^-log.n ^ 

Now log. (317)«=2X log. 317=5.0021186 
log. V3=ixlog. 3=0.2385606 
log. y5=iXlog. 5=0.2329900 

5.4736692=Iog. N. 
log. 251 =2.3996737 ; 

.% 8.07d9955=lc^. iVMog. fk 



Hence l2ilJ^±ilf=!:2Z*!«\o.6147991. which is the 
o p 

logarithm of 4.119, the number required. 

Ex.4. 

Fbd a fourth proportional to the sixth pow^ of 9, the fiHiidi 
power of 7, and the 5th power of 5. 
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Let a;=the number required ; then 9* : 7* : : 5* : « = — ^^ ; 

log. a;=r4 log. 7+5 log. 5-^^ log. 9=3.3803920+3.4048500 
7254550=1.1497870=log. 14.118; hence a;=± 14.1 18. 

193. Equations into which the unknown quantity enters in the 
form of an index are called exponential equaiionfy and are solved 
by mean^'Of logarithms, as in the following examples. 

Bx. 5. 

Find the value of x in the equation a*=&. 

Taking the logarithm of the equation a*=&, we have a;. log. a 

=slog. h; .•. ic=*,-^^ . Thus, let a=5, ft=100, then in die 

log. a 

e. .r.r. lOg. 100 2.0000000 ^ ^^, 

equation 5^100, x^^::. ^^^^^^^^2.861. 

Ex. 6. 

Find the value of x in the equation a^=c. 

Assume^*) ^=y, then d^^c^ an4 y«log. a=log. e; .*• y=: 

|5?1? ; hence b'=}^ (which let)=cf. Take the logarithm of 

the equation 6*=d, then (by Ex. 5) a?=s-M^. Thus, let a=9, 

J=:c, c=1000, then in the equation 9»'=1000, J^lf =1^^222 
' 1 log.o log 9 

«,^/ ^ J l«g-^ log. 3.14 .4969296 , .^ 
^3.14(=c0 ; and .==j^=-|— =;j^^j^=1.04. 

T^ « « J t^ I -31X33X266X315 
Ex. 7. Fmd the value of s^xB^l ' ' 

Answer, 6676.4. 

Ex. 8. Qivide the 20th power of 2 by the 12th power of 3. 

Answ. 1.973. 



(") In easmdervug the fiatore of an ezponfntial of the form a^^, it must be 
reouBected that it means a to Ihe power cf ftf, and not o^ <o <fte pouisir of «. 
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Ex. 9. Find a third proportional to ^117 and ^137. 

An8w. 10.!252. 

£z. 10. Find the value of ^o — • 

Answ. 3,3503. 

Ex. 11. Find the value of x in the equation — ^ — =e. 

Ahsw. ^='°g-(V^°8-». 



Lvn. 

Qit the Summation cf Geotfietrie Series* 
103. Logarithms are found very useful in asoertaining the 



value of 5 in the equation 5= -— or -z < where n is not 

r — 1 .1 — r 

a very small number. 

Example 1. 

m 

' 3 27 

Find the sum of 20 terms of the series 1, -, -^ -^, ^ec* 

« 3 

Herea=:l, r=5, n=20. 

• 2 



r3v* 

—1 



or" — a 



-(D- 



Nowlog. (-) =:20Xl(^.g 

. =20x(log. 3— log. 2) 

= 3.521 8260= log. 3325.263 ; 

.-. M =3325.263. 
Hence iS=2X (^1 — 1)=2X 3324.263=6648.526. 



■ 

Ex. 2. 
Find the sum of 10 term, of the aerie. 1. J, g, H?. &c 



6' 86' 316 



Herea=ly r=2, n=10. 






(-1") 



.% 5=- = 5 -«=t6X 

= lOxlog.g 

^ = 1 X (log. 6— log. 6) 

asiOx — 0791813 
=—.7918130 
«= .208 1 870— 1 .0000000 
=log. 1.6160— log. 10. 
/6V» 1.6150 ,^,^ 

Rtece JBnre^I— 9"^=6(1— .1616)=i5.031. 

194. If the sum of the series, the common ratio, and the first 
term be given, the number of terms may be found thus, (see Art. 

Ill,) 

Since rS — S=at^'''^f 

By transposition, ar"=rS — <S-f a, 

and r^^tr "^ ^ j 
a 

••• log. !*• or nX log.>=log. (rS — 5+ a)— log. a* 

Hence II J^g'<"^^-^+^>^^^-^ 

log. r 

Ex. 8. 

The sum of a geometric series is 6560, its first term 2, and 
oommon ratio 3. What is the number of terms 1 

S2 
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Here fif=6560y 0=2, r=S. 

"^ log. r 

log. 13122— log. 2 
"" log. 3 

3.8169700 



• • 



.4771213 



=8. 



Ex. 4. A servant agreed to serve his master for one year (13 
months,) at the rate of sixpence for the first month, a shilling for 
the second, two shillings for the third, and so on. What had he 
to receive at the end of the year? Answer, 2041. 15«. 6d» 

Ex. 5. Find the sum of 11 terms of the series 1,-7, r^, &;c 

4 16 

Answ. 42.566. 

Ex. 6. The sum of a geometric series is 1023, the first term 1, 
and common ratio 2. Find the number of terms. Answ. 10. 

Ex. 7. A person undertakes a journey of 364 miles, going one 
mUe the first day, three the second, nine the third, and so on. 
When will he arrive at his journey's end ? ANbw. In 6 days. 



Lvm. 

On Compound Interest* 

IjeX P be the principal^ or sum put out to compound interest; 
r the fraction which expresses the rate of interest per cent.<^*^ ; A 
the amount at the end of n years, the interest being paid yearly ; 
then the following Theorems may be established, by means of 
logarithms. 

(•) That is, the fraction which eipre^s. the ratio of the interest to the 
principal. Let the interest, for example, be 5 per cent ; then this fraction 

•nv. 5 1 

fwfllbejggorgg. 



•• 
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Theorem I. 

195. **Log. A=zlog. P^nXlog.{l+ry' 

For since iLj at the end of the first year, becomes l+r, and 
that the amount is increased each year in the same ratio, we have, 
by thc^ rule of proportion, 

1 : 1 +r : : P : P(l +r) =amount of P at end of first year. 

l:l+r::P(l+r) :P(l+r)"=: second year. 

.l:l+r::P(l+r)«:P(l+r)»=r third year. 

6lc* dec. 

So that, at the end of n years, the amount is P(l+r)'*. 

Hence A=P(l+r)»; 

and, taking the logarithm, log. A=:log. P+nXlc^. (1+r). 

From which we deduce 
^ Log. P=log. A — n X log. (1 + r). 

' T /, '. \ log- -^ — log. P 
Log.(l+r)=.^2 g ; 

- log; A — ^loff. P 
log.(l+r) 

Any three of the quantities A, P, r, n, being given, the fntrth 
may therefore be found. 

Theobek 2. 

196. « Let A=jiiP, then n= , ^^f'"* , ." 

log. (1+r) 

For, in this case, toP=^P(1 +r)". 
Divide by P, then jii=(l+r)". 

Take the logarithm, log. m=nx fog- (1 4-r) ; .*. n= - ^1 , x * 

By means of this Theorem, we ascertain the period or number 
of years in which a sum of money would double, treble, dec. or 
amount to m times itself, when put out at compound interest, at r 
mtep^cent 
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Thborbh 3« 

197. *^ Suppose the interest to be paid half yearly, and at the 
flame time converted into piineipal) ^en wili log* iisrlog. P+Hn 
Xlog.(l+irV' 

For in this case, 2ft must be substituted for n^ and ir for r* 
Hence, at the end of n years, J.=P(l+Jr)** j 
and, ta]png the logarithm, log. A=log. P+2nx log. (1 +}r). 

Theobbh 4. 

11^. <*Siq>pose now, that besides the Interest being converted 
into principal at the end of every year, the sum P is at the same 
time invested in capital; then the amount ii, at the end of n yearS) 

wfllbe ^^^i\ (ifjl=l+r.)'' 

tn this case, the principal P is put out for n, n — 1, it — ^2, &c. 
years, in succession : the amount, therefore, is the sum of the 
several amounts of P put out for n, n — 1, n — ^2, &c. years ; ^ 

.•.^=:P(l+r)"+P(l+r)"-'+P(J+r)"-»+&c....+P(l+r) 
=(if l+r=lJ) PR^+PR^'^PR^+^c....+PR, 
=P(U"+B'^*+K"-"+&c. . . .+11) 
=:Px (geom. prog, firsjt term R^ common ratio R) 

P{S^*'—R) _ PR(R*—l) 
^ R—l "~ R—l * 

ExAJmiiV 1. 

What would be the amount of 200Z. placed oftt for 7 years, at 
4 per cent, oompound interest? 

HereP=200, r=^, l+r=l+i==1.04, n=7. 

By Th. 1, log. ^=log. P.-f nX log. (1 +r) 

=lqg. 200+7Xlog. 1.04 
=2.4302631 
=log. 263.18. 
Hence JL=268Z. Ss. 7}J. 

Ex. 2. 

How much money must be placed out at compound intereflt, to 
amount to 5001. in 12 years, at 5 per cent. ? 
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Here ^=600, r=^, l+r==l+^=1.05, n=12. 

By Th. 1, log. P=log. JL--nX log. (1 +r) 

=log. 500 — 12 X log. 1.05 
=2.4446084 
=log. 278.418. 
Emce P=278Z. 8*. A^. 

Ex. 3. 

At what rate of interest must 400Z. be placed out, that it may 
amount to 560Z. 6«. Sd. in years, at compound interest? 

Here A=669U 6s. 8d. P=400, n=0. 

log. 569.33— log. 400 
9 
=.0170338 



=log.l.04=log.(l+i). 



■4. 

Hence l+r=l+—; 



.'. r=jr= , or the rate of interest is 4 per cent. 
25 

Ex. 4. 

In how many years will 500Z. amount to 900Z., at 5 per cent, 
compound mterest? 

Here ^=900, P=500, r=^, l+r=1.05. 

^ log. (1+r) 

• l og. 900— log. 500 
■" log. 1.05 

.2552725 ,„^^ 
^:0211893=^^-^ y«^ 
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Ex.5. 
Jn what time will a sum of money double and treble itselfy at 
5 per cent, compound inteiest? 

ByTH.2,(8incer=i,) 

Ti. -. . . i.:. *i. log- 2 .3010300 ,^^ 

Ifm=t,tbent,meofdoubhng=jj^==.55j^^^ 

« 1^ - i. ^t' 'og.3 .4771213 ^^ ^ 

If m=3, then tmie of trebUng= j3^^=.55j^3==22 years. 

Ex. 6. 

« 

Supposing the interest to be paid half-yearly, what will be the 
amount of 500Z. in 8 years, at 5 per cent, compound interest ? 

HereP=500, r=— , l+ir=1.025, fi=8. 

By Th. 8, log. ^=log. P+2nxlog. (1+ir) 

=:log. 500+ 16xl(^. (1.025) 
=2.8705525=log. 742.25. 
Hence A=742Z. -df. 

Ex. 7. 

Suppose a person to place out annually lOOZ. for 10 sucoessiye 
years, and suffer the whole to accumulate, at the rate of 5 per 
cent, compound interest. What sum would -he have to receive at 
the end of the tenth year? 

Here P=100, H=1.05, n=10. 

Hy 1^. 4, A___j— _ 

=2100(lj55l'«r-.l). 
Now log. (1.05y<^= 10 X l<^.1.05 

=.2118030 

=:]og. 1.6289; .-. (1.05y®— 1=.6289 
Henoe ii=8100x .6289 

=1320Z. ISs. 9jd. 

Ex. 8. What would be the amount of lOOOZ. placed out at com 
pound interest of 5 per cent, for 10 years? Aiiswxb, 1628/. 18« 
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Ex. 0. What sum must be placed out &t compound intefest^ at 
4 p6r cent, to amount to SOOOZ. iii 15 years? Anbw. 1110^. lOs* 

Ex. 10. At what rate of compound interest tciMSt 51 8Z. ^. be 
placed outv to amount to 600i. 'm 8. yeajrs 1 Aksw. 5 per cent* 

Ex. 11. In how many years wiil 2001. amount to 818/. 10^ 
at 6 per cent, cdmpouod interest? Ansih. 8 years. 

Ex. 12. In how many years will a sum of money double itself, 
at 4 per cent, compound interest? Answ. 17.6 years* 

Ex. 13. Find the amount of i200Z. put out to compound interest 
at 6 per cent, for 10 years, the interest b^g converted |nto prin- 
dpal every half-year. Answ. 21§7l. ds. 

Ex. 14. Suppose a person to place out annually the sum of 
20Z. for 40 successive years, and suffer the whole to accumulate, 
at the rate of 5 per cent, compound interest, what would he have 
to receive at the end of 40 years ? Ailsw. 2536Z. 16s* 



On the Method of finding the Increase of Population in any 
Country, under given circutnsta^nces of Births and Mortality. 

199. ''Let P represent the population of a country at any 
given period ; — the fnlctional part of the population which die in 

a year, (or ratio of mortality ;) j- the proportion of births in a 

3rear ; then^ if A represents the state of tile population at the end 

of n years, log. ^=log. P+n X log. (l + — rO •'* 

1 1 m • b 
The rate of increase of population in one year =-j^ — = — r- » 

.-. 1 : 1+- — ^ :: P : Pll-\ ^ l=state of the population at 

the end of the first year. - 

But it is increased every year in the saftie proportion ; .«. 1 : 
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tion at the end of the second year. 

In the same manner 'we may prove, that the state of the popu- 

/ m — 6v" 
lation at the €nd of n year* will he PI 1 + — r- ) • 

Hence il==P(l+^",. 

and log, A=log. P+nx log. 11 H — ^r)^* 
From which we deduce, 

log. P=l<^. A— «X log. (1 + — T-l • 

log. A — log. P 

Of the quantities A, P, m, 6, n, any four heing given, the fifth 
may therefore be found. 

Example 1. 

Suppose the population of Great Britain in the year 1800 to 
nave been ten millions ^ that ^th part die annually ; that the 
births are to the deaths as 40 to 30 ; and that no emigration takes 
place during the present century. What will be the state of its 
population in the year 1900? 

Here P-10000000, n==100, m=40, ft=30, and .-. 1+ "*T^^?^^ . 

mo 120 

Now log. -A=*og. P'{-nX log. n + -^-) 

c=log. 10000000+ 100 X log. ^ 

=7.3604200 
=log. 22931000 
Hence il=:22981000. 
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Ex. 2, 

Suppose the population of France, in the year 1792, to have 
been 27000000 ; the ratio of mortality during the eighteenth cen- 
tury to have been ^th, and the number of births Jg^th ; what was 
the state of its population in the year 1700 1 

Here il=27O0000O; n==92, m=30, 6=26, .-. 1 4.1^=:1£?. 

' m6 195 

Log. ^=log. A— « X log. ^1 +^5^ 

zzzXog. 27000000—92 X log. t^ 

=7.2269858 

=log. 16864980, nearly. 

. .•. P= 16864980. 

Suppose tiie population of North America to have been five 
millions in the year 1800 ; in how many years will it amount to 
sixteen millions, taking the ratio of mortality at ^th, and the 
annual proportion of births at ^i^^^ ^ 

HweJL= 16000000, P=5000000, iii=45, 6=24, .-. l+^^zL:??!. 

mo SoO 

_ log. A — ^log. P 

. log. lOOOOOOGb-tJog. §000000 

^ ,367 

^^^•369 

.6051500 „^ «^ 

= =60.39 years. 

.0083636 ^ ^ J'^ 

Ex.4. 

The population of a provmce, in the year 1760, was estimated 
at 500000 persons; in the year 180^ it amounted to 720000; 
from the bills of mortality it appeared that, upon an average, ^p^th 
part of the population had died annually ; no register had been 
kepi of the hkihs. What was the ammal proportion of them dur 
ing this period ? 
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Beie il=720000, Ps=500000» ffi=:50, 11=40. 

, 50— &v log. 720000— log. 500000 

=.00d9590=log. 1.009. 
'50 h ' 9 

"^^^ + :506-=^-'^^-^-^1060' 
50— ft_ ' 9 

'^'*"5oS"''iooo' 

.-. 50000— 10006=450*, 
- 50000 „, ^ 

The annual proportion of-hirths^ therefore, was about ^th. 
200. But " in any country, under given circumstances of births 
and mortah'ty, the fraction — -r- is always a giten quantity. Let 

it be represented by -> ; then the relation between the four quan- 

(Iv* 
1 + -) • If A=ifiP, we 

(1\* / Iv* 

1 + >1 , or m=f 1 +- 1 9 and taking the logarithm, 

log. m= fix log. (l-{ — 1." Hence we deduce the six Mowing 
formulffi. 



I. Log. J.=!og. P'\-n log. (1+-V 
IT. Log. P=log. A*-n log. (l+-)- 

in. n J'^' ^-'°g- ^ 

log.(l + -) 
IV. Log. (l+i) J'^- ^7'°g- ^ . 
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__ log, fit 
' «og.(l+i) 

vi.Log.(i+iy 



V. n= — '^'^ 2 , for finding the period in which the popula- 
tion would he increased m tiroes. 



:— s! — for finding the rate. -, at which the 

population would be increased m times in n years. 

The following questions are intended to illustrate the use of 
these forraulee, in the order in which they stand. 

Question 1. Suppose the population of a country to begin with 
six persons, and to' increase annually by ^th of the whole ; what 
will be the state of its population at the end of 200 years ? 

Answer, 1106448 persons. 

Qi7. 2.' If, as stated in the 3d Example, the population of North 
Anderica was five millions in the year 1800, and the rate of in^ 
crease has been ^J^ths for 50 years previous ; what was the state 
of its population in the year 1750? Answ. 1908930 persons. 

. Qu. 3. Suppose the population of an empire to be 40 millions, 
-md the annual increase tIi^^' ^^^ ^^^Z ^^^^ ^^ ^ before it 
amounts to 50 millions ? Answ. 43.6 years. 

Qu. 4. What must be the rate of increase, that the population 
of a count;'y may be changed from 1106400 persons to 5 millions 
in 100 years? Answ. About ^th annually. 

log. m 



Qu. 5. By means of the formula n== 



iog. (l+l) 



, verify the 



following Table. 



1 
i 


Period of 
doubling. 


Period of 
trebling. 


Period of being incretuied 
.10 times. 


1 
120 


83.5 years 


132.3 years 


277.4 years 


1 
52 


36.3 years 


57.6 years 


120.8 years 



Qu. 6. What must be the annual increasei>f population in any 
country, that it may double itself every century ? 

' Answ. Between yj^^d'and tK^ 



no mtmmAam or vovehAmm* 

201. SuppooiDg that a. census of 'the whole popalatioii of a 
country is taken every n years, and that it is found to have in- 
creased ft per cent, during that interval, then if P represents the 
amount of the population at the caminencemerU of the n years, 

rtP 

PH — — - will represent the amount of tHe population at the end 
of the n years. 

If the annual increase be - , then (by Art. 200} the amount of 

(J n 
IH — I ; hence 

.'..n.log. (l4—)=log. (100+rt)— log. 100 

= log. (100+^)— 2, since log. 100=2, 

and log. (l+-)=-[log. (IOO+k)— 2]. 
• •* 

Substitute this value of log. (1 -f-) in the expression ^! — .-. 

^ log.(l:f^) 

(Formula V. Art. 200,) and we have ? ^ foi 

jj[log-(100+i<)— 2] 

the number of years in which the population of ft country will be 
increased m times, if it goes on increasing at the same rate as it 
has done for the last n years preceding the period at which the 
census is taken. 

202, If the census be taken every ten years, and the period of 
doubling be required, then n=10, m=2, and the foregoing ex- 
pression becomes ^ . By substituting ia it 

. J5 [log. (100+^)— 2] 

for ft the particular value of the per centage, the following Table 
exhibits the corresponding period of* doubling. 
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A TABLE, exhibiting the Period in which the Population of a 
Country has a tendency to boubls itself, from an estimate of its 
increase per cent, taken at the end of every Ten Years. 


I. 


II. 


HI. 


Per Centage 

increase in ten 

years. 


Numerical value of 


Period of doubling. 
Log. 2, or .3010300 


—[log. (100+^)— 2] 


H— 1.0 

1.5 . 

2.0 

2.5 

3.0 

3.5 

4.0 

4.5 

5a0 


.00043214 

.00064660 

.00086002 

.00107239 

.00128372 

.00149403 

.00170333 


696.60 years 

465.65 

350.02 

280.70 

234.49 

201.48 

176.73 

157.47 

142.06 


.00191163 

.00211893 


H= 5a5 

6.0 
6.5 
7.0 
7.5 

8a0 
8a5 

9.0 

9.5 

10.0 


.00232525 ,....,- 


129.46 years 
118.95 
110.06 
102.44 

95.84 

90.06 

84.96 

80.4S 

76.37 

72.72 


a00253059 


a00273496 

.00293838 

a00314085 


a00334238 ^ 

a003542d7 

a00374265 


.00394141 


.00413927 


j<= 10.5 
11.0 
11.5 
12.0 
12.5 
13.0 
13.5 
14.0 
14.5 
15.0 


.00433623 


99.42 years 

66.41 

63.67 

61.16 

58.84 

56.71 

54a73 

52.90 

51.19 

49.59 


.00453230 


.00472749 


.00492180 


.00511525 


a00530784 


.00549959 ...... 


.00569049 


.00588055 


.00606978 
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A TABLE, exhibiting the Period in which the Population of a 
Country has a tendency to boubls itself from an estimate of its 
increase per cent, taken at the end of eveiy Ten Years. 




L 


TT. . 


ui. 


- 


Per Centage 
increase in ten 
. years. 


'Numeric^ value of 
i[Iog.(100+*)-S]. 

t 


Period of doubling. 
Log. 2, or .8010300 




l[log.(100+^)-2] 




Ks= 15.5 
16.0 
16.5 
17.0 
17.5 
18.0 
18.5 
19.0 
19.5 
20.0 


.00625820 

.00644580 . . .' 


48.10 years 

46.70 

45.38 

44.14 

42.98 

41*87 

40.83 

39.84 

38.91 

38.01 




.00663259 

.00681859 




.00700379 




.00718820 




.00737184 




.00755470 




.00773679 

.00791812 




H= 20.5 
21.0 
21.5 
22.0 
22.5 
23.0 
23.5 
24.0 
24.5 
. 25.0 


.00809870 /, 


37.17 years 

36.36 

35.59 

34.85 . 

34.15 

33.48 

32.83 

32.22 

31.63 

31.06 




.00^27854 




.00845763 

.00863598 

.00881361 




.00899051 




.00916670 

.00934217 




.00951694 

.00969100 




ft= 25.5 
26.0 
26.5 
27.0 
27.5 
28.0 
28.5 
29.0 
29.5 ; 

30.0 ; 


.00986437 

.01003705 

.01020905 

.01038037 


30.51 years . 

29.99 

29.48 

28.99 

28.53 

28.07 

27.64 

27.22 

26.81 

26.41 




.01055102 




.01072100 

.01089031 

.01105897 

.01122698 

.01139434 .^.. 


. 
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A TABLE, exhibiting the Period in which the Poptaation of a 
Country has a tendency to double itself,. fron) an estimate of its 
increase per cent, taken at. the end of ereiyTen Years. 


I. 


n. 


111. 


Per Centage 
increase in ten , 
years. 


Numerical value of 

~[iogr.(ioo+*)-2]. 


Periq4 fff doublings 
Log. 2, or .3010800 


l[log.(100+«-)-2] 


H = 30.5 
31.0 
31.5 
32.0 
32.5 
33.0 
33.5 
34.0 
34.5 
35.0 


.01156105 

,01172713 :... 

.01X89258 

.01205739 


26.03 years 

25.67 

25.31 

24.96 

24.63 

24.30 

23.99 

23.68 

23.38 

23.09 


.01222159 

.01238516 

.01254813 


.01271048 

.012872Si3 

.01303338 


K=35.5 
36.0 
36.5 
37.0 
37.5 
38.0 
38.5 
39.0 
39.5 
40.0 


.01319393 

.01335389 

.01351327 

.01367206 

.01383027 


. 22.81 years 
22.54 • 
22.27- 
22.01 
21.76 
21.52 
21.28 
21.04 
20.82 
20.59 


.01398791 

.01414498 

.01430148 


.01445742 


.01461820 




f< = 41 
42 
43 
44 
45 
46 
47 
48 
49 
50 


.01492191 


20.17 years 
19.76 , 
19.37 
19.00 
18.65 . 
lp.31 
17.99 • 
17.68 
17.38 . 
17.09 


.01522883 


.01553360 


•01583635 


.01613680 

.01643529 

.01673173 


.01702617 


.01731863 

.01760913 



924 . INCRBASB OF POPVIiATZON. 

This is tbe Table of which the first and third ccdimms have 
be^n iasjprte^ by Mb. Malthus, at page 498^ Vol. L of the sixth 
editioD of his Essay oa^lPopuIation." 

From the Parfiaioenttgry Report Qf the Populatiou of England 
and. Wales, it appear^ that 

« Id 1800. it amounted to 9108000 persons, 

1810 ..•.!•. ^ 10502600 .... 
1830 ...'.... 12dl800e .... 
which ^es an increase of about 14.5 per cent, from 1800 fo 
181CI, and of about 16.9- per cent, from 1810 to 1820. 

Hence/ by referring to the Table, we infer, thaf, taking the 
amrage rate of increase from 1800 to 1810, the population of 
England and Wales had, in 1810, a tendency to double itself in 
-about 51 years ; and, taking the average rate of increase from 
1810 to 1820, it had, in 1820, a tendency to double itself in about 
46 years. 
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ADVERTISEMENT. 

To secure to this aeriei the charaeter weaned in' the title, the anthor bai been 
aware, in presentiiig it for the coDiideration of the American people, thattiie geo> 
graphical works componng it ehould pomobb all the requiiites necenary to ■ach 
character; and, therefore* lolicita a deliberate itnd critical examination of every 
^ture that should oonstitutB the reqoiritee of standard aualit^, some of which 
are the following : -~ 

GEOGRAPHiOAl* AOCURACYir-That no timo behest b^unleanunc errors, 
or evil arise fVom retaining them. 

ARRANGEMENT.— Adapted to the average capacities of youth in'tfae vari- 
ous etages of advancement ; and also to oSect an easy transition from one volume 
to another. 

CORRESPONDENCE BETWEEN THE TEXT AND THE ATLAS.— 
^y which the mind is relieved firom the embarrassment of searching after facts in 
one not contained in the other, ofN>f reconciling disagreements between them. 

MECHANICAL EXCELLENCE AND BEAUTY.— That a distinct im- 
preesi(m be made upon the mind of each fact presented, and the taste cultivated 
at the same time that knowledge is commonieatod. 

aUALITY OF MATERIALS AND BINDING.— Upon which depend da- 
rability, and consequent cheapness. 

PERIODICAL RiBVISION OF EVERY FIVE YEARS.— After the work 
shall have been adapted to the census of 1840, the revision will be rigidly executed, 
noting all new fhcts and changes, in such manner as that the old and new editions 
'can be used in the same classes without embarrassment, thereby meventing all the 
evils inddent to a diange of books, and saving large sums of money, now lost, in 
conse^uenee of the old editions being rendered worthless by their discrepancy widi 
the newtf and by which we shall bo enabled to keep Pace with the progress of the 
science throughout the world. 

A part of the before-named series is now before the public, viz : the PRIBtARY 
SCHOOL GEOGRAPHY, the SCHOOL GEOGRAPHY AND ATLAS, the 
ATLAS OF OUTLINE MAPS, and the GEOGRAPHICAL RB^ER, 

2 
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Of the SCHOOL GE06BAPHY AND ATLAS, the poblalien hava xtoeiTdi 
■o nnmerous arid boqaalified Msdtnmiiab flrom all parts of the UnidB where they 
have been preflenled and e^amined^ a* to leave no room for doubt, that their fln* 
antieipations of faniiibiitfl a leriei of geoRrapfaical workt of mieh iotrin^ sent 
■■ to become the etandatd teat-booke hi the loieBoe of geofraphy, will 1)e ftdly 
lealiaed. 

The ATLAS OP OUTLINIT M APS. whether coniidered ae an accompani' 
ment to facilitate the proKreai of the pupil, as an agreeable variation in the ton- 
tine of studies, or as an easy introduction to the useful art of map-drawing, has, 
ia all instances, met with the same decided approval. 

The GEOGRAPHICAL READER is designed not only as a readinR book ftir 
■chools, where it can be introduced by substitatitag it for other books without ad- 
ditional cost, and present the doable advantage of commnnieatitig, at the same 
time, the art of reading and an enlarged knowledge of geography, but also for 
instruction in families, as well as for perusal by those whflf are desirous of obtain- 
ing inforraatioa by private study. Though but recently published, it has already 
leeeived the decided approval of many intelligent teachcaa and other genUemeo, 
wfaoae opiniras are deservedly of high authority. ' 

The HIGH SCHOOL GEOGRAPHY, and THE KEY TO THE STUDY 
OF THE MAPS COMPRISING MITCHELL'S SCHOOL GEOSRAPHY. 
yet in the press, will be judged of by their merits, both as separate works and as 
links in the series, when presented for consideration, lliey will be published with 
as little delay as a careful preparation of all parts of the books wiH permit 

• 

That teaeheri and -all otiien interested in Urn eaose of genera|-edaoati<m. who 
woold be pleased to eiamine these works with reference to theii fitness for the 
place claimed for them, may fbily understand the plan; a prospectoa of eaeh is 
IherMo sahjolded, in the order ia which they will stand in the i 



MitchelPs Primary School Geography. 

s TtoM little work is intended as a first geography finr children, and it pmpand Ibr 
this nee of those who hai^ begqu to spell and tead, with seme degree of flicility. 
Tlie author has endeavoured, aecordingly, to render it as easy of eomprehensioa, 
and as interesting to the youthfol pupil, as its limits Mrill permit. 

The Primary Geography contains 176 pages, about 190 engravings, and fourteen 
maps. These aiw executed firom original designs, by the best artists, in their 
respective branches, in the United States. 

Pictorial illnstoations, well designed, and especially adapted to the work they 
accompany, are auxiliaries so essential, that without them a geography for young 
l^reoDS would possess but tittle value. Mai^ of the most important ftets «f the 
•cience of geography may be imp fe ss e d on the mind by visible images more f orch 
My than by any oHier means. 

The introduction of moral and religious aniitiments into books intended for tiie 
inatmction of young persons, is calculated to improve the iieait, and lend addi- 
tional strength to parental admonitiott. Accordingly, ttroughout tlie work, when- 
ever the subject permitted, such reflections and observations have been made as 
are calculated to show the superiorfty of eidigfatened institutnOB, the exeeOence of 
the Ohriifian religion, and Oie advantages of eoirael raonl pnamfiMt aa may 
readily be comprehended by the juvenile learner . 
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MtchdPs School Geography and Adas. 

Thk work baa been pabliihed npwazdi of a fear, and haa bean afready fibenOy 
•Dcowaced and circulated in varibua parte of the United States. The ozteot to 
which it haa been introduced into the moat raveetable aeminarifia, and the Btv(»c 
and decided teatiniooiab in ite fkvonr received firom emjnent teachen and gantlo- 
men of the higheat reapeetability for talent and diaeriminatton, jnatify the publiah- 
•IB in presenting it as a treatise of ondonbtod merit. 

The Geography contains 336 pages, and is illustrated by more than 900 engtmr- 
ings : these are all from new designs, and are executed in a style greatly superior 
to what is usually seen in works of this description ; many of the engravings elo> 
eidate important facte stated in the text, and others embrace a number of strikinc 
ohiecte in nature and art : these interest the scholar, excite a spirit of inquiry, and 
relieve the mind from that dull uniformity, so justly complained of by those who 
atudy school geographies deficient in this respect 

The work is divided into sections of such extent as are considered sufficient for 
one lesson : these are gradually enlarged from the beginning to the end of tho 
book, so as to keep pace with the increasing capacity of the pupil. The deaorip- 
tion of the definitions, so essential to a clear nndentanding of the science of geo- 
graphy, will be found; perhaps, as simple and easy of comprehenaMi aa can well 
be obtained. It is arranged chiefly in the method of question and answer, yet pre* 
senting, it is believed, sufficient scope lo exercise the mental fkculties of the pupil. 

The Atlas contains eighteen maps, which are all engraved from original draw- 
ings, and are executed in the dear and distinct manner for whidi BIr. Mitchell^ 
maps Ure distinguished. The care bestowed upon all parte of the engraving, tha 
eaae with which every name on the maps may be read, the k)catioa of remarkaUs 
evente connected with the history- of our own and other conntriei^ with the inser- 
tion of the lines of rail-roads and canals, and the distanoes from one con U neot to 
another, are all regarded as essential improvements. 

The geographical and statistical taUea appended to the Atlas contain a great 
amount of interesting inlbrmation, comprising a view of the extent and popula- 
tion- of all the countries reiwesented on the maps, together with the heigbte of 
mountains, lengths of riven, and statistics of the United States, the ktter embrao- 
Ing lishi of universities, colleges, /ftnd other institutions, canals, rail-roada, 4bc. 
These tables may be considered as forming an aggregate of the whole work, and 
give it a character of perfection, without which it would be deficient in oom|itol»- 
and finish. 



MicheWs Adas of Outline Maps. 

(an accompaniment to MITGHSLL's school ATLAS.) 

This Atlas GorreqKNids with seven of the principal and moat useful mapaaoeooa- 
panying the School Geography. On these the namea of placea are entirely omitted, 
leaving nothing but the natural featurea of the cooatriea they illuatrate, and tbo 
ehief political boundariei or divisions. 

It is well known that no method so wall fixes in the mind of the learner the Ibna 
and relative position of countries, islands, Jtc., as drawing maps. To draw.theoa 
•ntirely ia a work of time, and what comparativdy but few scholars ever attain 
the art of do'ug well ; but the eterdso of completing the Outline Maps from tha 
finished Atlas possesses all the advantagea to be derived firom nup-dcawiog, with 
a great saving of time. 
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MtcheWs Geographical Reader, far Schools and 

Families. 

Tliifl work contains 600 pagei, (tad coBoprfiei a general deicription of the-vari- 
0D8 divinons of the earth, with their several empires, kingdoms and slates, pre* 
ceded by a compendious history of the progress of geegraphical science. 

The design of the work is iqdicated by the title. It may be read in classes b^ 
those who are using Mitchell's School Geography, or by pupils farther advanced 
in their studies. This book will be found equally convenient to heads of families 
who wish to teadi their children, or to adcdts who have pwscd their period of 
tuition. 

The arrangement of countries is the same as in the " School Geography,*' the 
descriptive details are extended in propqrtion to its enlarged dimensions, and will 
be found to give a lively and interesting picture of the world, according to its con- 
dition at the present day. < 

The Reader is also arranged to correspond with " Mitchell'e School Atlas," so 
that those who already have the .latter will be tn posse s sion of a suitable accom- 
paniment to the former ; and hidividoals who are not may ofbtain it at a cost much 
below t|ie price charged for Atlases compiled to illustrate treatises of equal extent 
^tb the Geographical Reader. 

An important and, perhaps, paramount feature of the Reader is, that its intro- 
duction into schools can be effected without additional cost, by dispensing with 
other reading books. This will bring it within the means of the humblest pupHe, 
snd enable'our whole population to aoquiie an aeeoraite knowledge of the science. 



j9 Key to the Study of the Maps comprising MitcheWs 

School Atlas, 

The Key to the study of Maps comprises a series of lessons arranged to corre- 
spond in ^very respect with Mitchell's School Atlas. The work forms an easy in- 
troduction to Uie study of Mape^the foundation of all exact geographical know'^ 
ledge, and has been prepared as the most proper preliminary study for beginnem in 
geography. 



MStcheiPs High School Geography and AOus* 

The High School Geography will contain about 600 pages, .and will oompsise a 
complete system of mathematical, physical, political, statistical, and descriptive 
modem geography, together with a compendium of ancient geography, and the 
whole will be Hlostrated by views, representations of remarkable natural objects, 
illustrations of costumes, architecture, races of men, animals, &c. The whole of 
the engravings will be executed by the first artists in the country. 

The Atlas to accompany the above will contain not less than thirty maps, con- 
structed particularly for the work, and deogned to comspond with and illustrata 
it in the most precise manner. The maps will be engraved in the .neat and distinct 
■tyle for which those of "*Mitcheirs School Atlas" are distinguished ; th^ witt 
oontain, however, in some respects, ia greater amtount of detail, and suofa additimal 
particulars as the higher and more advanced grade of tuition for which they are 
intended may demand. 
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FROST'S UNITED STATES. 
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fflSTORY OP tHE UNITED STATES; for the 

jam of Schools and AcademiM. By Jour Fbost. Oliutnited 
with 40 engravingt. 

The dwii^ of the author in this, his larger historj, has been to liimish a 
text-book mil and complete enough for the UM of colleees, academies, and 
the higher seminarfes. It begins with the discovery (rf* the New World, and 
presenting the series of events in a clear and connected narrative, rejecting 
whatever was considered irrelevant or unimportant, and dwelling chiefly on 
those striking features of the subjea which give it vividness and character; 
the history is brought down to the present day. *' Although," says tlie author 
In his preface, ** the considerable period embraced, the multitude of characters 
and events delineated, and the extent of the field in which they figure, have 
rendered the preservation of historical unity no easy task, he has laboured to 
give the work such a degree of compactness as would enable the student te 

Srceive the relation of all its parts, and to grasp the whole withcrat any ywf 
Scult exercise of comprehension." 

The numerous testimonials to the merit of this work, and its popularity 
•▼inced quite unequivocally by the sale of ten thousand copies within a few 
monttis alter its first publication, afford a strong presumption that tlie author 
has succeeded in his purpose of making it a firsurate school history. 

The following notices and recommendations of Frost's History, are selected 
from an Immensfl number which have been sent to the publisher. 



««MMIMtWMn«MaiMMM» 



BSOOBflDMUSNDATIOHS. 

Dear Sirr-l am glad to see that the « Histaiy of the United States,*' which 
you announced some time sinceu has made its appearance. The extensive 
research which has of late years been carried on upon the subject of American 
histoiT, and the careful investigation of original sources orintelligence, by 
ladivfduals emUnenUy qualified for the task, have fiirnished vahiable mate- 
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th* poipon of eduMiioD. I nu lufipyi lierefcre, is obsens ti» »"■'■ •"- 
DOdntflrueauthUfcboot DQ thiAplsQWHd tobepnured. Ihi 
nuMed witli the peruBl sf ths toluma ; and I tits pLsuure 
A spfieuB to ms In s«cy najiact *rtl siecolsi' "■ —•'- 

whkt mast CODipUutoH irs c&ugtallle-'thu of ^ 

•allfiw of smMS, too brlsT ud mbatrsct lo gsia the aitsnilun oT tG 
It It fres, U ibe nms ilmh fma Injudichns pnliiliT snd deisil. 

lbs njls la clnr, c«iGlH,iuid spirited i fres on the one bud from ihe 
unbiUiug sod rfaeloricsl chuncter, and on llie olhsr, fran] Ihe neglljeoea 

Am • hlnory at Iha UniMd Suiea, lili,iD m; opfninD, mnn full and nun 
siact than any of lbs fiaoifl size, aod In all aHia respecu pTBrsrBi>le, as ■ 
bwk intsnded lo aid ihs builnoH of Inntuciioo. 

WILLIAM KDSSELI, 
n Jinrmal (fEdacalim,Jtrtt nrufc 

y U, 1887. 



trt;f Sntnih and Carpenter ainttt 

J „. — M for Ihs n» cf schools, guch as the pressot, 

■a long been creillT needed-anneibiDctocDirsnoDd m its esnenl charac- 
* wllh the sdmliabla biiuriea of Goldsmith, Hhich have been receiied with 
1. t I 1. ,_^ a^ TOlumo prepired by Mr. Frost, snd 



» aHiBldenHs perkid smbncal, Lh 



"slihimih Ihe , ,- -. 

nenis dMloiaied, and Ok extent of the fifld la whicli tha^ BeurB," have 
"Bdlwthseisnbsaf peaijudtment la ihe seleuianj uweh u in ths 



Jieeisnbsaf maijudtment la ihe seleuian, u< 
gR of kiB materials , jet this dllBcult usk has teen 

■od fidslHf with iirUch it has twea campiBBil are leir aTipai,:>,> , ouu lus 
"LtaoT Aahothies," at ths end, eYinces ihal he has aTaiW himself Qf the 
bast saurcei of Idbrmailon. Ii gliea me nleaaurau comineDd this HisioiT 
<r llw United Suisa, as being beuer luiLed lo ihe lUuable purpose fbr wfaiot 
k was dasltngd, iban anj oltasi wUch hu hliheno come luider mr i«l>-e. 



[Jnllsd Suies" Is, In m; 



lh thai il ma7 be placed wi 



Ks. Einrimn 0. E 

8UUH," and ]u DurlEi u a Khool booki thi 



OalwilMa .JfodMy, nUtatt, AM. n, m. 



WILUAH A. GUBIQUS9, Hul» 

I. 1. HITCHCOCK, 

THOMAS BALDWIN, 
T. SEVERN, 
JOHN SIMMONS, 
JOHN EVANS, 
JOHN STOCKDAI^, 
BtY. SAML. W. CRiwrosi), AJL 
nnel. PKnclpil of Ibe Acadsmlul DgpL 

JOHN Pnia2, of lbs Uiilinllj of Psnurlnak. 

IbKm«ninliwd<'FRiit^Hlil(ir7i)(th6niiluidSUIea,"jiiitpiibliilied,uld 
diHTftilljreo3iniiHiidltloUnaUBDdanof'lflad>*« ■■■ iron Hnwrbw ^vb 
of Ibfl kiDd- Id bljIb, t mon LnuBrunl poliu In 
dB[;iae.)LT luperior M •cinie""'- ' '-- >■ 

Bailimore, March 16, IS 

£(ar St'r,-I hin long lelt the wiDI of ■ imd HIKOTT of IheCDlMd sum, 
knd wu piBued la hive ihe opponualtj oTpiiniriDg ItiM't. 1 un » nmck 
p1eu£d wttb liA elBftrmca of langiiiifld, doat uruuBOHnLt Cflplnw duviUha 



iuimoTt, March 16, lEST. B. B. BAKNET. 
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BaiUmor9,Mardk,lSff. 
fKm- S* C* BimXLSi 

SiTf^l have examined with aome attention **A Hiatory of the United 
Statai, by John Froat,*' publiahed bjr you. I am ao much pleaaed with in 
happy arrangement, correaatyle, and careful inTeatigaUon into the incip 
denta of our hiatory, that I ahall introduce it into my achool, aa early aa prac- 
ticable, and I think lia meite need only be known, to recommend it to e^rery 
icbool In the country. 

I am, reapecttully, ftc 

A.A.IX)WSON. 

By the politeneas of the puoliaher, Mr. E. C. Biddle. of Philadelphia, w« 
have received, Uurough hia aeent, a copy of Fioat'a ** Hiatory of the United 
Statea ;** and having ezamSnea it, are infinitely pleaaed with the work. The 
ccMupiler haa departed aufflcienUy fiom Uie path. <^ common hiaioriana, V> 
render hia work truly entertainine, without overlooking any important hialo- 
rical fact. The chronological and atatiatical tablea are ful( Uie aubjea mat- 
ter well arranged^ and it aeema adapted in every important reapeci for use 
in Bchoola and academies. KNAFP & WILLS. 

Ghqr 8ire0t Semtnary, March flQ, 167., 

BaU^mw F^maU Cla$ncal SAooL 
Mb. Bmnui, 

au-f—AB lar 88 1 have examined ** The Hiatory of the United Statef," whieh 
you put into my lianda for that purpoae, it recefvea my decided apjHobation { 
and in corroboration of this, I snail introduce it immediately, aa a text-book« 

into my achooL _, 

A. B. CLEATELAND, AJML, KLD., Schoolmatfer. 
, BaUimont March 16, 1837. 

fVom 8tq)hen & Rotxeli AM., Prindpaltf" %iring AmsMOfy,*' Bottfinersu 

21b. E. C. BmoLB. * 

£fi'r,— A superficial examination of << Frost's United States'* is qnite siiA> 
eient to convince any impartial and enlightened mind of its genenil exc^ 
lence, and especially of its admirable adaptation to the purposes ol scholas- 
tic study. The simplicity oi its arrangement, the perspicuity of its delinea- 
tions, and the elegance <m ita style, combine to recommend its adoption in 
all our literary institutions, and to secure in its fiivour the cheerful plaudits 
of univecaal approbation. Sespectlullv, 



Philadelphia, Mardk9A,lSaa, 
This is to eertiiy, that «Frost>» History of the United States^ haa been 
adopted as a clasB-book by the Controllers of the Public Schools of the Furat 
School District of Pennsylvania, and is in geaenl use in the public school! 

In the city and county of Philadelphii^ 

B. PENN SMITH, 
Stentartf^tht Board ^CfcnirtdUra^ 



FBonH HoTOBT ov xax Ubttzd Statis hat been reprinted m 
LoNDOH as the first of a aeries of hatiohal Hnronns written bj 
BBtiTes of the respectire conntriei to which th^ relate. This is a 
complimelit not often paid to American school boOki by British pub* 
Ushers. 



Cio] 

r 
I 

FROST'S 
HISTORY FOR COMMON SCHOOLS.. 



VMMMMWWMMIMaMMt* 



HISTORY OP THE UNITED STATES IF'OR 
THE USE OF COMMON SCHOOLS. By Jott* Peobt, 

, author of <*Hktoiy of the United Statee for the ok of Scboob 
and Academies,'* « The American Speaker," &c. 

Thts work l8 condensed from the rftrtlior'i larger Historjr of Mm tTnfted 
States for the Use of Schools and Academies.; In reducing the quantity of 
matter to such a compass, as will place the TO»lune within the reach of the 
common schools, no pains haye been spared to preserve all that is essential 
to a clear and comprehensive histoiy oftbe conntnr. J7o event of importance, 
nbticed in the laiiger history, is passed over in this, although nmnj of the 
ttilnar details are consideraDlv condensed ; and some cfarcnmstances and oiv 
aervations having a wmiptXixk^Y unin^'wtant bearing on the main aSorf, 
are entirely omitted. 

• The author^ de8ign,'!n accomplishing the condensation of hlalbrmer work. 
Ibis been to lUmiiAi the o<»nmon sclioota of the country ¥rith a history, in • 
^dieap sAd convenient form, which would be complete and sufficient for the 
Durposes of sound instruction, not only in the plan and arxaneement, but la 
Ine amount of solid information which it should comprise, now far ne may 
hav6 succeeded hi diis attemiiC HkwnaUisiixr the Mends of popnlat edacatSDn 
to deteimlnie. 

^•MMMMWMMtMMMl 

RSOOaOMBDBHDATZOlrS. 

The following an aelected from a laive number of recommendatlenfl of the 
above work whTcn have been received oy thejpublishers. It has been adopted 
ajf the Contrelleini oflhe Public Schools of the CHy and County of Philadelphia, 
ittd \if ether eommitteet of pablle schooli tn Various pans oftbe coomzy. 

JFhmilAeiZsv. O. H. JUdtn, Prindpai efm Mtads^^kSatiighaB^Mlfar 

Cfir&. 

Mprast's Histdiy of the Unfted States'' is a text^xwk in my school, and Is 
Justly a favourite. I have often regretted that an edition, in a smaller 
yolume, with numerous illustrative ehgraVlnas, wss not furnished for the use 
ef our junior classes and commoB schools. I am gladi therefore, to see what 
I thought a desideratum, and in a style, and at a price so well adapted to the 
iNurpoeeS Intended. This Volame, I find. Is abridged firodn the laifer volone 
jecy Judiciously, and can be recommended very confidently to general use. 
There is no history of oUr cdontry, In my opinion, at all comparable whhltai 
atomnunachoolbookb .^ > i. 

GHABLBS HEKKT A1J)EN. 

PhOade^phia, Oei, VZ, 1887.1 

I Judge <* Frost's HistoiT of the United States" to be a most excellent epftome 
of American histoiy. Auny IntmeeUng and important facts relative to Ame* 
ricaa aflUrs, in other woifci ef the kloa emitted, are therein judiciously Intra- 
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itai. TbBriinpllcltruidslnDMDftba wlseuiiMUIlajijMwann 
mneutlTa mdBr. The uppandrx, omuinlng Iha cmitiuiUon of our belond 
land, u mlH > OMfiil tbioaaiaettl lable, hIU readn iba woili doubl; 



TVochfl- ^Languagit, Pliiladdfliia. 



phOadMUa, r/ot. IS, 1637. 

._, , ... jiUMiof "Frtnl't HlMKroXb* 

Oniled Suiee for Cooinion SohDoto." ! Ikib, fct ■ long Ums, fe]' "-- ' 

ots himiiT of our couairj ihtuhould MBbnce «ll ihnmor' ' 

and, u ibe suae (Ime, pnHDI i ngile and artaagamen 

^irgcr work, by Iha nunc auibor. TUl w«k ougllt — > 
Ubra^ u well u In eiBrJ Kbor' 




PAaw&tiUs, JUmA S4, 1S3S. 

Tbii ii to certify, flist " Frort*! Hiitoiy of the Uniled Ststet" 

nu been tdopted ai a rUw book b; the ConlrolleM of tim Publio 

Schook of (he Fint School Dutrict i^ PemuytTaiiia, and ie in 

fanonl dbb in the public kIiodIi in Qie dty and coim^ of Phila- 

B. PENN 8Mini, 
Sctntary of Board o/ Coatrtlkn. 
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zpnMMl alwK. 

niLLUM A. QASRIOtnB, 

M. SOULE, __ 

Kit. CHAKLES HENKY ILDEH 
JOHN EUSTACE, 
BENiAMIN C. -'•'-"™ 
HUOH HOBEun, 
WILLIAM M'NAI&, 
- " HUBBABD, 



EI HOBROW, 
JAM 

UV 

K.LAKE, 



SAMUEL (^£NDENI1T, 
D. R. ASHTON, 
J. O'CONNOR, S 



INNOR,iKi 

H W AWN 
AJSCOHlAI 



Sta^'lS 



THOMAS M'ADAM, 

Bxv. SAMUEL W. CRAW70BD 
AJn., FriDclpiI df Audnslctf Daft 
of UnlireTflltv of PauDBvlvuite- 
- m. U HCRLBUT, 

K. W. CUSHMAH, 

AUGUSTINE LUitlNQTOH, 

JOHN EBHARDT, 

OLIVEK A. HEUW, 

A. D, CLETELAND. 

BoitlmBti, Dm. UM 

WHJJAM HAMILTON, 



KOBERT WALKER, 
B. W. B. M-CLELd, 
S. A. DATIS, 
JAMES F. GOULD, 
JOSEPH U. CLAHEE, 
FRANCIS WATERS, 
JOHN MAOEE, 
MICHAEL n5WER. 



FINNOCE'S GREECE. 



HNNOCK'S IMPROVED EDITION OF DR 
GOLDSMITH'S HISTORY OF GREECE. Roruod, cop- 
rocteJ, and veiy conEzdoreblj eoliirged, by ihe ulditjon of nvml 
new (jiapten and numerous \isefA notea ; ^th question* for 
eiunination, at the end of each section. Beibcd from tha 
twelfth London edition. With 30 engnrings, by Atherton. 



FrBinMr.lf.D<idti,TmAer,aiml\Eiglilhtlr4l. 
TtiB'tdllloD of " Pinaock'i HiMivTor OrHics" ea Itia buiiofOoldinilthl, b, 

mptcMly^ vtLumbtA. Th« tadf of thA work fl tnm.^r InpnvBd ; ud lb« 
*?altDiulJon,IbouBhbrlACHpiillHawftjaLrre:»lL]r felibj«VBr)r rfUflrat ue 
(onclugiuD of Ihe oilgloal work or Dr. GoliSiDllh. I duU tnindaca 11 iJM 
nr uirlniirT u iba ban un-book on Uie luUiKt. 

N. DOSQB. 



AXJOUSTINK LUDINCITOIff, 
Bit. SAMUEL Vf. CBAWTOID 
AJL, Principal of the A»d1. DapL 
of the nninuItT of fnuuflnnlM. 

THOMAS T. AZ^iLL, 

A-HTTCHEU, 

H. mHtBCW. 



SHEPHERD A. BEETK, 

NICHOLAS DOHNm.]^ 
WILUAH A. SAKKiaDBB. 



ZU3 
PINNOCira HOME. 



PINNOCK'S IMPROVED EDITION OF DR 
GOLDSMITH'S HISTORY OF ROME. To friiich i* pre 
fixed (n Intioductian to the Stud? of Ronun Hialoiy, and a great 
Tsiiely of infonnatian throughout the work on the Mumen, 
lutitutions, and Antiqmtiei of th« Romatu; frith ijaeMioiu Ha 
eiuninaliDn, at the end of each Bcetion. Rerued from the 
nrelftb Londan edilian, with addj 
With 30 eDgrainBgs, by Atherton. 



ig siunlned Pfnnock^ Impnnd edltlou of Dr. Ooldnnhli'i Hlaunj 
^ LBahMlulnglT air, Ihil Ibsilylsajxl slmnotot'ttae Unpuin 

aggiDem of ttw clwpun, ud iba quntfiiu for ciamlpulon, randgr 

n, Id njr Mtlmuloa, a BUM nivabia gcbiicil book ;— 1 i]iero(xB man chsufullr 
1 1. me^iiBni mil do eonfldaoil^ treat ihaili^ll flnaaoanan- 

'i,"^ilimb4riS>^ """ ™""^' JAU£S F. QOUU). 



fhm EtaMiwI Jaut, AM., Principal at Ou Olatieal imd abOtmaUeiit 

A writar of m hoBoenlile a popularity ai Dr. Ooldimlth, for all iha fraea* 
(Can otafant, n^libnl, and pura iljla and wboaa liiHarlea ban been an lane 
aiid«>«nap«i*lTina[iiliarD(Hk,cirtamJy oeeiliiuwuiKiilurn. Itraarba 
added, boin«r, RiTaialoKinnathwodluiaeleachanwbaannDtiLCiigaliitad 
wMi lh> ImramamaBW tt Piungck, Ibal ba bu bean fa aoma dm amlDeot 
InEaglaDdSimliiableaddlttanauacbool boota. Ofiha cdlikmof Booa, br 
JSaian. Ker * Biddlaofibia ch*, It k believed Ibat n will balbuod niperhir. 
In the manner or"gaitii« iid,'' a uij *'*■ puUllihad In ihli eaumiT ; while 
ki attrac^TB appaannca and mechanical ececmlon lead ma not onlf U> hive. 



[in 



Geogrftph)r and AallqvlLiei, and Ilia oUier a very spprnprLale axLaoflloD oT 
Konmn hlHoiy w [he gtibiunUaa of Ihs empire liy [Ke Nortbern BirtiaTiu*. 
Tbi> <Qipn>ved ediilon >A "OOiiiaXWt Kome" will, no doiU nuin .u 
f»»ai In our ■choob u one of Ltae beat aliridginenii o[ tbe hinstr of that 
inwrwODg people. 



Wa A1II7 concur In tha abora. 
THOMAS BALDVriN, 
D. MA6ENIS, Tesclw gf Elo- 

WIU.IAM A, OAaRIGUES, 

CHARLES in;NRY ALDEN, 
W. MARRIOTT, 
THOBIAS CONARO, 
URIAH KITCHEN, 

S6TH snnTH, 
1. D. GRtscom, 

ADOURTIN E LbmNOTON, 



1. O'CONNOR, 
JOHN STOCHn&uii, 
B.a. ASHTO W. 
BENIAHIH CjrmaCBB, 

lAMKacRowaL, 
stCHAKD iraaHSsr, 

J. ILBIACK, 

CIIARLG3 HEAD) 

E. H. HU8BARW 
PriBcl- V. VALUE, 
i> Saml- EDWAKD POOL& 

dallon* to iha (am* eAct ban bsia racalTtdfienllii liUxriDf 
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GUY ON ASTRONOMY, 
AND KEITH ON THE GLOBES 



Wtl»Hm)>n0>M » V>0>t¥>M¥>Mt 



GUy^ ELEMENTS QF ASTRONOMY, AND 

AN ABRIDGEMENT OF KEITH'S NEW TREATI8B 
ON THE GLOBES. Thirteenth American edition, with 
additions and improvements, and an explanation of the astro- 
nomical part of the American AliQanac Illustrated with 
dghteen plates, drawn and engraved on steel, in the best man- 
ner. 



BEOOBOBKENDATIOMS. 

Philadelphia, December, 1834. 
A voltuse contAining Ouv's popular treatise of Astronomy, and Keith on 
the Globes, having been Buibmitied to us for examination, and carsfully ex- 
amined, we can without any hesitation recommend it to the notice and patron- 
age of parents and teachers. Ttie work on Astronomy is clear, intelligible, and 
Suited to the comprehension of young persons. It comprises a gre«t amount 
of information, and is well illustratei with steel engravings. Keith on the 
Globes has lon^ been recognised as a standard school book. The present 
edition, compritted in the same volume with the Astronomy, is improved by. 
the omission of much extraneous matter, and the reduction of size and price.' 
On the whole, we know of no school book which comprises so much in so 
little space as the new edition of Guy and Keith. 

THOMAS EUSTACE, W. B. ROSE, 

JOHN HASLAM, CHARLES MEAD, 

W. CURRAN, BEiNJAMIN MAYO, 

SAMUEL CLENDENIN, H. MORROW, 

SHEPHERD A. REEVES, J. H. BLACK, 

JOHN STOCKDALE, S. C. WALKER, 

J. B. WALKER, THOMAS COLONS, 

J. E. SLACK, WM. MANN, 

JOSEPH R. EAST5URN, RIAL LAKE, 

WILLIAM M'NAIR, W. MARRIOTT, 

H. O. WATTS, C. B. TREGO, 
J. O'CONNOR, Secretary to the JOHN ERHARDT,. 
Philadelphia Association of R. W. CUSHMAN, 

Teachers. THOMAS M*ADAM, 

. B. N. lewis; Rev. SAMUEL W. CRAWFORD, ' 
Rbv. CHAS. H. ALDEN, A.m., Principal of the Acadl. .^pL 

BE NJ AMIN C. TUCKER, of the Uni versity of Pennsylvaaia. 

J.H.BROWN, O. A. SHAW, 

JOHN ORD, AUGUSTINE LUDINGTON, 

SETH SMITH, M. SOULE, 

WILLIAM ROBERTS, WILLIAM A. GARRIGUES, 

T. H. WILSON, M. L. HURLBERT 

JOSEPH WARKEN, S. JONES, 
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BaUfimorSt Dtc* 1801. ] 
We fully concur In the opinion above ezpraned. 

E. BENNETT. JAMES SHANLET, 

C. B*. BANSEMAK, DAVID RING, 

E. R. HARNEY, ROBERT WALKEIL 

ROBERT O'NEILL, D. W. B. M'CLEliS, 

N. SPELMAN, S. A. DAVIS. 

S. W. ROSZELL, JAMES F. GOULD,^ 

SAMUEL RUB^LL, JOSEPH H. CLARKE, A.M 

D. E. REESE, FRANCIS WATERS, 
S. A. CLARKE, JOHN MAGEE, 
JOSEPH WALKER, MICHAEL POWER, 
O. W. TREADWELL, C. D. CLEVELAND. 
Rsv. S. M. GAYl]iY, Wll- 

^ mington, Del. 

„ WiUbrahamf Oct. ZT, 1831 

We have used Guy's Astronomy, and Keith on the Globes, as a text^boolc, 
during the past ^ear ; it is in all respects such an one as was wanted, and we 
have no disposiUon to exchange it for any other with which we are ac- 
(uaLnted. WM. G. MITCHELL, 

Ite^wnr on the Natural Skiencea and Aatranomif, 
in Wealejfon Academy f Mom. 

New York, Dee,, 1834. 
We fully concur in the opinion above expressed. 

BERNARD THORNTON, W. M. SOMERVTLtE, 

HORACE COVELL, NORjON THAYER, 

P. PERRINE, THOIaS GILDERSLTEVE. 

J. B. KIDDER, MELANCTHON HOYT, 

SOLOMON JENNER, THOMAS V. FOWLER, 

JOSEPH M'KEEN, JOSEPH BAILE,, 

C. CARTER, SAMUEL GARDNER, 

LEONARD HAZELTINE, WILLIAM FORREST, 

JOSEPH CHAMBERLAIN, C. W. NICHOL^ 

W. R. ADDINGTON, THOMAS M'KEE, 

HENRY SWORDS, ADN. HEGEMAN, 

J. M. ELY, G. VALE. 

Recommendations of the same tenor have been receivi^d from the ftUeirlni 
gentlemen: 

Rbv. D. R. AUSTIN, A.M., Principal of Monnon Academy, Mass. 




W. H. SCRAM, Princiiial of Classical Academy, Troy, New York. 

E. .H. BURRITT, Author of the Geograpliy of the Heavens, New Britain, 
Conn. 

WM. C. FOWLER, Frcfessor of Chemistry in Middlebuiy College, Vw- 
mont. 

B. S. NOBLE, Bridgeport, Conn. 

Rbv. C. H. ALD£N,A.M., Principal ofPhiladelpMa High School for Yoaqg 
Jjadies. 

Rbv. S. B. HOWE, late President of Diclcinson College. 

Rbv. Dr. WESTBROOK, Principal of Female Seminary and Rector of 
Rutgers' Colleee Grammar School. 

Dr. B. F. JOSIJN, Professor Union College, New York. 

GEORGE B. GLENDINING, Principal of Young Ladies Academy, Troy, 
New York. 

M. CAlXIN, A.M., PiDfeewr of MaU^enwtics in Hamilion College, New 
Yorls. ^ 
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MIDGE'S ALGEBRA. 



4m««<«^«MnMMMMMMM% 



A TREATISE ON THE ELEMENTS OF AL- 

6EBRA. By Bay. B. Bridob, DJ)., F.R3., Fellow of St. 
Peter's College,- Cambridge, and late Professor of Mathoniatici 
in the East ^(tia College, Herts. Revised and corrected firom 
the eighth London edition. 

In this work the hitherto abstract and difficult science of Algebra is sioi- 
plified and illuiil(rated so as to be attainable by the younger class of leameia, 
and by those who have not the aid of a teacher. It is already introduced into 
the University of Pennsylvania, at Philadelphia; and the Western tJni- 
▼ersity at Pittsbuiv. It is also the text4)ook of Oummere's School at Burling- 
ion, and Friends' College at Haverford, and of a great number of the beit 
schools thitoughout the United Stales. It is equally adapted to commiin 
schools and colleges. 



WMMMMmMkWMfMIVtMV* 



BEOOlMaMaEanOATIOHS. 

PhiladelpfUa, ]Uank7y Un. 
Bridge's AlMbra is the test*^book in the school under my care; and I aL_ 
better pleased with it than with any which I have heretofore used. The 
author Is very clear in his explanations, and systematic in his arrangementy 
and has succeeded in rendering a comparatively abstruse branch ef scienci^ 
an agreeable and interesting exercise both to pupil and teacher. 

JOHN FS06T. 

We ftdly concur in the^opinion above ezpresaed. 

CHARLES HENRY ALDEN. JOSEPH WARREN 

J. O'CONNOR, Secretary to the SAMUEL CLENDENIN, 

Philadelphia .Association of S. H. REEVES. 

Teachers. 

ZJfdwrnty qf Pjennaylvania, Manh 9\ I8BL 
GFsri/Xefnsn,— In compliance with your* request that I would give yon my 

SilnioQ respecting your edition of Bridge's Algebra, I beg leave to say, Mai, 
e Work appears to be well adapted to the instruction or students. The ar- 
laagement of the seveml parts of the science is Judicious, and the examples 
are numerous and well selected. 

Xoms, respeetftil It. 

ROBERT ADRAOr. 

We fully concur in the opinion of Bridget Algebra as ezpresMd br Ot' 
Adiain. 

J. HATMER, B. N. LEWIS, 

JOUGH MORROW, JOHN STOCKDALE. 

WILUAM M'NAIR, W. B. ROSE, ^^ 

OLIVER A. SHAW, BENJAMIN MATO, 



SETH^BIITH, J. H. BLACK, 

SAMUELTB. JONES, THOMAS M^ 

JN9. M. KEAOT, A)HN ERHAK 
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THOMAS CONARn, Rev. SAML, W. CRAWFORD, A.M, 

THOMA& COLLINS, Principal of the Academical DepU 

J. £. SLACK. oftheiTnivenityofPenofylvania. 

C. B. TREGO, R. W. CUSHMAN, 

J. B. WALKER, Rby. S. M. GAYLEY, Wilmingtoo, 

JOHN HASLAM, Del. 

W. CURRAN, 

BaUimortf Dtemnbtr, 1891 

We fully concur in the opinion above ezpreeeed. 

E. BENNETT, O. W. TREADWELL, 

E. R. HARNEY. JOSEPH WALKER, 

ROBERT O'NEILL, DAVID RtNG, 

N. SPELMAN. ROBERT WALKER, 

S. W. ROSZELT^ D. W. M'CLELAN, 

SAMUEL HUBBELL, S. A. DAVIS, 

U. O. WATTS, JOSEPH H. CLARKE, AJI. 

C. F. BANSEMER, FRANCIS WATERS, 

D. E. REESE, JOHN MAGEE, 

S. A. CLARkc, MICHAEL POWER. 

BIB88B8. Kbt & BioDLB : November 2L 1834. 

Cfentlemerij—l have been highly ^ratified by an examination of " Bridce^i 
Algebra," published by you ; and wink it well entitled to general introaufr* 
tion in our achocdA. I shall give it a preference in my academy U) any wcurk 
I have seen. Respectfully, yours, 

J. H. BROWN, 
Principal cfan English and MdthemaUcal Ac<idemjf 
No, 62 Cherry etreet, Philadelphia. 

New Yorkf December^ 1834. 
We fully concur in the opinion above expressed. 

P. PERRINE, NORTON THAYER. 

J. B. KIDDER, THOMAS GILDERSLIEVE, 

SOLOMON JENNER, MELANCTHON HOYT, 

JOSEPH M'KEEN, THOMAS V. FOWLER, 

C. CARTER, JOSEPH BAILE, 

LEONARD HAZELTINE, SAMUEL GARDNER, 

W. R. ADDINGTON, C. W. NICHOLS, 

HENRY JBWOR^ THOMAS M'KEE. 
W. M. SOMERV&£, 

The gentlemen named below have also sent the publishon Strang recooh 
ntendations of Bridge's Algebra: 

PROFESSOR E. A. ANDREWS, Mount Yemon Institute, Boston. 

Rbv. C. DEWEY, Professor Berkshire Gymnasium, Mass. 

N. S. DODGE, Principal of Young Ladies' Seminary, Pittsfield, Mass. 

M. CATLIN, Professor of Mathematics, Hamilton College, New York. 

GEORGE HALE, A.M., Tutor William's College, Mass. 

B. G. NOBLE, Bridgeport, Conn. 

Rbv. D. R. AUSTIN, Principal of Monson Academy, Mass. 

E. H. BURRITT, Author of the Geography of the Heavens, New Britala 
Conn. 

A. B. MYERS, Principal of Whitehall Academy, New York. 

THEODORE STRONG, Professor of Mathematics, in Rutgen* Collegia 
New Jersey. 

Rbv. S. N(»ITH, A.M., Profeesor Hamilton College, New York. 



[22] 
VALUABLE SCHOOL BOOKS 

PUBLISHED BY THOMAS, COWPERTHWAIT & CO. 
And for S<de by Booksellers generally. 



Frost's United States* — History of the United States ; ibr the 
we of Schools and Academies. By John FrosL lUastraled with forty E^iuvings. 

History of tlie United States^ for the use of Comnu>n 
Schools. — By John Froflt, author of History of the United States fiw 
the use of Schools and Academies : condensed from the Author's larger History 
of the United Sfates. 

Frost's American Speaker. — The American Speaker, com- 
prising a Comprehensive Treatise on Clocutlon, and an extensive Selection of Spe- 
cimens of American and Foreign Eloquence. Embellished with engraved Por- 
traits of distinKuished American Qraton, on steeL fiy J. Frost, anther 6f Uiatwy 
of the United States. 

Pinnock's England* — Pinnock*8 improved edition of Dr. Gold- 
smith's History of England, from the Invasion of JttliosCssar to the year 1838. 
Illustrated with 'M Engravings on Wood. 

Pinnock's Greece. — Pinnock's improved edition of Dr. Gold- 
smith's History qf Greece ; with Questions for Examiaation at the end of each 
Section ; with '^Q Engravings, by Aiherton. 

Pinnock^s Rome. — Pinnock's improved edition of Dr. Gold- 
smith's History of Rume ; with Questions for Examination at 4he end of each Sec- 
tion ; with 9U Bngravincs, by Atherton. 

Simson's Euclid. — The £iementB of Euclid, viz. the first Six 

Books, together with the Eleventh and Twelfth. The errora by whic^ T^^°* ^ 
others, have lung vitiated these books are corrected, and some ofCIuelid s demon* 
strations are restored. By Robert Simson. M.D., Emeritus Professor of Mathe- 
matics in the University of Qlasgow ; with Elements of Plane snd Spherical 
Trigonometry. 

Ross's IiS^tin Grammar. — Comprising all the Rtiles and Ob- 
servations necessary to an accurate knowledge ofthe Latin Classics, haviag the 
Signs of Quantity affixed tti certaiii Syllables ; With an Alphabetical Vocabulary. 

Ruddiman's Rudiments of the liatin Tongne* new and 

improved edition, with Notes. By William Mann, A.M. 

AinswbrtVs liatin t)ictionar|r. — A new abridgment of 

Ainsworth*s Dictionary, English and Latin, forihe uso af Grammar Schools. Bf 
John Dymttck. LL. O. A neW American edition; With correelions and improve- 
ments, by Cbarle*! Anthon JajN Professor of Languages in Columbia Collega* 
New York, and* Rector of the Grammar School. 1 

Clark's CiBsar.- — The Notes and Interpretations translated and 
improved by Thomas Clark. Carefnllycorrected by coropariron witli a standard 
London edition, and containing various emeRdationa in the Notes. By WilMam 
Mann, A.M. 

Porney^s Syllabaire Francais ; or, French Spellin^p 
Book. — Revised, corrected, and improved bj J. Meier, late Piofesaor 
of French and German in Yale University. 

Keith's Arithmetic— Practical and Self-Explanatory. By in 
flxpeifenoed Teacher of Mathematics. To which ^re added a Compraheosite 
Treatise on Mensuration, and an original and perspicaous System of Booii-KQepiOff. 

Guy on Astronomy^ and Keith on the Glohes* 
Bridge's Algebra. 
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Goldsmith's Natnral History* — Abridged for the uie of 

Bfbooit, by llra« Pllkinxtoa. Reviaed and corrected by a "Aacher of Philadelphia, 
with Queatiow. New edition ; illiutrated with upwaida of 100 new and hai^Mme 
Engravings. 

ftketclkes of tlie I<ifo and €liaracter of Patrick Henry. 
y Wiliiam Wirt. Reviaed edition, with headings to eacii Chapter, and eueh 
an arraoKement of the Notes cootaJoed in the foriner editions, as to render the work 
•uitable for a Ciass-Book in Acadteies and Schools. 

Parley^s Cplnmbns*— The life of Christopher CoItimbuB; 

adapted to tlie use of Schools, with Questions for Examination, and numeroos fift- 
iraviogs. 

Parley's Washington. — The life of General George Wath- 
ington ; adapted to the use of Sebooit, with Qaestiona for Examination, and ni»' 
merous Engravings. 

Parley's Franklin. — The life of Benjamin Frankim; adapted 
to jhe oie of Schools, with QaMtions for Examination, and numerous Engravwgs. 

Parley's AMERICA, £tTROP£, ASIA, AFRICA, ROME, 
GREECE. ISLANDS. TALES OF THE SEA. WINTEil EVENINO 
TALESrJUVENlLE tALES, ANECDOTES, SUN. MOON, AND STARS. 

The Child's History of the United States.— By Charles 
A. Goodrich ; designed as a Firat Book of History for Schools % illustrated by 
numerous Engravings and Anecdotes. 

Andrews's Practical Iiessons in Flower Paintin'sr — 

being a series of Progressive Studies, intended to elucidate tlie Art of Flower 
Pttintme — ^with 12 beautifully coloured illustrations,. rules for mixing colours, &6. 

Vdlnahle Standard Books. 

The Book of Common Prayer, and Adminiatration of the 
Baerameots and other Rites and Ceremonies of the Church, according to the use 
•f the Protestant Episcopal CAurch m the United States ; with the new Psalmt 
and Hjrmns. A^uom and beautiful octavo edition, with fine steel engravings, and 
en large type ; m every variety of binding. 

The Book of Common Prayer — 12mo., or duodecimo, with 

fine steel plates, in plain and in elegant binding. 

The English Version of the Polyfrlott Bible, pocket edi- 
tion— with Marginal Readings, tofether with a copious and original selection of 
veferenoes to iiarallel and iliostrative passages ; exhibited in a manner hitherto un- 
attempted. Bound in Turkey, morocco, calf, and sheep binding. 

Pocket Pearl BiblCy with four elegant engravinga on steel. 
Thia is one of the smallest, and at the same time plainest editions published; 
bound in pocket-book form, and in all the difibrent approved styteB of binding. 

* 'Clarke's Commentary. — The New Testament of our Lord 
and Saviour Jesus Christ: the Text carefully printed ftom the most correct oopiea 
m the present authorised version^ including the marftinal readings and paraml 
Texts, with a commentary and critical notes ; designed as a help to a better under- 
standing of the sacred writings, by Adam Clarke. LL.D., F.S.A., M. R.J. A.; 
Hew edition improved — complete in 1 vol., super royal octavo. 

Barnes' Family Prayers* — Prayers for. the use of Families, 
^chi^y selected from various Authors; with a preliminary Essay ; together with ai 
selection of Hymns, by Albert Barnes— 1 vol., 12mo. i ^ 

*8nddards' British Pnlpit. — The British Pulpit, consisting of 

eiscoones of, by the most eminent living Divioes in EnglaML Scotland, ano Iro- 
nd, accompanied with Pulpit Sketches, to which are adapdrBcriplural illustra- 
tions: and selections nn the office, duties, and nasponsibillties of the Christian 
Ministry, by the Rev. W. Suddards, Rector of Grace Church, Philadelpbia— 9 vols., 
•ctavo. 

The Si^nt^s Rest. —The Saint% Everlasting Rest» by the Rev. 
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Ricbtrd Baxter, abridfed hj Bcnjftmin Pawcett, A.il., with «ia.|ali0dttM<My ( 
by Tbomaf Eliwine, Eaq. — 1 vol., 18mo. 

Coleridge's Works. —The completa Worbi of Samuel Taylor 

Coleridffe, Proae and Vene.'^l vol., 8vo., varioiu binding. 

Howitty jmiman, and Keats* ^ The Poetieal Worka of 
Howitt, Miiman, and Keats, complete in one voIttflM» 8vo^ variooa bindinc. 

MEDICINE. 

Beck's Medical Jurisprudence* — Elementa of Medical Ju- 

>rttdence, by Theodric Remeyn Beck* 'M>D., Profeteor of Materia Medici^ and 

^'1 Jurispradpnce in ibe College of Physicians and Sarnom of the Western 

of the State of New York, dec. &c., and John B. Beck. M.D., Professor 

ma. Medica and Medical Jurisprudence in t^ College of Physicians and 

ns, New York — one of the Physicians to the liew York Hospital, &«., &c.« . 

k edition in 8 vols. , octavo. 

Wistar's Anatomy* — A System of Anatoinir far the use of Stit* 
dents of Medicine, by Caspar Wistar, M.D., lat» Profestor of Anatomy In the 
University of Bennsylvania, with net^s and additions, by William £. Homer. M.D., 
Professor of Anatomy in the University of Pennsylvania. Seventh edition : en- 
tirely remodelled and illustrated by numerous engravings, Dr J. Pancoaat, M J>.« 
lioetiirer on Anatomy and Surgery, one of the Surgeons of the Philadelphia Uoe- 
pital, Fellow of the Philadelphia College of Physicians, kc ; in 2 vols., octavo. 

Turner's Chemistry. — Elements of Chemistra; including the 
recent discoveries and doctrines of the Scienoe, \fT the late EdWard Turner, M.D* 
Sixth American edl^pn, with notes' and emendations, by FraiKlin Bache, MJ)., 
1 vol., , royal rimo..rrom the sis3|IIjODdon edition, enlarged aiid revtoed, by no- 
feasor .LieUg and Wdton G. Tdmer. 

Armstrongf's Practice of Medicine*— Bemz Lectures on 

the Morbid Anatomy, Nature and Trelktment of Acute and Chronic Diseasea, by 
the late John Armstrong. hll.D. First American editioo — with an account of Ine 
life and writings of Dr. Armstrong, by John Bell, M.D., LectureiU>n the InatitutQO 
of Medicine and Medical Jurisprudence, in 3 vols., octavo. . 

liaennec on the Chest* — A Treatise on the Diseases of the 
Chest and on Mediate Auscultation, by R. T. H. Laenneo, M.0«ftegins Professor 
of Medicine in the College of Fraace, Clinical Professor to th^Bnoulty of Medi- 
cine of Pans, Kc, dec, &c.— with plates. One large octavo volme. « 

LAW. 

Peters' Reports* *> Reports of Cases argued and adjudged in th^ 

Supreme Court of the United States, by Richard Peters. Counsellor at Law. and 
ADorter of the Decisions of the Supreme Court of the United Stales. 
Complete sets of the above for sale, commencing at January Term, 1837, and 
containing all the decisions of the Court since that time, in 14 vok. 

Wheaton's Selwyn's Nisi Prins*— The spbiBcribeTB have 

just onblished a new edition of SelMryn's Law of Nisi Prius, beinfthe 4th Ameri- 
oan from the 9ih London edition ; with American cases, since the' last American 
edition, by Edward E. Law, Eiq. 

Johnson's Reports of Cases in the Supreme Court, and the 
Court for the Correction of Enron of the State of New York, with Rules and 
referencM to subsequent decisions. 

Law Reports— 30 vols. ; Law Case*— 3 vols. ; Chancery Report*— 7 vola. ; Di: 
lest, new edition, corrected — ^2 vols, in 1 : Digest vol. 3, being a sopplementarr 
volume to Johnson's New York Digest, wmeh embraces a digest, l^f the followiog 
^Reports: Cowen*s Reports, in 9 vols.; Windell's Reports, 15 vols.; Hopkins* 
^Obaneery Reports. 1 vol. ; Paige's Chancery Reports, 5 vols. ; Edwards* Reports^ 
of caens by the Vice-Chanoeller, 1 vol. ; Hairs Reports in the Supreme Court #f 
New YMc. 9 vols. 

TMj^o Volumei form a ComplAte Digest of all the Reporti at Common Law, 
and Chancery decwoos of the Stsfe of New York to this liaae. 

Chitty's Blackstone* — Commentaries on the LaMTs of England, 
m four books; with an analysis of the work. By Sir William- Blackstone, Kt., 
one of the Jostioea of the Court of Common Pleas, in S vole.,-arith a life of the 
author, and notes by Chriitlaa. Chitn^, Lee, Hovenden and Ryland ^ and also le- 
lerenoes to American Cases. By a Member of the New York Bar. , 



